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Abstract

We study forms of coalgebras and Hopf algebras (i.e. coalgebras and Hopf alge-
bras which are isomorphic after a suitable extension of the base field). We classify
all forms of grouplike coalgebras according to the structure of their simple sub-
coalgebras. For Hopf algebras, given a W*-Galois field extension K C L for W a
finite-dimensional semisimple Hopf algebra and a K-Hopf algebra H, we show that
all L-forms of H are invariant rings [L ® H]" under appropriate actions of W on
L® H. We apply this result to enveloping algebras, duals of finite-dimensional Hopf
algebras, and adjoint actions of finite-dimensional semisimple cocommutative Hopf
algebras.

1 Introduction

Let K be a commutative ring, L a commutative K-algebra. If H is a left K-module,
we can form the L-module L ® H. A natural question to ask in this context is which
K-modules H' satisfy L ® H' = L ® H as L-modules.

We can ask the same question for algebras, coalgebras, and Hopf algebras. Specifically,

Question 1.1. Given K, L as above, and a K-object H, what are all the K-objects H’
such that L ® H = L ® H' as L-objects?

Such K-objects H' are called L-forms of H.
Another interesting question arises when we relax the assumption that L be fixed.

Question 1.2. Given a K-object H, what are the K-objects which are L-forms of H for
some suitable commutative K-algebra L7

For instance, | | defines a form of H to be an L-form of H for some faithfully flat
commutative K-algebra L. We can define forms in other contexts, as long as we specify
what is meant by a “suitable commutative K-algebra”.
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Question 1.2 was addressed in | |. Their interest was finding Hopf algebra forms
of group rings K G. They found a correspondence between Galois extensions of the base
ring with Galois group F' = Aut(G) and Hopf algebra forms of KG in the case of G
finitely generated, and F finite. The Hopf algebra form was derived from the invariants
of certain actions of K'F on LG, where K C L is an “F-Galois” extension. The definition

of Galois is slightly different in this paper. An F-Galois extension in | | is actually a
K F*-Galois extension in current terminology.
Question 1.1 was addressed in | | for group algebras. Given K C L a K F*-Galois

extension and given a group action of F' on G, he constructed the twisted group ring
KrG. He showed that KrG is an L-form of K G, and that in the case of L connected, all
L-forms of KG are twisted group rings for some action of ' on G.

In this paper, we address these questions when K and L are fields. In section 3, we
look at the case where H is a grouplike coalgebra KG. We classify all coalgebra forms of
KG according to the structure of their simple subcoalgebras. Specifically, a coalgebra H
is a form of a grouplike coalgebra with respect to fields if and only if it is cosemisimple
and the duals of its simple subcoalgebras are separable field extensions of K.

In section 4, we address Question 1.1 for Hopf algebras. We fix the field extension
K C L, and assume this extension to be W*-Galois for some finite-dimensional semisimple
K-Hopf algebra W. We use actions of W on L ® H and the invariants under these actions
to find L-forms of H. We get Theorem 4.5, which says that all the L-forms of H are
determined by W-actions on L ® H which commute with comultiplication, counit, and
the antipode. Furthermore, the L-form we get from such an action is the set of invariants
in L ® H under the action of W.

In section 5, we use Theorem 4.5 to find L-forms of U(g) in characteristic zero, and
u(g) in characteristic p > 0. It turns out that such forms are merely enveloping algebras
of Lie algebras which are L-forms of g. Furthermore, the L-forms of g are found by
appropriate actions on L ® g. We use this to compute the L-forms of an interesting class
of examples.

In section 6, we apply Theorem 4.5 to duals of finite-dimensional Hopf algebras. We
get an interesting correspondence between W-actions on H and WP-actions on H*. We
use this correspondence to get Theorems 6.3 and 6.5, which give us a correspondence
between L-forms of H and L-forms of H* from different perspectives.

Finally, in section 7, we compute an example of an L-form obtained from the adjoint
action of H on itself, and then compute the corresponding form of H*.

I would like to thank Donald Passman for our many conversations which helped me to
develop the ideas expressed in this paper. In addition, I would like to thank the referee for
many helpful insights and comments. In particular, the referee is responsible for the proof
of Proposition 2.5, which appeared in the original version of this paper as a conjecture.

2 Preliminaries

Our basic notation comes from | | and | ]. The ground field is always K, and
tensor products are assumed to be over K unless otherwise specified.



A coalgebra is a K-vector space H with linear maps A : H — H®RH, e : H — K, called
the comultiplication and counit, respectively, which satisfy (id ® A) o A = (A ® id) o A,
(id@e)o A =id®1, and (e ®id) o A = 1®id. We use the Sweedler summation notation
A(h) = 324y I @ ha. A Dialgebra is a coalgebra and an associative algebra with unit
such that A, e are algebra homomorphisms. A Hopf algebra is a bialgebra with a map
S+ H — H satistying e(h)1y = >2,) S(hi)ha = 32, hiS(h2). This is equivalent to S
being the inverse of id under the convolution product on Homg (H, H) (see | ,1.4.1,
1.5.1)).

The canonical examples of Hopf algebras are the group algebra K'G and the universal
and restricted enveloping algebras U(g) and u(g). For KG we define A(g) = g ® g,
e(g) =1, S(g) = g~ ! for each g € G, and for the enveloping algebras, we define A(z) =
l@r+zr®1,e(x)=0,S(x)=—xforal z € g.

Definition 2.1. Let L be a commutative K-algebra, H a K-object. A K-object H' is an
L-form of Hif L® H= L ® H' as L-objects.
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The word “object” above can be replaced with “coalgebra”, “Hopf algebra”, “module”,
or any other category such that tensoring with L over K leaves us in the same category,
except that the base ring changes to L.

Example 2.2. | | Let K = Q,L = Q7). Let H = KZ, H = K{c,s : ¢* + s* =
1,¢s = sc) with Hopf algebra structure A(c) = c®c—s® s, A(s) = s®@c+ c® s,
e(c) =1, e(s) =0, S(c) = ¢, S(s) = —s. H' is called the trigonometric algebra. Let
a=1®c+i®s=c+is € L® H'. Direct computation gives us a € G(L ® H') with
a™' = c—is. We have a +a™! = 2¢, so ¢ € L{a,a™"'). Similarly, s € L(a,a™"). Thus
L® H' = L{a,a™) 2 LZ, so H and H' are L-forms.

We can extend the notion of forms to a slightly more general context.

Definition 2.3. Let X be a subcategory of the category of commutative K-algebras.
Given a K-object H, we say that a K-object H' is a form of H with respect to X if H' is
an L-form of H for some L € X

This generalizes the term “form” used in | |, where they defined a form to be an
L-form for some L which is faithfully flat over K. In this new terminology, this would be
called a form with respect to faithfully flat commutative K-algebras.

If H is a coalgebra (resp. Hopf algebra), then L ® H has a natural coalgebra (resp.
Hopf algebra) structure (see | , p- 21]), so we may talk about forms of coalgebras and
Hopf algebras. We have a canonical correspondence between L-forms of H and L-forms
of H*.

Proposition 2.4. Let H be a finite-dimensional Hopf algebra over a field K with K C L
a field extension. Then

(i) Lo H* = (Lo H

(17) The L-forms for H* are precisely the duals of the L-forms for H.



Proof. We define a map ¢ : L® H* — (L® H)* by ¢(a® f)(b® h) = f(h)ab for all
a,b € L,h € H,f € H*. 1t is straightforward to show that this is an L-Hopf algebra
isomorphism. This gives us (i), and (éi) follows directly. O

We will need the notion of Hopf Galois extensions. Let H be a Hopf algebra, with A
a right H-comodule algebra. That is, we have an algebra map p: A — A ® H such that
(p®id)op = (id®A)op and (id®e)op = 1®id. Let A" ={a € A: p(a) = a®1} denote
the coinvariants of A. An extension B C A of right H-comodule algebras is right H-Galois
if B = A® and themap 8 : A®pA — ARy H given by (a®b) = (a®1)p(b) = >~ aby®b;
is bijective.

Proposition 2.5. Let B C A be a right H-Galois extension of commutative algebras.
Then H is commutative.

Proof. Since A is commutative, it is easy to show that 3 is an algebra homomorphism.
Since ( is bijective, it is an isomorphism, so A ® H is commutative. Thus, H is commu-
tative. [

If H is finite-dimensional, then we can define Hopf Galois extensions in terms of
actions. Let A be an H-module algebra. That is, for all a,b € A, h € H, we have
h-(ab) = > (hy-a)(hy-b) and h-14 = e(h)14. Then H* is also a Hopf algebra and A
is an H*-comodule algebra with A" = A = {a € A: h-a = e(h)a} (see | :
1.6.4,1.7.2]). We get the following.

Theorem 2.6. | , | Let H be a finite-dimensional Hopf algebra, A a left H-
module algebra. The following are equivalent:

(i) A" C A is right H*-Galois.

(7i) The map w : A#H — FEnd(Ayu) given by m(a#h)(b) = a(h - b) is an algebra
isomorphism, and A is a finitely generated projective right A7-module.

(13i) If0 #t € f;l ={ke€ H:hk=c¢c(h)kforallh € H}, then themap [,] : AQ uA —

A#H given by [a,b] = atb is surjective ([, Il{ is called the space of left integrals).

The associative algebra A# H mentioned above is A® H as a vector space. The simple
tensors are written a#h, and multiplication is given by (a#h)(b#k) = > a(hy - b)#hok
(see | , 4.1.3]).

Note that (i7) implies that H acts faithfully on A. Also, in light of Proposition 2.5,
we have that if B C A is an H*-Galois extension of commutative rings, then H must be
cocommutative. This makes Proposition 2.5 a weaker version of a conjecture in | ],
where Cohen asks whether a noncommutative Hopf algebra can act faithfully on a com-
mutative algebra. She and Westreich get a negative answer to this question in the case
where A C B is an extension of fields and S? # id | , 0.11].

We get stronger results when A = D is a division algebra.

Theorem 2.7. | | Let D be aleft H-module algebra, where D is a division algebra,
and H is a finite-dimensional Hopf algebra. The following are equivalent:
(i) D¥ C D is H*-Galois.



(ii) [D : DH), = dimyg H or [D : DH]; = dimyx H
(1ii) D#H is simple.
(i) D = D4 H*.

Note that (i7) implies that, for a finite group G, a field extension is K G*-Galois if and
only if it is classically Galois with Galois group G. Now look at H = u(g).

Example 2.8. Let K C L be a purely inseparable finite field extension of characteristic
p and exponent < 1 (i.e. a? € K for all a € L), with K the base field. Since Derg(L) is
finite dimensional over L, then there exists a finite p-basis of L over K | , p- 182] (i.e.
a finite set {ai,--- ,a,} such that {a]"---a’ : 0 < m; < p} is a basis of K C L). For
each i, we define a derivation §; such that ¢;(a;) = d; ;. Then g = K-span {0, : 1 <i < n}
is a restricted Lie algebra, and in fact Derg (L) = Lg =2 L ® g. In particular, Derg(L)
is an abelian restricted Lie algebra and L is a u(g)-module algebra. Then K = L“9 and
dimg (u(g)) =p™ = [L : K]. Thus, K C L is a u(g)*-Galois extension by Theorem 2.7(it).

In fact, more can be said.

Theorem 2.9. Suppose that K C L is a finite field extension of characteristic p > 0.
Then K C L is a u(g’)*-Galois extension for g’ a restricted Lie algebra if and only if
K C L is purely inseparable of exponent < 1, and g’ is an L-form of g, where g is as in
Example 2.8.

Proof. Suppose that K C L is a u(g’)*-Galois extension, where g’ is some restricted Lie
algebra. For eacha € L, x € ¢, we have z-a? = pa?~(z-a) = 0,s0a? € K. Thus, K C L
is purely inseparable of exponent < 1. By Theorem 2.6 (ii), we have a Lie embedding
m:L®¢g — Derg(L) = L ®g. Since dimg(u(g')) = [L : K] = dimg(u(g)), then
dimg(g') = dimg(g), and so 7|rgy is actually a Lie isomorphism. Thus, g and g’ are
L-forms.

Conversely, suppose that K C L is purely inseparable of exponent < 1, and that
¢p:L®g — L®g= Derg(L) is an L-isomorphism. We define an action of g’ on L via
r-a = ¢(z) - a. This extends to an action of L ® g’ on L. We have K = L% = LF®9 =
LF®¢ = L9 By Theorem 2.7, we are done. O

If we look ahead to Proposition 5.1, u(g) and u(g’) are L-forms if and only if g and ¢’
are L-forms. Thus, Theorem 2.9 says that if K C L is u(g)*-Galois, it is also H*-Galois
for all forms H of u(g).

Theorem 2.9 invites the following question.

Question 2.10. If H is a finite-dimensional Hopf algebra, and K C L is a finite H*-Galois
field extension, is it also (H')*-Galois for all L-forms H' of H?

A result from | ] puts this question in doubt. They showed that if K C L is a
separable H*-Galois field extension, then H is an L-form of a group algebra, where L is
the normal closure of L. But the next example shows that a separable H*-Galois field
extension doesn’t have to be classically Galois.



Example 2.11. | | Let K = Q, L = K(w), where w is a real fourth root of 2.
Then K C L is H*-Galois, where H = K{c,s : ¢ + s> = 1,cs = sc = 0). We have
g=c+is € G(L® H), and o(g) = 4. Thus, H is an L-form of KZ4. But notice that
g¢ L® H. In fact G(L® H) = {1,¢?}. Thus, H is not an L-form of a group algebra.

We will often be interested in the case where H is semisimple. When H is finite-
dimensional, this is true if and only if g(fll{) #0 (] Jor| , 2.2.1]). This enables
us to show that semisimplicity is a property shared by L-forms.

Proposition 2.12. Let H be a finite-dimensional K-Hopf algebra with K C L an exten-
sion of fields. Then f[i@H =L® fIl{ In particular, if H" is an L-form of H, then H' is
semisimple if and only if H is semisimple.

Proof. By | ,2.1.3], [ Ll® 5 is one-dimensional over L and / 151 is one-dimensional over
K. It thus suffices to show that L ® fIl{ C le®H. This is an easy computation. O

If M is an H-module, this characterization of semisimplicity gives us a nice way to
compute M when H is semisimple.

Proposition 2.13. If M is an H-module, and 0 # t € fIl{, then t- M C M. If H is
semisimple, then t - M = M.

Proof. Let m € M. For all h € H, we have h - (t-m) = ht -m = (h)(t - m), and so
t-M C MH".If H is semisimple, let m € M. Then e(t)m =t - m. Since £(t) # 0, then
m:t-(xlt)m)Et-M,andwearedone. O

3 Forms of the Grouplike Coalgebra

We now consider the descent theory for coalgebras. In this section, we classify all coalgebra
forms of grouplike coalgebras with respect to fields according to the structure of their
simple subcoalgebras. A grouplike coalgebra is a coalgebra with basis {g;} such that
A(g;) = ¢; ® gi, €(g;) = 1. Tt thus has the same coalgebra structure as a group algebra.
Recall that for any coalgebra H, G(H) ={h € H : A(h) = h® h,h # 0}.

We first consider the coalgebra structure of duals of finite extension fields. Let

K C L be a finite field extension. Then L* is a K-coalgebra (see | , 1.2.3,9.1.2]).
Let {ai, -+ ,a,} be a basis for L over K with oo, = Y, ¢jmoy, cju € K, and let
{ai, -+ ,a,} be the dual basis in L*. An easy computation gives us A(ay) = z” CijrGi @

Qj, Zz ET(CLZ')OQ = 1.

Lemma 3.1. Let K C L be a finite field extension. A coalgebra D is a morphic image
of L* if and only if D = E* for some field E such that K C F C L. In particular, any
morphic image of L* is a simple coalgebra.

Proof. Suppose that ¢ : L* — D is a surjective morphism of coalgebras. We then have
the algebra monomorphism ¢* : D* — L** = [. Let E be the image of D* in L. Then E



is a finite dimensional K-subalgebra of L, so F is a field. Since F = D* as fields, D = E*
as coalgebras.

Conversely, suppose D = E* for E a field contained in L, and consider the inclusion
map ¢ : £ — L. The map ¢* : L* — E* = D is a surjective coalgebra morphism. O]

We will need a few technical results which will help us reduce the problem of finding
forms of K G to the case where L is algebraic over K. The first lemma tells us that if we
have g = > a; ® h; € G(L ® H), then in some sense the a; and h; are dual to each other.

Lemma 3.2. Let g =) o, ® h; € G(L® H).

(i) Suppose the o are linearly independent, and that, in addition, c;a; = >, ¢ije0u
for all 4, j. Then A(hg) = 37, ; cijeh; @ hy for all k. In particular, D = span{h;} is a finite
dimensional subcoalgebra of H.

(17) If we have the hypotheses as in (i), and if also the «; are algebraic over K, then
D is a simple subcoalgebra.

(2ii) If hy,--- , hy, are the nonzero h; and are linearly independent, and if A(hy) =
223:1 dijthi ® hj, where dij € K, then oyay; = Y, dijray for all 1 < 4,5 < n. In
particular, K[ag, - , ;] is finite dimensional, and therefore is a finite field extension.

(iv) Conversely, if we have {a},---,a;} € L and {h},---,h,} such that aja; =
>k Gk, and A(hy) = 37, cciph; @ B with ¢, € K, then 3 o @ hy € G(L ® H).

Proof. In general, we have

S @A) =A(g) =g®g=Y ;b @ h (1)

1,J

If a5 = ), cijrau, and the «; are linearly independent, then we have Z” a;ojh; @hj =
> ik CijkQr ® hy @ hy, and therefore A(hy) = >, ; cijuh; @ hy by (1). This gives us (7).

If the «a; are algebraic over K, then let {a1, - ,a,} be the a; such that h; # 0. Since
e(g) =1, then > 7 | e(h;)a; = 1. This and (¢) imply that the h; satisfy the same coalgebra
relations as E*, where £ = K(aq, -+ ,a,). Thus, D is a morphic image of E*, and so is
simple by Lemma 3.1. This gives us (i7)

If A(hg) = Z” dijkh; ® h; and the h; are linearly independent, then we get >, a; ®
A(hg) = Z”k dijkay @ h; @ hj. Therefore, aa; = >, d;jrou, by (1) and so we have (ii7).

Finally, (v) follows from a computation almost identical to those above. O

Lemma 3.3. Let K C L be any field extension, and let K be the algebraic Closllre of K.
For each g € G(L ® H), there is a simple subcoalgebra H, C H such that g € K ® H,

Proof. Let g € G(L ® H), and let {a;} be a basis for L over K with a,a; = >, cijuou,
where ¢;j, € K. Then g = ), a; ® h; for some h; € H. Let D = span{h;}. Then
g€ L® D. Also, D is a finite dimensional coalgebra by Lemma 3.2(3).

Now let {vi,---,v,} be a basis for D. Write ¢ = >, 5 ® v; with §; € L. By
Lemma 3.2(iii), K[B1,--+ , 3] is a finite field extension, and so each 3; is algebraic over

K. Thus,g € K® D.



But now we can write g = ), v, ® w;, where the v, are linearly independent in K. By
Lemma 3.2(i7), H, = span{w;} is a simple coalgebra. Since g € K ® H,, then the proof
is complete. O

Corollary 3.4. If a coalgebra H is an L-form of KG, then it is a K-form of KG.
This leads us to the main theorem.

Theorem 3.5. Let H be a K-coalgebra, and suppose K C L is an extension of fields.
Then the following are equivalent.

(1) L ® H is a grouplike coalgebra.

(17) H is cocommutative, cosemisimple with separable coradical, and L contains the
normal closure of D* for each simple subcoalgebra D C H.

Note: A coalgebra is said to have separable coradical if, for each simple subcoalgebra
D, we have that D* is a separable K-algebra (the coradical is the sum of all simple
subcoalgebras). If D is cocommutative, this will make D* a separable field extension.

Also notice that the above implies that H is a form of KG with respect to fields if
and only if H is cosemisimple with separable coradical.

Proof. Suppose that L ® H is a grouplike coalgebra, and write G = G(L ® H). Clearly,
H must be cocommutative. By Corollary 3.4, we can assume that L is algebraic over K.
By Lemma 3.3, each g € G is contained in L ® H, for some simple subcoalgebra H, C H.
We then have

LoH=LGCY LoH,=L® (Y H,)CL®H,

geG e

and so H = Hy. This implies that H is cosemisimple.

We now take care of the case where H is a simple coalgebra. By Lemma 3.1, H*
is isomorphic to some finite field extension of K in K. Let £ = H* be any such field,
and let {aq, -+, a,} be a basis for E over K, {hy,---,h,} a basis for H such that
aa; = Y, ciipoy, and A(hy) = Zj’k cjrih; @ hy. Then > . a; @ h; is a grouplike element
by Lemma 3.2(iv). Since L ® H is a grouplike coalgebra, then ¢ € L ® H. Also, the
h; are linearly independent, so «; € L for all «. Thus, £ C L, and so L contains every
isomorphic copy of H* in K. This implies that L contains the normal closure of H* in K.

Now let £ and h; be as above, and suppose that g = > j a;®h; is any grouplike element
in L ® H. By Lemma 3.2(i77), we have aja’; = ), ¢ijray,. But then the map a; — o
extends to an isomorphism E — K(of,--- ,a/,). Thus, we get a distinct grouplike element
of L ® H for every distinct isomorphism from E onto subfields of L. By | , Thm.
20], the number of such isomorphisms is equal to the degree of separability of F over K.
Since H has dimg(H) = dimg(F) such grouplike elements, then £ = H* is separable
over K.

For the general case, since H is cosemisimple, we can write H = &;H;, where H; are
the distinct simple subcoalgebras of H. By Lemma 3.2(ii), each grouplike element of
L ® H sits in some L ® H;. Thus, G(L ® H) = U;G(L ® H;). But then it follows that
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each L ® H; is spanned by grouplike elements. By the simple case, each H} is separable
over K, and L contains the normal closure of H;.

Conversely, suppose that H is cosemisimple, each simple subcoalgebra is the dual of a
separable finite extension field, and L contains the normal closure of D* for each simple
subcoalgebra D C H. Since H is cosemisimple, then H = ®;H;, where each H; is simple.
It suffices to show that each L ® H; is spanned by grouplike elements, and so, without
loss of generality, H is simple.

Since H* is separable, and L contains the normal closure of H* then there are dim g (H*)
distinct isomorphisms of H* onto subfields of L. By Lemma 3.2(iv), we get a distinct grou-
plike element of L® H for each such isomorphism, and so there are dimg (H*) = dimg (H)
distinct grouplike elements of L ® H. Therefore, L ® H is a grouplike coalgebra, and the
proof is complete. O

If H is a cocommutative cosemisimple Hopf algebra, then so is L ® H, where K C L
is any field extension (see | , 1.2]). Any Hopf algebra is pointed when the base field
is algebraically closed (see [ , 5.6]). If we let L = K, this will make L ® H pointed.
Thus, L ® H is a group algebra, and so any cocommutative cosemisimple Hopf algebra
is a form of a group algebra. By Theorem 3.5, H must have a separable coradical. This
restricts the coalgebra structure of such Hopf algebras. We can also say something about
semisimplicity in the finite dimensional case.

Corollary 3.6. Let H be a finite dimensional cocommutative cosemisimple Hopf algebra.
Then H is semisimple if and only if char(K) = 0 or char(K) does not divide dimg(H).

Proof. Let L = K. By the above remarks, L ® H = LG, where G is a group. By
Proposition 2.12, H is semisimple if and only if KG is. By Maschke’s theorem, this
occurs if and only if either char(K) = 0 or char(K) does not divide |G| = dimg(H). O

Theorem 3.5 tells us which field L is the smallest one necessary in order for H to be
an L-form of a grouplike coalgebra. For each simple subcoalgebra D, we need the normal
closure of D* to be included in L. Thus, if H = @ H;, where the H; are simple, and we let
L; be the normal closure of H/, then L =[], L; is the smallest field necessary for L ® H
to be grouplike. This leads us to another result.

Corollary 3.7. Let H be an L-form of KG, where K C L is either a purely inseparable
or purely transcendental extension. Then H = KG.

Proof. By Theorem3.5, H is cosemisimple with separable coradical. Let C be a simple
subcoalgebra of H. Then C* is a separable field extension of K. By the remarks above, we
must have C* — L. But L is purely inseparable, which forces C* = K. Thus, every simple
subcoalgebra of H is one-dimensional, and so H is pointed. But H is also cosemisimple,
so H is a grouplike coalgebra. Thus, H = K. For L purely transcendental, the result
follows from Corollary 3.4. O

Corollary 3.8. Let H be a cocommutative coalgebra, and suppose that K C L is such
that L ® H is pointed (e.g. L = K). Let {H,}°, be the coradical filtration of H (see
[Mon3, 5.2]).



(i) [L® H],, C L ® H, for all n > 0.
(77) Equality holds for all n > 0 if and only if H has separable coradical.

Proof. For (i), since L ® H is pointed, then [L ® H]y is spanned by grouplike elements.
Since each grouplike element g € L ® H, C L ® Hy, where Hy is as in Lemma 3.3, then
[L® Hlop € L ® Hy. This takes care of n = 0. For n > 0, we have, by induction,

(Lo H),=AYL®H ®,[L®H|,1+[L®H)® [L® H)
CA Y L®H®H, ,+L®Hy®H)
=LA ' H®H, ,+Hy® H)=L®H,

For (i7), we first note that Hy is a cosemisimple, cocommutative coalgebra. If H does
not have separable coradical, then, by Theorem 3.5, L& H is not grouplike. Since [L® H]
is a grouplike coalgebra, equality cannot hold.

If H does have separable coradical, then Theorem 3.5 tells us that L® H is a grouplike
coalgebra, and thus cosemisimple. Then L ® Hy C [L ® H)o. Thus, L ® Hy = [L ® H]j if
and only if H has separable coradical. To prove (ii), therefore, we need only show that if
H has separable coradical, then L ® H,, C [L ® H],, for all n. This follows by induction
as in (7). O

For the next corollary, we need the following.

Theorem 3.9. | , 2.3.1] Suppose that H is a finite dimensional commutative semi-
simple Hopf algebra. Then there exists a group G and a separable extension field £ of K
such that £ ® H = (EG)* as Hopf algebras.

Corollary 3.10. Let H be a cocommutative Hopf algebra. If H has separable coradical,
then Hj is a subHopfalgebra. Conversely, if Hy is a finite dimensional Hopf algebra, then
H has separable coradical.

Proof. First suppose that H has separable coradical, and let L = K. Then L ® H is a
pointed coalgebra, and so (L ® H)q is a group algebra. But this implies that (L ® H)g is
a Hopf algebra. By Corollary 3.8, L ® Hy = (L ® H)q. Since L ® Hy is a Hopf algebra,
then Hy is a Hopf algebra as well.

If Hy is a finite dimensional cocommutative Hopf algebra, then H{ is a finite dimen-
sional commutative semisimple Hopf algebra. By Theorem 3.9, L ® Hj = (LG)* as Hopf
algebras. But L ® Hj = (L ® Hy)*, so L® Hy = LG. This implies, by Theorem 3.5, that
Hy has separable coradical, and thus so does H. O

We get one final corollary.

Corollary 3.11. Suppose that K is a field of characteristic zero, and that H is a K-
Hopf algebra of prime dimension. Then H is semisimple and cosemisimple with separable
coradical.

Proof. Again, let L = K. By | ] L ® H is a group algebra. By Theorem 3.5,
H is cosemisimple with separable coradical. If we apply the above to H*, then H* is
cosemisimple, and so H is semisimple. O
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4 Hopf Algebra Forms

In this section, we consider the descent theory of Hopf algebras. Here, we fix the field
extension K C L and search for the L-forms of a given Hopf algebra H. For the main
result, we will have K C L a W*-Galois extension of fields for some Hopf algebra W.
Recall from Proposition 2.5 that this implies that W is cocommutative.

Henceforth, L& H will be written as LoH and [®h will be written as [h for convenience,
where [ € L, and h € H.

Lemma 4.1. Let W act on a field extension K C L such that K = LW, and suppose
that A is an associative K-algebra such that L o A is a W-module algebra. Then

(i) Any subset of [L o A]" that is linearly independent over K is linearly independent
over L.

(ii) [L o A]"Y @ [L o A" can be embedded in [L o A] ®p, [L o A] as K-algebras by the
map a Qg [ — a®p, (.

Proof. Let {a;} be a K-linearly independent set in [Lo A]"". Suppose that > | l;c; = 0 is
a nontrivial dependence relation of minimal length with [; € L. Without loss of generality,
we can assume that [; = 1, and so aq + Zi>1 lia; = 0. Let w € W. By acting on the
dependence relation by w, we get e(w)ay + 3, (w-l;)o; = 0. If we multiply the original
dependence relation by e(w), we get e(w)oy + ), e(w)o; = 0. But if we subtract these
equations, we get
>0

Since this is a shorter dependence relation, we must have w - [; — e(w)l; = 0 for each i,
sow - l; = e(w)l;. Thus, [; € LW = K. Since the a; are K-linearly independent, then we
have a contradiction. This gives us (i), and (ii) follows immediately. O

This lemma allows us to look at elements of [L o A]"Y ® [L o A]" as elements of
[L oAl ®p[LoA]. We can thus move elements of L through the tensor product when
looking at invariants. This will be important in our calculations for the main theorem.

Before proving the main theorem, we need to say something about the action of W
on L.

Lemma 4.2. Let W be a finite dimensional K-Hopf algebra, and let K C L be a W*-
Galois extension. Let 0 # ¢ € fvlv with A(t) = > . t; ® t;, where {t}} is a basis for W.
Then there exist elements a;, b; € L such that

(¢) For all w € W, we have ) .(w - a;)th; = w in L#W.

(43) For all j, k we have ) _.(t) - a;)(ty - b;) = d;,. In particular, if we have ¢} = 1, then

> ai(ty - bi) =61

Proof. By Theorem 2.6(7i) there exist a;,b; € A such that ) . a;th; = 1. Let w € W.
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Then we have, by the definition of multiplication in L#W

Zaltb = Z w1 - CLi)UJthi

This gives us (i). For (i7), we have from (i) that for all 7,

th=">> "(th-a)thy = (- a;)(t - bi)t)

Since {t} is a basis, then we have ) (¢} - a;)(t), - b;) = d; - O

In the main theorem, we will use certain actions of W on L o H to obtain L-forms of
H. These actions must “respect” the Hopf algebra structure of L ® H.

Definition 4.3. An action of W on Lo H is a commuting action if it commutes with the
comultiplication, counit, and the antipode of L& H. In other words, A(w-lh) = w-A(lh),
e(w-lh) =w-¢e(lh), and S(w - lh) = w - S(lh).

When the action on L o H restricts to an action on H, we get

Proposition 4.4. Let W and H be Hopf algebras, and let H be a W-module algebra.
Suppose K C L is a field extension with L a W-module algebra. Then L o H is a W-
module algebra, and this action is a commuting action if and only if it commutes with
the comultiplication, counit, and the antipode in H.

We are now ready for the main result.

Theorem 4.5. Suppose that K C L is a W*-Galois field extension for W a finite di-
mensional, semisimple Hopf algebra. Let H be any K-Hopf algebra, and suppose that we
have a commuting action of W on Lo H such that the action restricted to L is the Galois
action. Then

(i) H = [L o H]" is a K-Hopf algebra.

(1)) L® H' = L ® H as L-Hopf algebras, with isomorphism [ ® o — la.

(737) If F is another Hopf algebra L-form of H, then there is some commuting action
of W on L o H which restricts to the Galois action on L such that F = [L o H|"

Proof. Let 0 #t € fév, and let a;,b; € L such that ) a;th; = 1 in L#H. Also write
A(t) = 32t @1}, where {t}} is a basis for W with ¢} = 1. For (i), it suffices to show
that A(H') C H' ® H', e(H') C K, and S(H') C H'. By Proposition 2.13, [L o H]W
spanned over K by elements of the form ¢ - [hA.

Since the t; form a basis for W, we can write A(t}) = >, ¢}, ®t};, and so (id ® A) o
A(t) =51t @t @t for some t7; € W. We then have

A(t-1h) =t-A(h) =Y t-(Ihy ®hy) =Y (t; - )(t - h1) ® (£ - ho)

g,k
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In addition, >, (t - [bih]) ® (t - [la;he]) € H' @ H'. If we identify this element with its
image in [Lo H| ®y, [L o H| (which we can do by Lemma 4.1), then, using Lemma 4.2(i%),

D (- biba]) @ (- [lasha]) = > (tr - bi)(th - ) @ (8- D)(Eh, - a;)(t],, - ho)

% i,7,k,m
= Z (- @i) (t - b)) (5 - D)(ty - ) @ (t,, - Do)
1,7,k,m
=D Silty - Dty - h) @ (1, - o)
7.k,m

_Z Dty - ha) @ (8, - h)

Thus, A(t-1h) =", (t- [bih]) @ (t - [la;he]) € H ® H', and so A(H") C H' ® H'.

In addition, we have e(t-lh) = t-(lh) € LW = K, and S(t-1h) =t-S(lh) € [Lo HW
so e(H') C K and S(H') C H'. This gives us (i).

For (ii), one can check that the given map is an L-Hopf algebra morphism. It then
suffices to show bijectivity. For surjectivity, let A € H. Then, using Lemma 4.2(iz),

> @@ (t-bih) = Y ai(t-bih) = ai(t; - bi)(t) - h)
=2 0l

Since L ® H is spanned over L by H, then the map is surjective. Injectivity follows from
Lemma 4.1(3).

For (7ii), suppose that F' is an L-form of H,so L& H = LQF. Let ®: L F — L@ H
be an L-Hopf algebra isomorphism. We define an action of W on L® F by w-lf = (w-1)f
forall [ € L and f € F. It is easy to check that this makes L o F' a W-module algebra,
and that F = [Lo F|". For a € L ® H, we define w-a = ®(w - 7 (a)).

We show that the action on L ® H is a W-module algebra action. Let o, € L ® H.
We have

w-af =d(w- 27 (af)) = 2(w- 27 (a)27'(0))
= (Y (w- 27 (a))(wy - ()
=" (w27 (a)@(ws - D7)
=D (wi-a)(w; - B)

We must also show that this action commutes with Apgpy, eren, and Spey. We do
the computations for comultiplication; the other cases are similar. Let w € W,a € L& H.
Then, using the facts that ®, ®~1 are Hopf algebra morphisms, and that the action of w
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commutes with Apgr, we get

Apsr(w- o) = Apgp(P(w- 97 (a))) = (P @ ) (ALgr(w- &' (a)))
= (®® ®)(w - AL@F( Ha)))
= (PR P)(w- (' ®P" 1)(AL®H( )

) )

(P® P Zwl @ wy - D))
= Zwl coq @wy -y =w - Apgm(a)
Furthermore, a € [L o H]V if and only if, for all w € W,
w-a=c(w)a s dw- 0 (a)) =c(w)a
w0 Ha) =¢e(w)d ! (a)
S0 a)e[LoFV =F
Thus, [Lo HY = ®(F) 2 F, and so the L-form F is obtained through this action.  [J

This result is similar to what Pareigis proved in | , Thm. 3.7] for H and W
group rings. His construction of the L-forms of H was different, and he only assumed
that K C L was a free W*-Galois extension of commutative rings. It would be inter-
esting if Theorem 4.5 could be extended to arbitrary Galois extensions of commutative
algebras. Invariants of Hopf algebra actions appear to be important in this more general
context | , Thm. 5]. Neither result assumed the Galois extensions to be fields.

We now consider some examples.

Example 4.6. Let H be a Hopf algebra, and let G be a finite subgroup of the group of
Hopf automorphisms on H. Let W = KG. The canonical action of W on H induces a
commuting action on L ® H, where K C L is W* Galois. Thus, this action yields an
L-form of H.

Similarly, for W = KA, H = KG, where A and G are groups, any group action of A on
GG as group automorphisms gives rise to a commuting action. Conversely, any commuting
action of W on H is obtained from a group action of A on G, since if a € A, g € GG, then
Ala-g)=a-A(g) =(a-g)® (a-g), and so a-g € G. This is exactly what happened in
[ ] in his definition of twisted group rings.

Example 4.7. Let H be finite dimensional, semisimple, and cocommutative, and consider
the left adjoint action of H on itself. Then for all h, k € H,

A(h-k) = A(kShy) = (hikiShy) @ (hakaShs)
— Z(hllehg) ® (h3k25h4> - Z(hl N ]{Zl) ® (hg . ]{72)

=h-A(k)
The counit and antipode commute as well, using the fact that S? = id for cocommutative
coalgebras and ¢ 0 S = ¢ (] , 1.5.10,1.5.12]). Thus, the left adjoint action is a

commuting action, and so it yields an L-form of H whenever K C L is an H*-Galois
extension. We refer to such a form as an adjoint form.
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Example 4.8. Let K = Q,L = K(i). Let H = K[z|, the universal enveloping algebra
of the one-dimensional Lie algebra. If W = KG, where G = Zy = (o), then K C L is
W*-Galois, where o acts on L by complex conjugation. We can let W act on L o H by
0-x = wz, where |w| = 1. An easy check will show that this gives us all of the commuting
W-module actions of W on Lo H. The corresponding form is [Lo H|" = K[ix] if w = —1,
and [Lo H|Y = K[(1 +w)z] otherwise. In either case, [L o H]' = H, and so there are no
nontrivial forms. This will also follow from Proposition 5.1.

This differs greatly from the case H = KG. In that case, any action which gives us a
trivial form must leave a basis of grouplike elements in LG invariant. Since G(LG) = G,
then LG = K G so the action is trivial. Thus, a group action on K G gives us a nontrivial
form if and only if the action is nontrivial (e.g. the left adjoint action of a nonabelian
group).

Also note that despite the fact that there are many commuting actions on Lo H, there
is only one L-form (up to isomorphism). Not only that, but the form is obtained by an
action on L o H which restricts to an action on H (the trivial action). This suggests the
question:

Question 4.9. Can all L-forms be obtained from actions on L o H which restrict to
actions on H?

This is easily seen to be true in the case where W = KA and H = KG are group
algebras, since any commuting action comes from a group action of A on G. We consider
a more compelling example of this in Example 5.3. Question 4.9 motivates the following
definition:

Definition 4.10. A stable L-form of H under W is one which can be obtained from a
commuting action of W on L o H which restricts to an action on H. We denote the set
of all stable L-forms of H under W as 8. w (H).

Thus, Question 4.9 asks whether or not all L-forms are stable. It seems that the trivial
forms of H in L o H play an important role. In order to determine this role we need a
trivial lemma.

Lemma 4.11. Let K C L be an extension of fields. Suppose ¢ : H — H’ is a morphism
of K-Hopf algebras, where H' C L ® H. Then ¢ can be extended to an L-Hopf algebra
morphism ¢ : L ® H — L ® H. The map is given by ¢(a ® h) = (a ® 1)¢(h).

This gives us the following.

Corollary 4.12. If a form F C L o H can be obtained by an action on L o H which
restricts to an action on a trivial form H' C Lo H, then F is a stable form.

Note: By a trivial form, it is meant a form of H obtained as in Theorem 4.5 which is
isomorphic to H. This would be any K-Hopf algebra H' C Lo H such that H' = H, and
such that L@ H' =2 L ® H vial @ h' — [}.
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Proof. Suppose ¢ : H — H' is a K-Hopf algebra isomorphism, and let - denote the action
of W on Lo H. We can define a new action x on Lo H, where wxh = ¢~ (w-¢(h)) for all
w e W,h € H, and W has the Galois action on L. As in the proof of Theorem 4.5(iii),
we have that * is a commuting action on L o H. Also, * restricts to an action on H.

We can extend ¢ to an L-Hopf algebra morphism ¢ : L& H — L ® H by Lemma 4.11.
S'nce L®H = L®H vial®h +— [h (by Theorem 4.5), then we can define a map
L®H — L® H,IW — 1~ (W) for all | € L, € H'. Tt is easy to see that

-1 = gb .50 ¢~ 1 is an L-Hopf isomorphism. We also have, for all a € L,h € Hyw € W,

vah = (w1 - ) (6 (we - 6(h) = 61 (X(ws - a)(uwsz - G(R)).
Let {a;} be a basis of L over K, F' = [L o H]' under the action x. We then have

>, aih; € F' for h; € H if and only if for all w € W,

w * Z a;h; = Z e(w)a;h;

@F(Z(w - a;)(ws - ¢(h Zs Ja;o(h
& Z a;p(h

Thus, F' = $~1(F), and so, under the action of -, [L o H|" = F’. The restriction of ¢—1
to F' gives us a K-Hopf isomorphism F' — F’. Thus, F' = F’ is a stable form. m

@\e*\

g

Now we turn our attention to a situation where there are no nontrivial commuting
actions.

Example 4.13. Let W = u(g), H = KG, where char(K) = p > 0 and g is a finite
dimensional restricted Lie algebra. Let K C L be a W*-Galois extension and suppose we
have a commuting action of W on Lo H. If x € g, then

Alz-g)=z-Alg)=(r-g)®g+g®(z-g)

soz-g € P,,(LG) = 0. Thus, W acts trivially, and so [L o H|Y = H. However, this
tells us nothing about the L-forms of H, since if K C L is u(g)*-Galois, then u(g) is not
semisimple by the remarks following Theorem 2.9. Thus, Theorem 4.5 does not apply.
Fortunately, we can still determine the L-forms in this case. Recall from Example 2.8
that K C L is totally inseparable of exponent < 1, and so Corollary 3.7 implies that there
cannot be any nontrivial forms.

5 Forms of Enveloping Algebras

We now use Theorem 4.5 to compute the Hopf algebra forms of enveloping algebras. It
turns out that these forms are merely enveloping algebras of Lie algebras which are Lie
algebra forms of each other.
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Proposition 5.1. Suppose that a K-Hopf algebra F'is an L-form of U(g) in characteristic
zero or u(g) in characteristic p > 0. Then

(1) F is a universal enveloping algebra in characteristic zero and a restricted enveloping
algebra in characteristic p > 0.

(i7) If K C L is a W*-Galois field extension of characteristic zero for W a finite
dimensional semisimple Hopf algebra, and if W acts on L ® U(g) as in Theorem 4.5, then
[LoU(g)]V = U([L®g]") (similarly for restricted Lie algebras in characteristic p). Thus,
any L-form of U(g) is of the form U([L ® g]").

Note: In characteristic zero, U(g) = U(g’) as Hopf algebras if and only if g = ¢’ as Lie
algebras (similarly for restricted Lie algebras). Thus, the above says that finding the Hopf
algebra L-forms of enveloping algebras is equivalent to finding the L-forms of their Lie
algebras. In addition, (i7) says that we can find the L-forms of Lie algebras in the same
way that we find the L-forms of Hopf algebras. They are merely invariant subalgebras of
L ® g under appropriate actions of W. Since W is cocommutative by Proposition 2.5, for
each w € W,x,y € g, such actions satisfy w - [x,y] = > [w; - x,ws - y]. This is analogous
to to the methods Jacobson used in | , Chap. 10] to find the forms of nonassociative
algebras.
We first need a lemma which tells us when a Hopf algebra is an enveloping algebra.

Lemma 5.2. Let H be a K-bialgebra, let g be a Lie subalgebra of P(H) = {x € H :
Alx) =1®x+ 2 ® 1}, and let B be the K-subalgebra of H generated by g.

() If char(K) = 0, then B is naturally isomorphic to U(g).

(1) If char(K) = p > 0, and if g is a restricted Lie subalgebra of P(H), then B is
naturally isomorphic to u(g).

The proof can be found in [P(), 4.6]. Notice that this implies that a Hopf algebra is
an enveloping algebra if and only if it is generated as an algebra by P(H).

Proof. (of 5.1) For (i), it suffices, by Lemma 5.2, to show that F is generated as an algebra
by P(F). Let ®: L® U(g) — L ® F be an L-Hopf algebra isomorphism. Let {l;} be a
basis for L over K, and let z € g. Then ®(z) = . [;fi, for some f; € F. We have

mez Zlfl— ()
—0(x) @y 1+ 1@, d(a Zlfl @ 1+10. () _Lf)
:Zli(fi®Kl+1®Kfi)

Since {l;} is a basis, then A(f;) = f; ® 1 +1® f;, and so f; € P(F) for all i. The ®(z)’s
generate L ® F over L, so the f;’s generate L ® F' over L. But this implies that the f;’s
generate F' over K, and so F'is an enveloping algebra.

For (i), Theorem 4.5 implies that [L ® U(g)]"" is an L-form of U(g). By (i), it is
generated by P([L®U(g)]"), which means that it is generated by elements in L ®g. But
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these elements are also invariants under the action of W, so they are in [L @ g]"'. Thus,
(Lo U(g)]" = U([L @ g]"). The second part follows immediately.
O

Example 5.3. Let w be a primitive n*th root of unity forn > 1, K = Q(w"), L = K(w).
Also, let G = Z,, = (o). Then K C L is a (KG)*-Galois extension, where G acts on L
via 0 - w = w1, Define g = K-span{z, o, ,Yn_1}, where the Lie product is given by
[z, y:] = w™yi, [yi,y4] = 0.

Let 1 < k < n, and define an action of G on U(g) by 0 -z = w0y = Yisk,
where we let y;1,, = y; for all 2. One can check that this is a commuting action, and so it
will yield a form g;, = [L @ g]".

We now compute a basis for gi. Let d = ged(k,n) and | = 2, and consider the elements
r=uwke, Sjt = Z?:ol uﬂk(m“)ylkﬁ, where 0 <t <d—1,0< j g [ —1. Tt is easy to check
that r and the sj;’s are invariants. Moreover, they form a basis for g. To see this, note
that since L ® g = L ® gy, then dim(g;) = dim(g) = n + 1. It thus suffices to prove that
{r,s;i} are linearly independent over K. Since {z,y;} is independent over K and r is a
scalar multiple of x, then it suffices to show that the sj’s are linearly independent over
K.

Suppose Ej’t citsjt = 0,¢5p € K. Then

-1 n—1

0= Z CjtSjt = ¢j s Dy (2)

gyt j=0 t i=0

U
—

Il
o

We look at the coefficients of y, for 0 < ¢ < d — 1. Looking at (2), we get a contribution
to the coefficient of y; from each coefficient of vz, where ik +t = zn +t for some 2z € Z.

Thus, i = ¢ = %17 so %]zl Since ged(%,1) = ged(%,2) = 1, then %|z, so k|zd. Write

zd = 2'k. Then i = 3% = szz = Zk’“l = 2/l. In particular, 2z’ < d — 1. We substitute i = 2/l

in the coefficient of y;z.; to get the coefficient of 1, which is

-1
(#'ln+1) E E jtw]k E dcjtwjk

-1

||M$

Jj=0 z

since w/*?'" = 1. Now the w’* are linearly independent over K, so cjt = 0, which proves
linear independence.

Thus, g, = span{r,s;; : 0 <t <d—1,0 < j <1 —1}. The Lie bracket relations are
[r, sjt] = w™sgye, [8je, s50) = 0, and s(j4e = WHsjy.

The remainder of this section will be devoted to showing that the g; are mutually
nonisomorphic as Lie algebras, and that they are all the L-forms of g. Let I = span{s;; :
0<t<d-1,0<j<I[—1}and, foreach0 <t <d—1,let [, =span{sj; : 0 < j <[—1}.
It is easy to show that I and I; are Lie ideals of g;. It is also clear that I is the unique
Lie ideal in g of codimension 1, and that I = f:_ol 1.
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Lemma 5.4. Let w ¢ I. Then
(i) For all 0 <t < d—1,v € I;, v is an eigenvector for ad(w)".
(17) Let v € I. If v is an eigenvector for ad(w)™, then m =0 or m > .

Proof. We first reduce the problem a bit. Write w = ar + . b;s;. Since w ¢ I, then
a # 0, so without loss of generality, a = 1. But then ad(w) = ad(r) on I, since [ is abelian,
so we can assume that w = r. An easy induction gives us that ad(r)™(s;;) = W™ (j1m

for all m > 0. Thus, if v = Zj c;sjt, then

! o Int o Int+kl _ Int+kl
ad(r)' (v) = E w™eisjne = E w CiSjt =W v
J

Thus, v is an eigenvector for ad(r)!, which gives us (i).

For (ii), we can again assume that w = r. We write v = Zf:_ol vy, where vy, € I,. If
ad(r)™(v) = av, we must have ), ad(r)™(v;) = >, av;. Since the sum of the I,’s is direct,
then ad(r)™(v:) = avy, and so each v; is an eigenvector for ad™(r). We can then assume
that v € I; for some ¢.

Write v = Z;;B cjs;t with ¢; € K. By (4), v is an eigenvector for ad(r)!. Let m > 0
be minimal such that v is an eigenvector for ad(r)™. Since v is an eigenvector of ad(r)!,
then mll. Write | = pm for some integer p > 1. We have that ad(r)™(v) = av for some
a € K. Also, a calculation gives us

m mnt
ad(r)™(v) = > 0™ s myt
J
—1 pm—1
kpm~+mnt mnt
w™? CirtpvmSit + Y Wi msjy

j=m

3

I
o

J
If we equate the coefficients of ad(r)!(v) and av, we get

wkmp+mnt

ac; = Citp—1yms 0 < <m—1 (3)

ac; = Wi, m<j<pm-—1 (4)

Let ¢ be minimal such that ¢; # 0. If ¢; = 0 for all j < m, then (4) implies that v = 0.
Therefore, i < m. An easy induction gives us, using (4), that for all integers 0 < b < p—1,
ci = wmtabe; . Setting b=p — 1, we get ¢; = w1 Cit(p—1)m- But (3) gives

us that ¢; = éwkmﬁm”tci“p_l)m. Putting these together and simplifying, we get

mntapfl

aP = wkmpwpmnt — wkl—l—lnt

Now we take p'* roots of both sides. Notice, since p|l and [|n, that all the p* roots of
kl+in ki+in
unity are in K. We have a = w T (pt" root of unity), and so w 2% € K. We must

then have n| £ Since p|l, then n|™. This forces n|%. But kl = n(%), so we must have
N P P P
plg-
But recall that gcd(g, [) = 1. Since, p|l and p|§, then p =1, and so m = [. This gives
us (i7), and the proof is complete. O
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Proposition 5.5. Let K, L, g, g be as above.

(1) The gj are mutually nonisomorphic K-Lie algebras.

(17) The gy are all the L-forms of g up to isomorphism, and thus U(gg) are all the
L-forms of Ul(g).

Proof. For (i), suppose that 1 < k&' < n, with gy = gp. Let d = ged(n, k), d =
ged(n, k'), I = 5, I' = 5. Also define I’ < gy similarly as for I < g,. Without loss of
generality, [ <['. Let ® : g, — g be an isomorphism of Lie algebras. Since I, I’ are the
unique ideals of codimension 1 in their respective Lie algebras, we must have ®(I) = I'.
By Lemma 5.4(i), sj; is an eigenvector for ad'(r). Since ® is an isomorphism, this makes
®(s;) an eigenvector for ad'(®(r)). But ®(r) ¢ I’, so Lemma 5.4(i7) gives us [ > I’. Then
[ =I', which implies that d = d'.

We now have ged(n, k) = ged(n, k') = d. Thus, g, = K-span {r,s;; : 0 <j <[—1,0<
t<d—1}, g = K-span {r',s}, : 0 < j <1—1,0 <t <d—1}. Write ®(so0) = >_;, bjsS}s,
where bj, € K, and the bj, are not all zero. Also write ®(r) = ar’ + 3, a;s};, where
a,a;; € K. Since ad(®(r)) = ad(ar’) on I', an easy induction gives us

ad(®(r)) (®(se0)) E alw'™bj.s] Gt E alw™H R, 155

But since ® is a homomorphism, then we get

ad((b(r))l(fb(soo)) = @(ad(r)l(soo)) = ®O(s9) = WP (IJ (S00) Zwklbﬂsﬂ

This tells us that w*b;, = awl"t+klb for all j,¢. Since not all the b;; are zero, then

al = WEF =) for some t. But then a = w* ¥~ . (I root of unity). The only way for

a € K isif k= k. This gives us (1).
For (ii), we look at what an action of G on L ® g must satisfy (keeping in mind that
G acts as Lie automorphisms on L ® g). After a bit of calculation, we get

n—1
—kn
orr=w Tr+ E bjyj, 0 - Yi = Qilisk
i=1

for some 0 < k < n —1, where the a;,b; € L are chosen so that ¢" -2 = 2z and 0" - y; = y;.
We will show that [L ® g]%¢ = g;.

To determine the form obtained from this action, we need only consider primitive
invariant elements. Suppose that o =ax + 3 ¢;y; € [L ® g]%¢. Then

ar + Z cjy; = (0 a)w ™z + Z(O’ -a)bjy; + Z(O’ C €)Ytk
J J J

= (0-a)w "r + Z([U ~albjk + o - cjlag)yn

which gives us a = (¢ - a)w™" and ¢j44 = (0 - a)bjr, + (0 - ¢;)a;.
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Write a = Z?:_ol qiw® with ¢; € K. The equation a = (o - a)w™*" gives us
S g = 3 gt = 37 guti-bny

Matching coefficients, we get ¢; = qw ", so ¢; = 0 or W ¥ = 1. Thus, if ¢; # 0, then
n|i — k and so i = k. Therefore, a = qw* for some ¢ € K.

First, suppose that a = 0. We then have ¢,y = (0-¢;)a;. Once we are able to define ¢,
for 0 <t < d—1, then we can define the rest of the ¢; inductively using this relation. The
only restriction on ¢; is that ¢; = ¢y = (0'-¢;) (0" ar) (02 argr) - - arp—1yr = (') Ay,
where Ay = (6" - ay) (0" - apgr) - - a1k For each 0 < ¢ < d — 1, we then want to
find all of the elements ¢; € L such that ¢; = (0! - ¢;) Ay with ¢; # 0 if possible. If ¢} is

ci

another such element, and ¢; # 0, then it is easy to show that o is fixed by ¢!, and so

% €L = K(w*). Thus, if ¢; # 0, then the set {c;; = wi*¢; : 0 < j <1 — 1} is a basis
over K for the space of all ¢ satisfying ¢, = (o' - ¢;)A;. We then can define ¢;j,14) for all
0 <@ <1 —1 by defining, inductively, ¢;uir) = (0 - ¢je)as. By the way we have defined
Cj(ik+t), We get that s; = Zf;(l) b+t Yik+t € [L @ g]®C. Furthermore, since the c¢;; span
all possible coefficients of y; for elements in [L ® g]¥“ which have no nonzero x term, then
the s;; span the space of all invariant elements of the form ;i CiY;j-

If a = qw* # 0, then, substituting % for o, we can assume that @ = w*. Suppose we
have two sets of elements {b;}, {b/} C L such that r = w*z+3, by, 1" = wFz+ >, by, €
[L ® g]®C¢. Subtracting these, we get >_,(b; — b))y, € [L ® g]*, so by the a = 0 case,
r — 1" € span{sj;}. Thus, r is unique modulo span{s;}.

Putting these together, we get that [L ® g]¥“ is spanned by the set

{risjp:0<t<d—-10<j<Il-1}

Since dimg[L®g]% % = n+1, then these elements form a basis for [L®g]X%. In particular,
st 7 0 for all j,¢£. We need only show that r and the s;; satisfy the same Lie product
relations as their counterparts in gi. We use cjyir) = w/Fn+D
by induction), which gives us

Co(t4ik) (which we prove

Cjt1)(ihat) = w(j+1)k(m+1)60(ik+t) _ wk(m+1)wjk:(m+1)Co(ikH)
— klin+D) Cjihit)
The Lie product relations follow directly. O]

Notice that all of the L-forms of U(g) are stable.

6 Forms of Duals of Hopf Algebras

We turn our attention to determining forms for duals of finite dimensional Hopf algebras.
As we have seen in Proposition 2.4, we have a natural correspondence between forms of
H and forms of H* in which a form H' of H corresponds to the form (H')* of H*.
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In this section, we look at this question from the perspective of Theorem 4.5, and
we restrict our attention to stable L-forms. Let H, W, and K C L be as before, except
we require H to be finite dimensional. By Proposition 4.4 and Theorem 4.5, all stable
L-forms for H under W are obtained by finding appropriate commuting actions of W on
H. We use these actions to help us compute forms of H*. Specifically, given a commuting
action of W on H, we construct a corresponding action on H*. Our goal will be to find
a correspondence between stable L-forms of H under W and stable L-forms of H* under
W. The first step in this direction is finding a correspondence between W-actions on
H and W¢P-actions on H*. Recall that WeP? is the Hopf algebra with comultiplication
A(w) = > wy @ wy. In the case W is cocommutative, WP = .

Proposition 6.1. Let W and H be Hopf algebras, and let H be a W-module algebra
with a commuting action. Then H® is a left WP-module algebra with commuting ac-
tion. Conversely, if H is finite dimensional, and if H* is a left WP-module algebra with
commuting action, then H is a left W-module algebra with commuting action.

Note: We have that H° = {f € H*: f(I) = 0 for some ideal I of finite codimension} is a
Hopf algebra (] , 9.1.3]). Note that in the case where H is infinite dimensional, we
can determine some of the commuting actions of WP on H° from the commuting actions
of W on H, but not necessarily all of them.

Proof. To avoid confusion, we distinguish between the Hopf algebra maps of H and H°
by writing them as A, A*, etc. We first assume that H is a left W-module algebra with
commuting action. Then for all f € H°, define (w- f)(h) = f(S(w)-h). We need to show
that this is a left WP-module algebra action on H*, and that the action commutes with
the Hopf algebra maps of H°.

We first prove that if f € H°, then w- f € H® for all w € WP. We get

Af(w- f)(h@ ') = (w -f)(hh/):f(S(w)-hh’)
= F([S(ws) - R[S(wn) - B])
= f1(S(ws) - h) fo(S(wr) - 1)
=D (wy- fi)(W)(wr - fo) ()

= (D _(ws- fi) @ (wi- fo))(h@H)

so A%(w - f) = > (wa - f1) @ (wy - f2) € H*® H*. By | ,9.1.1), w- f € H°. The
above also shows that the action of w commutes with comultiplication in WP,
We now show that it is an action. We have, for all w,w’ € W, f € H° h € H,

(ww'- f)(h) = f(S(w)S(w) - h) = f(S(w') - [S(w) - h])
= (w'- f)(S(w) - h) = (w-[w'- f)(R)
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For the rest of the requirements for a W-module algebra, we have
(w-2)(h) = £(S(w) - h) = (S (w))e(h) = e(w)e(R) = ((w)e) (k)
(w- fg)(h) = fg(S(w) -h) = _ f([S(w) - h1)g([S(w) - hl2)
S(ws2) - ha)g(S(wr) - ho)
=D (wy- [)(h)(wi - g)(ha) =Y (ws - f)(wr - g)(h)

which gives us that W acts trivially on e, and w - fg = > (wy - f)(wy - g). Therefore, H°
is a left WP-module algebra.
Now we must show that we have a commuting action.

e(w-f) = (w- f)(lu) = f(S(w) - 1u) = e(w)e"(f)
S*(w- f)(h) = (w- f)(S(h)) = f(S(w) - S(h)) = F(S(S(w) - h))
) h) =S (N)(S(w) - h) = (w-S(f))(h)

()

so the action commutes.

Conversely, suppose that H is finite dimensional and that H* is a left WP-module
algebra with commuting action. Then S is bijective by [ ,2.1.3(2)]. Let {hy,--- ,hn}
be a basis for H, {hj,--- ,h’} the dual basis in H*. Then for each w € W and 1 < i < n,
we have w-h; = 3~ a;j(w)h}, where a;; € W*. Define the action h;-w = >~ a;i (S~ (w))h;.

Claim: For all f € H*,w € W, h € H, we have (w- f)(h) = f(S(w) - h)

Proof. 1t suffices to prove the claim for f = h},h = hy, since they form bases for their
respective Hopf algebras. We have

(w - hi)( Zaw b5 (he) = ag(w)
H( atwl) = Ki(S(w) - he)

which proves the claim. O

Let f € H*,h € H, and w,w’ € W. We have

flww'-h) = (S (ww') - f)(h) = (S~ (") S (w) - f])(h)
= (57 (w) - fHw'-h) = fw-[w' - w])

Since this is true for all f € H*, then ww’-h = w - (w’ - h), which implies that we have a
left action. The rest follows similarly. m
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Now we see how this fits in with the general theory of L-forms. Let H be a finite
dimensional K-Hopf algebra, K C L a W*-Galois extension of fields, such that H is a
W-module algebra with commuting action. Then W is cocommutative by Proposition 2.5,
so W = W<eP_ Thus, by Proposition 6.1, we have a correspondence between commuting
actions of W on H and commuting actions of W on H*. We attempt to extend this to a
correspondence between L-forms of H and L-forms of H*.

Recall that 8, w(H) is the set of all stable L-forms of H under W. Define ¢ :
Srw(H) — Spw(H*) as follows. Let H' € 8pw(H). Then H' = [L o H]" for some
H-stable commuting action of W on Lo H. From the previous, we have a corresponding
commuting action of W on H* and K C L is W*-Galois. We define ®([Lo H|"Y) = [Lo
H*]". Since the commuting actions on H are in 1-1 correspondence with the commuting
actions on H*, we also define W([L o H*]") = [L o H]".

It is not clear that either of these maps is well-defined on the subspaces of L o H, let
alone on Hopf-isomorphism classes of these subspaces, since the function depends on the
choice of action. It is clear that if they are well-defined, then ¥ = ®~!, which would give
us a correspondence.

To make things more manageable, we’ll restrict ourselves to a context which includes
the case where W and H are both group algebras. Suppose that the commuting action
of W on H is such that, for all w € W, w and S(w) act as transpose matrices on H. This
occurs in the case where W and H are group algebras, since if g € G(W), then g acts as
a permutation of G(H). So if we let A, be the matrix representing the action of g on H,
we get Az = A;l = Ag1 = Ag(g), and so g and S(g) act as transpose matrices.

So let {hy,---,h,} be a basis for H, {h},---,h:} be the dual basis in H*. We
then have, for all w € W, w - h; = >, aix(w)hy, where a;, € W*. By assumption,
S(w) - h; =, ari(w)hy. If we consider what the corresponding action of W on H* looks
like, we have

(w-B7)(hy) = B;(S(w) - hy) = an;(w)hi ()
= ay(w) =) an(w)hi(hy)

sow - hf=>", aip(w)hj.
A direct consequence of this nice relationship between the actions of W on H and the
actions of W on H* is the following.

Proposition 6.2. >~ l;h; € [Lo HIY if and only if Y, ;hf € [L o H*]W.

We can think of L-forms of H in two ways. In light of Theorem 4.5, we can think
of them as subspaces of L o H. Another way is to think of them as Hopf-isomorphism
classes of these subspaces. Thus, when we ask whether ® : 8§, w(H) — Spw(H*) is a
bijection, we can consider this question from two perspectives. When we consider ¢ as a
map between subspaces, we do get a bijection.
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Theorem 6.3. Suppose that for all commuting actions of W on H that w and S(w)
act as transpose matrices for all w € W. Then the map ® : S, w(H) — S w(H") is a
bijection, where we consider 8, w (H) to be the invariant subspaces of L o H arising from
commuting actions on H which make Lo H a W-module algebra (similarly for 87w (H*)).

Proof. Recall that ®([Lo H|") = [Lo H*]". For clarity, if the action of W on H is given
by -, then we write [Lo H|"Y = [Lo H]". Suppose there are two actions - and * such that
[LoH|W = [LoHY. Let Y, l;h; € [LoH*]. By the above, Y, l;h; € [LoH]|" = [LoH]Y.
Again by the above, Y . l;hf € [Lo H*]Y, so [Lo H*|Y C [Lo H*]V. By symmetry,

equality holds, and so the map is well-defined. An almost identical argument gives us
bijectivity. O]

Now we address the question of whether ® is well-defined and bijective when considered
as a map between isomorphism classes of L-forms of H. In the case where W = KG,
not only does this occur, but there is also a nice matching of actions of W on L o H and
L o H* with the correspondence of L-forms given by Proposition 2.4. But we first need a
lemma.

Lemma 6.4. Let H be a finite dimensional Hopf algebra which is also a W-module
algebra making Lo H a W-module algebra. Suppose also that w and S(w) act as transpose
matrices for all w € W. Let {h;} be a basis for H with dual basis {h}}, and suppose that
> bihi € [LoHW, 37, cihi € [Lo H*]. Finally, for each w € W, let w-h; = Y_ as(w)h;
where a;; € K. Then

(1) e(w)b; = 3=, aji(wa)(wr - bj) = > azi(wi)(wa - by)

(11) e(w)e; = 3, aji(wa)(wi - ¢j) = >, agi(wi)(w - ¢)

(#41) dine(w) = 35 azi(we)ar(wi) = 37 aij(wa)ag;(wr)

Proof. For (i), let Y, bih; € [L o H". We have
D e(w)bihi =Y (wr - bj)(wa - hy) =Y (wy - by)aji(wa)h
{ J Y]
Thus, e(w)b; = >_; aji(ws)(wy - b;). If we do the same thing with e(w)bh; = 3, (ws -

b;)(wy - hj), we get the second identity. (i) follows similarly.
For (iii), we have

e(w)h; = Zw15(w2) ~hy = Zwl - (aji(wa)hy)
_ Zaﬁ(w)ajk(wl)hk

This gives us 0; ye(w) = Ej aji(wa)a;,(wy), which is the first identity in (i7). If we do
the same calculations using e(w) = > S(wy)wsq, we get the second identity. O

Theorem 6.5. Let W = KG with H and L as above, and suppose that w, S(w) act
as transpose matrices for all w € W. Let H " = [L o H|" with corresponding L-form
H' =[Lo H*]" of H*. Then H' = (H')*.
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Proof. Let a =3, bih; € [L@ HIW, f =3, c;hi € [L®@ H*]W. Define ¢ : H' — (H')* by
o(f)(a) = > bici. It is clear to see that ¢ is just ther restriction of the isomorphism in
Proposition 2.4 to H'. We must first show that . b;c; € K. We have, for each g € G,

Z bic; = Z a;i(9)ari(9)(g - b;)(g - &), by Lem. 6.4(3), (i)

= Z d;k(g-bj)(g-ck), by Lem. 6.4(iii)
ik
=g-(Q_biey)
J

Thus, ), bic; € LW = K. The fact that ¢ is a K-Hopf algebra isomorphism follows from
the fact that the isomorphism in Proposition 2.4 is an L-Hopf algebra isomorphism. [J

Example 6.6. Let K = Q, L = Q(i), and so K C L is W*-Galois, where W = KZ,, 7y =
(). Let H = KZ,,Z, = (o). Then the commuting actions of W on H are given by
7.0 = oF, where k¥ = 1 (mod n). Let d = ged(k — 1,n). Since [L o H|" is spanned by
elements of the form t - 07 and t - i07, where t =147 € fvlvv then we get the form

H;, = span{a%n,ajjtakj,iaj —ick0<t<d-1,
t

In order to make the above spanning set a basis, we require that 7 < kj mod n. This weeds
out redundant elements. To determine the Hopf algebra structure, let ¢; = 07 + o™ s; =
io? —io™. Then

CiCm = Cjm + Ci+km, CjSm = Sj+m — Sj+km, SjSm = —Cjim + Ci+km
1 1
Aley) = 5( ®¢5 =55 @85), Alsy) = 5(¢ © 55+, © )

e(cj) = 2,e(s;) = 0,5(¢j) = cu—j, S(85) = 8n—j

Now we look at the dual situation. If we let {p;} be the dual basis to {07}, then we
have that W acts on H* via 7 - p; = py; where k? = 1 (mod n). Let d = ged(k — 1,n).
We get the form

Hjy, = span{pis, pj + pijyipj —ipgg: 0<t<d—1,0<j<n—1,
.o tng .
J¢ ()L, < kj}
Similarly, as before, let ¢; = p; + pi;, 5; = 1p; — ipx;. The multiplication is thus given by

CjCm = (8jm + Okjm)Cm
Ci8m = (0jm + Okjm)

sjsm = (6kj,m — 5j,m)ém

W]

m
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Checking the rest of the Hopf algebra structure of Hj, we have

E(él) = 2(51'70, E(gl) = 0, S(@) = én—ia S(gl) = gn—i

By Theorem 6.5, we have that H), = H;. This is easy to compute directly. If we map
¢ — 2c¢; and 5; — —2s7, then one can check that this gives us an isomorphism Hyx — Hj.

Most of the proof of Theorem 6.5 can be duplicated for general W. We need only
show that >, b;c; € K. So we ask

Question 6.7. If >, b;h; € [Lo HIW, Y. c;h; € [Lo H*]W, does this imply that >, b;c; €
K?

This is not obvious in the general case, since Lemma 6.4 doesn’t seem to be helpful if
W is not a group algebra.

7 Adjoint Forms

As mentioned in Section 4, if H is a finite dimensional, semisimple, cocommutative Hopf
algebra, and if K C L is an H*-Galois extension, then we can obtain a form for H
via the adjoint action of H on itself. In addition, we can find a form for H* using the
correspondence of actions given in Proposition 6.1. We demonstrate this on the group
algebra K Ds,.

Example 7.1. Let w be a primitive n'* root of unity, a be a real n'* root of 2. Let

K=Qw+w"),L =K(a,w). If welet H= KDsy,, where Dy, = (0,7 : 0" = 1,7% =
1,707~ ! = 071) is the dihedral group of order 2n, then K C L is H*-Galois, where the
action of Dy, on Lisgiven by 0-a =wa, 0w =w, 7-a=a, 7 -w = w . We obtain
a form of H by letting H act on itself via the adjoint action, so o -7 = 0?7, 7-0 =0~ L.
We then compute H' = [L o H]" to find an L-form of H. Note that this action yields a
nontrivial form, since the only group action that yields a trivial form is the trivial action.

Some easy computations give us that the elements e; = %Z?:_Ol whol, e = TaFeT
are in H'.

We know that dimy H' = 2n, so for the above elements to span H', we need only show
that they are linearly independent. In order to do this, we first show that the e;’s are

orthogonal idempotents. We have
ere; = (l Z w'“‘ai)(l Z Whgl) = L Z WFit it
n < n < n? -

Let 0 < m < n—1. The coefficient of o™ is &5 Y~ whHm=1 = Llm 5= ilk=0 But wh=!
is an n'" root of unity. Thus, > W=D =0 unless k = [, in which case the coefficient
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becomes w'™ . Thus,

n—1

ekel—ékl_E w o™ —5klel

m=0

and so the e;’s are orthogonal idempotents.
This makes proving that {ej, e} : 0 < k <n — 1} is a basis pretty easy. If >, arer +
> wbrer, = 0 with ay, b, € K, then for all 0 < j <n—1,

0= ej(z arer + Z brey,) = aje; + b€l

k k

and so clearly a; = b; = 0. This gives us H = K-span {ey, €}, = %a%ekﬂ' 0 < k<
n — 1, Cr€ = 5k,l€l}
To finish off the multiplication table, we first compute

1 o o
Tep = — g whiret = 5 Whig™ir = (= E w® k)ZaZ)T =€, kT
n 4 -
7 7

We then have

1 1 1 1
r 2% 2 2(k+1 m
ee; = (2a ekT)(2oz er) = 4a ke e, | = Z5k+l’na er = Okt1.nCk
ere) = exd® e = 0 0% e = Oy €
L o L o

/ 2 2 2k . /
Chel = O LT, €1 = SO epen T = §5k+l,na erT = Okt1,n€)

This enables us to determine the ring structure of H'. For each k < % such that 2k # n
or 0, let My = Kex @ Ke,— & Kej, ® Ke!,_,. Then My = My(K) via e, — e11,€p—p —
€92, €}, > €12, €, +— eo91. If n =2k or k = 0, then consider the ring R = Ke, ® Kej,. We
then have epe) = ejer, = €}, ex> = 622 = ey, S0 e, acts like identity and R & K[Z,]. For
n odd, this gives us

n—1
2

H' = D My(K) & KZy
k=1

and for n even, we have

H =~ éMQ(K) & K[Zs) & K[Z,]
k=1

For the rest of the Hopf algebra structure, direct computation gives us, for each 0 <
E<n-—1, Aley) = Z’; Olej ® ex—j, €ler) = ko, Slex) = e,_. Similarly, we get
A(e}) =250 ¢ © €f (e}) = o, and S(ef) = ef.

We can also find Correspondmg forms for H*. Let the form corresponding to the

induced action on H* be H. From Proposition 6.2, we have the basis &, = Ziwkipgi,
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e, = >, a**w*p, i, with multiplication given by éye; = €y4y, exe] = €jéx = 0, €8] = ;.
The Hopf algebra structure is given by

Let Z1 =

1
Aler) = ex @ e+ 76, @€y, Ale) = & @&+, @
g(ék) = 17 8(6;6) = 07 S<ék) = én,k, S(é;g> = é;

span {é,} and Zy = span {é}.}. As algebras, Z; = Z, = K|[Z,]. They are both

ideals of H, but only Z, is a Hopf ideal.
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