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The conceptual understanding and reasoning skills of advanced undergraduates as they make the
transition from a traditional sequence in introductory calculus-based physics to their first course in
upper-level mechanics are probed. The results thus far are consistent with findings from other
investigations in upper-division courses, which indicate that persistent difficulties with fundamental
concepts can hinder meaningful learning of advanced topics. To address this problem, the tutorial
approach developed at the University of Washington has been adapted and incorporated into the
intermediate mechanics course at Grand Valley State University. This modification has produced
promising results. ©2004 American Association of Physics Teachers.
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I. INTRODUCTION

Ongoing investigations in physics education research h
been conducted over the past several years at Grand V
State University in introductory-level courses and in selec
upper-level undergraduate courses. The scope of the rese
has been expanded to include the junior-level course in
termediate mechanics. This particular study is motivated
part by prior investigations of student understanding of ot
advanced topics, including quantum physics, relativity, a
thermodynamics.1–3 Emerging from such investigations is
growing body of evidence suggesting that difficulties w
fundamental concepts are not addressed after standard
ture instruction at or beyond the introductory level.

A primary objective of this study has been to probe t
conceptual understanding and reasoning skills of advan
undergraduates as they make the transition from a traditi
sequence in introductory calculus-based physics to their
course in upper-level mechanics. Although recent invest
tions have begun to explore the learning of related topic
the engineering sciences,4 few studies have been reported
the context of upper-level mechanics courses for phy
majors.5,6 The results presented here are intended to h
address this gap in the current research base, as well
motivate the need for a modified approach in teaching in
mediate mechanics.

II. CONTEXT OF INVESTIGATION

The research reported in this paper proceeds from the
damental assumption that an important goal of physics
struction is to develop the ability to analyze, model, a
predict the outcome of physical phenomena. Thus an es
tial objective of our research is to elicit and observe
reasoning, intuition, and resources that students bring to
as they make predictions about specific situations. In
study the primary method of research is the analysis of
dent responses to carefully designed written questions. T
questions are usually qualitative in nature, for example, a
ing for comparisons between~greater than, less than, equ
to! or rankings among various quantities. In their respon
the students are required to explain the reasoning they u
determine their answers.7 The results from these question
453 Am. J. Phys.72 ~4!, April 2004 http://aapt.org/ajp
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are supplemented by informal observations of students in
classroom and the analysis of other written work submit
as part of the regular course requirements.

The target group in this investigation consists of stude
enrolled in the junior-level intermediate mechanics course
Grand Valley. The course meets for four 50-min lecture p
riods each week. The participants in this study were 26 s
dents, almost exclusively physics majors and minors, w
took intermediate mechanics during the fall semesters fr
2001 to 2003. The author of this paper served as the inst
tor.

The emphasis of the junior-level course is the extens
and application of concepts from introductory mechani
After an in-depth review of topics from introductory me
chanics~kinematics, Newton’s laws, conservation of energ!,
students investigate a variety of physical situations for wh
Newton’s second law takes the form of a differential equ
tion that is then solved by the instructor, the textbook, or
students themselves. Course topics include veloc
dependent forces~for example, air resistance!, linear and
nonlinear oscillations, separable forces, conservative for
orbital dynamics, and noninertial reference frames. The
termediate mechanics course does not cover variatio
methods or the Lagrangian or Hamiltonian formulations
classical mechanics; these topics are reserved for the se
level course in advanced mechanics.

Students also are introduced to new mathematical re
sentations and tools, including phase space diagrams an
ements of vector calculus~for example, the del operator, gra
dient, and curl!. Many students take intermediate mechan
concurrently with a junior-level mathematics course in ve
tor calculus and applied analysis, although this course is
ther a prerequisite nor a co-requisite. Students receive a
tional instruction in vector calculus in the junior-leve
electricity and magnetism course, which they usually ta
after intermediate mechanics.

III. STUDENT UNDERSTANDING OF TOPICS IN
INTERMEDIATE MECHANICS

Presented here are the results from written problems id
tical or similar to others that have been fruitful in elicitin
student reasoning patterns at the introductory level. T
problems were included on ungraded quizzes or pret
given in lecture. Unless otherwise noted, the pretests w
453© 2004 American Association of Physics Teachers
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administered after standard instruction on the relevant top
whether at the advanced or introductory level.

For the purposes of this paper, most of the discussion
be on the data obtained on pretests that probe student u
standing of Newton’s laws, velocity-dependent forces, a
conservative forces. The results, in conjunction with inf
mal observations of students during instruction, were use
identify conceptual and reasoning difficulties that hinde
meaningful learning of numerous topics in mechanics.

A. Example #1: Newton’s second law and
velocity-dependent forces

Throughout the intermediate mechanics course stud
are expected to apply Newton’s second law to set up
solve differential equations for various physical systems.
this end, an important skill that the students are assume
have acquired from their introductory mechanics course
the ability to draw and interpret free-body diagrams, that
to isolate an appropriate object~or set of objects! as a system
and identify all of the forces exerted on the system. Furth
more, physics majors are expected to be adept not onl
using free-body diagrams, but also at recognizing when t
are helpful in solving problems.

1. Description of pretest tasks

A pretest was designed to explore the ability of student
apply Newton’s second law in situations involving air res
tance, a context usually not covered in the introduct
course at Grand Valley. The pretest was administered a
relevant lecture instruction on air resistance as a veloc
dependent force. The pretest consisted of two problems
Skydiver problemand theSuperBall problem. The students
were told explicitly not to neglect air resistance in compl
ing the pretest.

The Skydiver problem asked students to draw free-b
diagrams for a skydiver at two instants:~i! shortly after
jumping from a plane, and~ii ! shortly after the diver begins
to descend with constant~terminal! speed. The students ar
also asked to compare the net force on the skydiver at ins
~i! to that at instant~ii ! and to explain their reasoning. Th
students are expected to recognize that at instant~ii ! both the
acceleration and the net force are equal to zero, making
net force at instant~i! larger than that at instant~ii !. In addi-
tion, the free-body diagram for the skydiver at instant~ii !
must include a force of air resistance that is equal and op
site to the gravitational force.

The SuperBall problem~see Fig. 1! is a task similar to the
Skydiver problem except students must consider both
ward and downward motion in the presence of air resistan
The students are told that a SuperBall is dropped vertic
downward and that the speed of the SuperBall just be
reaching the floor is the same as its speed just after lea
contact with the floor. The students are asked to determ
whether the acceleration of the SuperBall is larger~1! just
before it reaches the floor,~2! just after it bounces off the
floor, or ~3! if it is the same magnitude at both instants. T
students are not given explicit instructions to draw free-bo
diagrams. Students are expected to recognize that the f
exerted by the surrounding air has the same magnitud
both instants. However, the net force is larger just afte
bounces off the floor, when both the weight and air resista
are directed down. By Newton’s second law, the accelera
is larger just after the SuperBall bounces off the floor.
454 Am. J. Phys., Vol. 72, No. 4, April 2004
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2. Pretest results

Essentially all of the students drew correct free-body d
grams for the Skydiver problem. Nearly all correctly stat
that the net force on the skydiver is larger in magnitude j
after commencing the jump. More than 80%~21 of 26! gave
complete and correct explanations. In contrast, only ab
one-third of the same students~10 of 26! gave a correct
answer to the SuperBall problem with correct reasoning. T
most common incorrect response, given by over 40% of
students~11 of 26!, was to state that the acceleration of t
ball had the same magnitude just before and just after hit
the floor.

Despite the strong performance on the Skydiver proble
students employed a variety of incorrect kinematical and
namical arguments to support their answers. For exam
some students did not attempt to solve the SuperBall pr
lem by using Newton’s second law. Instead, these stud
appeared to base their answer merely on the fact that the
had the same speed at both instants. Some gave explana
similar to that described in the following student respons

‘‘Acceleration is derived from velocity, which is
equal in magnitude in both cases, so acceleration
must be the same at both instants.’’

Responses such as this suggest the same sort of conf
between velocity and acceleration that has been docume
among introductory physics students after traditional instr
tion in kinematics.8 Additional evidence of this difficulty
among the intermediate mechanics students has come
other pretests in the context of one-dimensional motion.
example, when asked to consider motion that involved
turnaround point~for example, an object undergoing simp
harmonic motion or a ball rolling up and down an incline
plane!,9 many students incorrectly stated that the accelera
would be equal to zero at the turnaround.

Many students apparently recognized the relevance
Newton’s second law in answering the SuperBall proble
Some concluded correctly that the force of air resistance
the same magnitude just before and just after the collis
with the floor. However, many failed to recognize, or n
glected to take into account, how the direction of this for
affected the net force on the ball. For example, us

Fig. 1. TheSuperBall problem. This problem was used on a pretest given
intermediate mechanics after lecture instruction on air resistance.
454Bradley S. Ambrose
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‘‘ f BA~i) ’’ and ‘‘ f BA~ii) ’’ to represent the frictional force by
the air at the two designated instants, one student explai
‘‘If we assume the ball has the same velocity just before a
just after,@then# f BA~i) 5 f BA~ii), so the two balls have the
sameFnet and thus the samea.’’

It should be noted that the Skydiver problem, which m
students answered correctly, explicitly asked for the relev
free-body diagrams while the SuperBall problem did not.
the latter problem six students drew free-body diagrams
their own, and all six gave complete and correct respon
In contrast, only one-fifth of the remaining students a
swered correctly.

3. Discussion of related difficulties

The qualitative nature of the SuperBall problem help
reveal the presence of difficulties with acceleration and Ne
ton’s second law. The intermediate students were gene
successful in recognizing that acceleration must point in
same direction as the net force. However, as seen by
examples discussed above, many demonstrated serious
ceptual and reasoning difficulties in applying an operatio
definition of acceleration, in describing the net for
~whether verbally or mathematically!, and in recognizing the
cause–effect relationship between net force and accelera
Additional evidence for such difficulties was observed la
in the course on other written problems involving velocit
dependent forces.

For example, on homework and exam problems, stud
frequently had difficulty translating information from a co
rect free-body diagram to a differential equation of motio
For problems in which air resistance could be expressed
linear function with respect to speed~for example, for spheri-
cal water or oil droplets!, many students wrote down corre
equations for the vertical motion:m(dv/dt)52mg2av
~where up is taken to be the positive direction!. The second
minus sign indicates that air resistance always is opposit
direction from the~signed! velocity. However, for situations
that call for the quadratic formulation instead~for example,
for larger objects such as marbles or softballs!, many stu-
dents failed to recognize that the overall sign depends u
the direction of the velocity. That is, although a term of t
form 2bvuvu is generally correct, many believed inste
that a term of the form2bv2 would be valid even for ob-
jects moving downward~if v,0).

Other reasoning errors related to those elicited by the
perBall problem arose in the context of damped harmo
motion. For undamped oscillators, students readily acce
the fact that the maximum speed of the oscillator occ
when it passes equilibrium (x50). However, many student
inappropriately generalized this result to the underdam
case. They required guidance to recognize that, during e
cycle of the motion, the oscillator experiences zero net fo
~and thus attains a maximum speed! before reachingx50.
Understanding this subtlety is important for students to c
struct and interpret phase space diagrams for underdam
oscillators, whose trajectories cross thex axis at right angles
but cross theẋ axis obliquely.

B. Example #2: Conservative forces and potential
energy

Midway through the intermediate mechanics course s
dents gain experience with vector calculus by analyzing v
455 Am. J. Phys., Vol. 72, No. 4, April 2004
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tor force fields and potential energy functions in three dim
sions. Students are led to build upon their previo
experience with gravitational and electric fields by bei
shown that any force fieldF~r ! is conservative if and only if
it has zero curl (“3F50) at all locations. It is then proved
that any conservative forceF(r ) has a corresponding poten
tial energy functionU(r ) such thatF52“U.

Assessing the extent to which students grasped these i
from their previous math and physics courses might mak
possible to predict where future difficulties might arise. F
instance, would students who have covered Maxwell’s eq
tions in calculus-based electricity and magnetism course
able to extend their knowledge of the electric field and
electric potential from electrostatics~where “3E50 and
thusE52“V) to the classical mechanics context? Such
expectation is likely to be unrealistic for at least two reaso
At Grand Valley and other universities, the integral forms
Maxwell’s equations are usually treated at the introduct
level with much greater depth than are the differential form
Also, many students have limited~if any! intuition about the
curl of a vector field when the topic is introduced in inte
mediate mechanics. As mentioned in Sec. II, the intermed
mechanics course at Grand Valley is often, but not alwa
taken concurrently with a junior-level course in applie
analysis and vector calculus. As a result, those students
have not yet taken the analysis course receive their first
troduction to vector calculus in the mechanics course.

In order to take into account the varying levels of ma
ematical background, two separate tasks were designed
pretest on conservative forces and potential energy. The
task posed questions in the context of electrostatics in su
way as to probe qualitative understanding of the relationF
52“U between potential energy and force. The seco
task required students to interpret the meaning of a ve
curl. Some students would have an insufficient backgrou
to attempt the second task, but all could draw on their pr
knowledge of electricity and magnetism to answer the fi
one.

1. Description of pretest task: Equipotential problem

The first pretest task, referred to here as theEquipotential
problem, is shown in Fig. 2. The students are presented
equipotential contour map on which three locations~A, B,
andC! are labeled.~The map given to the students does n
include the superimposed vectors shown in Fig. 2.! Two of
the marked locations,B andC, are equidistant from a poin
charge1Q0 located in the region shown on the map. T
students are asked two questions regarding an imaginary
charge1qtest placed at each of the three locations. In par
the students are asked to draw an arrow at each labele
cation to indicate the direction in which the test char
would move if it were released from rest at that location.
part B they are asked to rank the labeled locations accord
to the magnitude of the force exerted on1qtest when placed
at those locations. As always, the students are asked to
plain their reasoning.

Students are expected to recognize that at each loca
the electric force exerted on1qtest is perpendicular to the
equipotential line at that location in the direction of decre
ing potential energy. In addition, the relative magnitude
the electric field~or force! at each location is indicated by th
proximity of neighboring equipotential lines in the vicinit
of that location. The closer the lines are to each other,
455Bradley S. Ambrose



r
to
re

om
w

al
e
bo
-

a
e

er
s
te
os
ld
tu

-

tly
u

d
er-

ses
to

cir-
at
r
f the

im-

tial
e of

ell-
in-
this
nd

u-
en-
n
ia-

d in
sed
tent
also
nd-
n

f a

the
ive

ds
to
a-
the
oth
d to
d to
ith

he
on-
of

u-
of

sed
h is
curl
the
2
in

e

stronger the electric field, and hence the stronger the fo
exerted on the test charge. Figure 2 includes force vec
whose relative magnitudes indicate the intended cor
ranking:FA.FC.FB .

The equipotentials problem was designed so that a c
plete and correct response would indicate a working kno
edge of the ideas underlying the relationshipF52“U with-
out requiring familiarity with the gradient as a direction
derivative. The problem also was intended to probe stud
ideas about force and potential energy, not necessarily a
electric field or electric potential. Additional difficulties in
trinsic to electrostatics were likely to be present.10 To pin-
point just those difficulties that would arise in a classic
mechanics context, several elements of the problem w
simplified. For example, the equipotential contours w
called ‘‘lines of equal potential energy’’ so as to avoid po
sible student confusion between electric potential and po
tial energy. Similarly, the test charge was chosen to be p
tive so that difficulties discriminating between electric fie
and electric force would not impede the ability of the s
dents to answer the problem correctly.

2. Pretest results: Equipotential problem

A total of 22 students~not all 26! attempted the equipo
tentials problem. Very few~4 of 22! answered both parts A
and B correctly. In part A, almost all of the students correc
recognized that the force on the positive test charge wo
generally point away from~rather than toward! the point

Fig. 2. TheEquipotentials problem~with qualitatively correct force vectors
shown for reference!. This problem was used on a pretest given in interm
diate mechanics.
456 Am. J. Phys., Vol. 72, No. 4, April 2004
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charge1Q0 . However, only 11 of 22 correctly recognize
that at each of the labeled locations the force would be p
pendicular to the local equipotential lines.

In part B, only 15% of the students gave correct respon
with correct reasoning. Some students either neglected
notice that the equipotential contours were not perfectly
cular or failed to recognize what that meant physically, th
is, that the point charge1Q0 must be accompanied by othe
charges nearby. These students ranked the magnitudes o
forces at the three locations purely according to the prox
ity of those locations to the point charge:FA.FB5FC . The
most common incorrect response in part B~8 of 22! was to
give a ranking that would be appropriate for the poten
energy at the three locations rather than for the magnitud
the force. As one student responded: ‘‘A5B.C. A andB lie
on the same equal potential line@sic# andC lies at a farther
equal potential line.’’

3. Discussion of results: Equipotential problem

The above results expose another instance of the w
documented difficulty that many students have in dist
guishing between a quantity and its rate of change. In
case, the difficulty seems to lie with the potential energy a
its spatial rate of change~magnitude of the force!. This result
is consistent with findings from prior investigations of st
dent understanding of electric potential, electric potential
ergy, and electric field.11 Even when students attempt o
their own to make an analogy between equipotential d
grams and topographic maps—an analogy emphasize
some textbooks—informal observations in the algebra-ba
physics course at Grand Valley have revealed a persis
confusion between slope and elevation. These results
strongly resonate with prior research in student understa
ing of graphs, particularly with difficulties that students ofte
have in discriminating between the slope and height o
graph.12

4. Description of pretest task: Vector curl problem

The second pretest task, referred to here as theVector curl
problem, was designed to probe student understanding of
curl of a vector force field and its relation to the conservat
nature of the force. Students were given four diagrams~see
Fig. 3! that graphically represent four different vector fiel
in the x–y plane.13 Part A of the problem asked students
identify which vector fields, if any, had zero curl at all loc
tions. On part B the students needed to identify which of
four diagrams could represent a conservative force. On b
parts students were asked to explain the reasoning use
determine their answers. Finally, the students were aske
indicate on the pretest whether or not they were familiar w
the term ‘‘curl.’’

Asking both parts of the Vector curl problem provided t
opportunity to test whether students recognized that any c
servative force~such as those illustrated in cases 1 and 3
the problem! must also have zero curl at all locations. St
dents might bring to bear any one of several correct lines
reasoning to answer the problem. For example, if a clo
path could be found such that the work done over that pat
not zero then the force must be nonconservative, and the
cannot be zero everywhere within the region bounded by
path.14 Such paths would include any circular path in case
that is concentric with the origin and any rectangular path
case 4 whose center is located above or below thex axis.

-
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Alternatively, if it is not possible to draw a set of sel
consistent equipotential contours for a particular vector fie
then the force must be nonconservative. To be s
consistent, the equipotential lines must not only cross
force vectors at right angles, but each line must corresp
to a unique value of the potential energy~to within an addi-
tive constant!.

5. Pretest results: Vector curl problem

The same 22 students who answered the equipote
problem also attempted the vector curl problem. Almost h
of the students~10 of 22! indicated that they had learne
about the vector curl prior to taking the pretest. Howev
only 2 of these 10 students answered all parts of the prob
correctly. If we treat the students’ answers to each of the f
vector fields individually~giving a total of 88 pairs of re-
sponses!, we find that the overall success rate on parts A a
B combined was just over 30%~28 correct out of 88!. Ignor-
ing correctness, students gave a consistent pair
responses—stating ‘‘zero curl’’ in part A and ‘‘conservative
in part B, or stating ‘‘nonzero curl’’ and ‘‘non-
conservative’’—only about half of the time~40 of 88!. Fur-
thermore, the 10 students who had had prior instruction
vector curls were no more likely to give consistent pairs
answers than were the other students.

On part A, which asked about the curl of each vector fie
the percentages of correct responses among the four exa
vector fields varied considerably. Cases 1 and 2 each yie
a clear majority of correct answers, although the stude
explanations were usually incomplete. Most students w
gave incorrect answers for cases 3 and 4, including th

Fig. 3. Illustrations of vector fields mapped in thex–y plane, as shown on
the Vector curl problem. Part A of the problem asked students to ident
which fields had zero curl at all locations. On part B the students neede
identify which of the four diagrams could represent a conservative fo
Both parts required students to explain their reasoning.
457 Am. J. Phys., Vol. 72, No. 4, April 2004
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who had studied the curl prior to taking the pretest, tended
associate the curl of a vector field only with variations
direction of the vectors. For example, many incorrec
stated that the curl would be zero everywhere for case
explaining that there is ‘‘no twist to the field’’ or the ‘‘force
does not change direction.’’

Part B of the problem, which asked students to ident
which forces were conservative, seemed more difficult th
part A. If reasoning is ignored, 55%~12 of 22! or fewer gave
a correct answer for any particular case. For case 3, wh
could be used to illustrate the familiar case of an inver
square force law, only half of the students correctly sta
that that force would be conservative. The lowest succ
rates occurred for cases 1 and 2. In these cases students
gave explanations suggesting that they associated the co
vative nature of a force with variations in magnitude of t
force vectors. For example, many students incorrectly
lieved case 1 represented a nonconservative force due to
‘‘change in magnitude along the field lines.’’ Similarly, cas
2 was mistaken for a conservative force because there
‘‘no change in magnitude along the field lines,’’ or that th
‘‘forces @are# equal with equal distances from the origin.’’

6. Discussion of results: Vector curl problem

The level of difficulty presented to students by the vec
curl problem is not unusual given the fact that many had
yet covered the vector curl before taking the pretest. Intuit
regarding the variations in the direction of the force vect
~for example, whether or not there is a ‘‘twist to the field’’! is
not unexpected. However, the tendency for students to fo
on variations in the magnitude of the vectors as a criterion
the conservative nature of a force is surprising. This notio
clearly inconsistent with the intended development of
concept of conservative forces at the introductory level. T
results from the pretest are not conclusive; a natural next
would be to conduct individual student interviews to probe
greater detail the nature of student thinking. Yet, these res
indicate the presence of difficulties in interpreting the calc
lations of gradients and curls. Such difficulties would like
persist after all lecture instruction in mechanics and vec
calculus.

IV. NEED FOR A TUTORIAL APPROACH TO
INSTRUCTION

The prevalence of the difficulties identified thus far in t
study strongly suggested the need to modify the instructio
approach used in intermediate mechanics. The students
parently required guidance to build a coherent concep
framework and to infuse deeper meaning into the mathem
cal formalism encountered in the course. The rapid pace
the course and the wide variety of topics demands that
intervention be of relatively short duration and strongly ta
geted. The tutorials developed by the Physics Educa
Group at the University of Washington satisfy these crite
and have been demonstrated to be effective in introduc
physics courses. Given the author’s experience as a for
member of the Physics Education Group and as a contrib
to Tutorials in Introductory Physics,15 tutorials seemed to be
a natural first choice as a supplement to the lectures.
original context of research and development of the tutor

to
.

457Bradley S. Ambrose



t
s

rk
ar
n
s
te
er
e
c
o
y
e

m
fte
e

s
e
e-
-
re
d

es
F
Va
tio
af
ic
tw
en

to
n

I
ad
re
a
ur
v-
fe
o
a
tl
s
at

el
m
es
ris
ia
et
p
e

rall
gaps
top-
ding
ns,

ref-
ave
dif-

on
pu-

est

’ of
me-
are-
on-
me
e-

tial
he
er-
ed
d-

el
rom
tu-
pla-
of

s.
in
ke
k-

in-
ro-
of

tiga-
lu-

ns
an
be-
her

the
for
due
ve

ic
hys.
e
g in

s-
mod-

ms:
was the introductory calculus-based course. However, a
torial approach has been successfully adapted for other
dent populations.16

At the heart of the tutorials are carefully structured wo
sheets that guide students through the reasoning necess
overcome specific difficulties identified by research. Stude
work collaboratively through the tutorials in small group
and the instructor teaches by questioning rather than by
ing. In the intermediate mechanics course, tutorials w
used for one or two of the four lecture periods each we
with no significant change to the total time spent on ea
topic or to the breadth of coverage in the course. Homew
problems were assigned to give students the opportunit
generalize and extend their results from the tutorials. Qu
tions on pretests and course examinations are used to
sure the prevalence of common difficulties before and a
tutorial instruction, providing a means for assessing the
fectiveness of the tutorials.17

A. Implementation of existing tutorials in the
intermediate mechanics course

To address persistent and prevalent difficulties with ba
concepts from introductory mechanics, some tutorials w
taken directly from Ref. 15. In particular, tutorials on kin
matics and Newton’s laws18 were used with the goal of ad
dressing difficulties in relating velocity and acceleration,
inforcing skills in drawing free-body diagrams, an
understanding Newton’s second law. Results from pret
and post-tests indicate that this goal is being achieved.
example, similar research tasks were given to the Grand
ley intermediate mechanics students after tutorial instruc
and to physics graduate students at other universities
traditional undergraduate instruction. On these tasks, wh
were designed to probe understanding of acceleration in
dimensions, the intermediate mechanics students consist
outperformed the graduate students~65% correct versus 15%
correct!.19 This result provides strong evidence that the tu
rials played a critical role in helping students develop a
apply an operational definition of acceleration.20

B. Development of new tutorials in intermediate
mechanics

Many of the underlying difficulties identified in Sec. II
have their roots in introductory mechanics. However,
dressing those difficulties in the contexts usually encounte
at the introductory level does not guarantee that these s
difficulties will not resurface in the intermediate course. F
thermore, additional difficulties are intrinsic to topics co
ered specifically at the intermediate level. For example,
students understood or could apply the idea that the w
done by a conservative force is path-independent, or that
force with zero curl is conservative. Students frequen
needed explicit guidance in assimilating the new concept
which they were being introduced and in making appropri
connections between the physics and the mathematics~for
example, phase space diagrams and vector and scalar fi!.

The results from the research described in this paper
tivated the incorporation of tutorials as a way to addr
specific conceptual and reasoning difficulties when they a
during intermediate mechanics. To this end, a set of tutor
style materials—consisting of pretests, tutorial workshe
homework problems, and post-tests—has been develo
and is being tested at Grand Valley in the intermediate m
458 Am. J. Phys., Vol. 72, No. 4, April 2004
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chanics course. The new tutorials utilize the same ove
approach in helping students recognize and address the
in their understanding. These materials span the various
ics that have comprised the scope of the research, inclu
velocity-dependent forces, linear and nonlinear oscillatio
phase space diagrams, conservative forces, accelerating
erence frames, and Kepler’s laws. The new tutorials h
yielded promising results thus far in addressing specific
ficulties. The materials continue to be refined and tested
the basis of ongoing research with the intended student po
lations, both at Grand Valley and at a growing number of t
sites.

V. CONCLUSION

In this paper we have presented specific ‘‘snapshots’
student understanding at various stages during the inter
diate mechanics course. The analysis of responses to c
fully designed qualitative questions has revealed serious c
ceptual and reasoning difficulties with basic physics. So
of these difficulties, such as the failure to distinguish b
tween a quantity and its~temporal or spatial! rate of change
~for example, between velocity and acceleration, poten
energy and force!, have proved resistant to change at t
introductory level. Results from research conducted in upp
level courses indicate that such basic difficulties, if allow
to persist, can and do inhibit meaningful learning of a
vanced topics.1–3

Despite the typically small class sizes in upper-lev
courses compared with introductory courses, the results f
research are likely to be widely applicable. Advanced s
dents often are quite articulate in their responses and ex
nations, thus allowing greater precision in the recognition
errors and in the identification of the underlying difficultie
Interactions with students in the classroom, particularly
tutorials, provide evidence of the extent to which they ta
the initiative in resolving inconsistencies in their own thin
ing and make connections between the physics and the
creasingly sophisticated formalism to which they are int
duced. Thus both formal and informal observations
students, as has been the case in similar empirical inves
tions in physics education research, continue to yield va
able insight into student thinking. Ongoing investigatio
that may involve relatively small numbers of students c
promote a deeper understanding of student difficulties
yond the introductory level and guide the design and furt
refinement of instructional strategies that address them.
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