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Abstract

PIPCIRs are Polynomials whose Inflection Points Coincide with their
Interior Roots. In this note, we demonstrate that PIPCIRs are also or-
thogonal polynomials on a subspace of C[—1,1], that they can be gen-
erated by a 3-term recurrence relation, and that every derivative of a

PIPCIR is a Jacobi polynomial.
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1 An Overview of PIPCIRs

PIPCIRs are Polynomials whose Inflection Points Coincide with their Interior
Roots. The existence of such functions was first noted by Anderson in [1] where
he examined possible locations of the inflection points of certain polynomials
relative to their roots and critical numbers. Since his discovery, Andrews and
Belinsky [2] have demonstrated two key links between PIPCIRs and classical
orthogonal polynomials. In this note, we explore further how PIPCIRs behave
like orthogonal polynomials themselves.

A priori, a PIPCIR is a polynomial with n distinct real roots. We stipulate
that each PIPCIR has its least and greatest roots at +1, and thus all interior
roots in (—1, 1) are also inflection points. Anderson proved that for each degree
there exists a unique monic PIPCIR; following the notation in [2], we denote
this function by Qn(x), n > 2, while letting Q,, () represent any scalar multiple
of Qn(x).

By definition [1], PIPCIRs are solutions to the differential equation

(2% = 1)@ (2) = n(n — 1)Qu(x). (1)

There are at least two different ways to solve this equation. Anderson assumed
a polynomial form for Q(z) and equated like coefficients in (1) to generate
a descending recurrence relation for the coefficients of @, (z); Andrews and
Belinsky solved for @, (x) by manipulating (1) to a form of Jacobi’s differential

equation.

2 PIPCIRs and the Link to Jacobi Polynomials

We first recall that for any a, 3 > —1, the Jacobi polynomials {Pﬁf"" ) ()35,

are, by definition, a set orthogonal on C[—1, 1] with respect to the inner product

(F. ghas = / @) gla)- (1= )" (1 +2)" do 2)

Note we must assume that «, 3 > —1 to ensure that (1—x)%(1+z)? is integrable.

It turns out that each Jacobi polynomial is also a solution to Jacobi’s differential



equation,
1-a®)' +[B—a—(a+B+2)aly +nn+a+5+1)y=0,  (3)

where n is a non-negative integer and «, § € R. These and other standard facts
about orthogonal polynomials can be found in Szegd’s classic text [4]. When
a = =0, Equation (3) is usually called Legendre’s differential equation, with
solution P,(z) = P,(LO’O)(Q:).

By rearranging Jacobi’s differential equation in insightful ways, Andrews

and Belinski were able to deduce the following key results in [2]:

THEOREM 1. [Andrews and Belinsky] The derivative, @/ (z), of a
degree n PIPCIR is a solution to the degree n — 1 Legendre differ-
ential equation, and therefore, Q () = ¢, P,—1(z), where P,,_; is

the (n — 1)st Legendre polynomial and ¢,, € R.

THEOREM 2. [Andrews and Belinsky] If we factor @, 42(z) by writ-
ing Qnio(z) = (1 — 2%)q,(x), then g,(x) is a solution to the differ-

ential equation
(1 —a?)qy, — 4zq, +n(n + 3)g, =0,

which is a special case of (3) with a = § = 1. Tt follows that
gn(x) = knPT(Ll’l)(x) for some k, € R.

Each of the above two theorems assiduously avoid values of @ and § that
equal —1; but what one is really tempted to do with Jacobi’s differential equation
is simply substitute @« = 3 = —1. By doing so, the coefficient of 3’ vanishes,
and we're left with

(1-2?)y" +n(n—1)y =0,

which is (1), the defining property of PIPCIRs. How does this substitution shed
further light on the connections between PIPCIRs and Jacobi polynomials? This

question motivates our discussion here.



3 Are PIPCIRs Orthogonal Polynomials?

The standard Jacobi polynomials Pﬁa’ﬁ ) (x) are not defined when o = = —1;

this is, of course, due to the fact that the weighting function used in the inner
product (2) is not integrable in this case. Nonetheless, Jacobi’s differential
equation still has polynomial solutions (which are obviously PIPCIRs) when
a = 3 = —1. There do exist functions termed “generalized” Jacobi polynomials
that satisfy Jacobi’s differential equation and share certain properties with the
standard Jacobi polynomials; more on these functions can be found in [4, p.
62ff].

Based on these observations and the key results in [2], it is apparent that
PIPCIRs have much in common with orthogonal polynomials: are these func-
tions a class of orthogonal functions themselves? That is, is there a weighting
function w(z) such that the PIPCIRs @, (z) form a family of orthogonal polyno-
mials in C[—1,1]? The immediate answer, unfortunately, is no. A classic result
on orthogonal polynomials states that for an inner product defined on Cfa, b
with weighting function w(x), the zeros of the associated orthogonal polyno-
mials are real, distinct, and located in the interior of [a,b] [4, Theorem 3.3.1].
Because we consider PIPCIRs on [—1, 1] and stipulate that they always have
first and last roots at the endpoints of this interval, it follows that they cannot
be orthogonal in C[—1,1].

It turns out, however, that we can view the PIPCIRs as being orthogonal on
a certain subspace of C[—1,1]; this enables us to easily generate the sequence
{Qn(2)} via a three-term recurrence relation (in a nearly identical way to that
which generates standard orthgonal polynomials). We will also observe an in-
teresting relationship among the derivatives of Jacobi polynomials that sheds
further light on how PIPCIRs are antiderivatives of Legendre polynomials and

second antiderivatives of the Jacobi polynomials P,(Ll’l)(x).



4 A Recurrence Relation for PIPCIRs

Given an inner product (-,-) on C[—1,1], it is well known that one can generate
a family of orthogonal polynomials, {p,(z)}, by applying the Gram-Schmidt
process to the standard basis {1,z,22%,...} [3, p.174]. We will assume that (-, )
is defined by (f, g) = f_ll f(z)-g(x) -w(z) dz, where the weighting function w(z)
is assumed to be non-negative and integrable on [—1,1]. Taking w(z) = (1 —
x)*(1 + x)? (with a, 8 > —1) leads to the aforementioned Jacobi polynomials.
Furthermore, the orthogonal polynomials generated by Gram-Schmidt satisfy a

three-term recurrence relation given by po(z) = 1, p1(z) =  — a1, and

Pn(@) = (& = an)pn-1() = bppn—2(x), n > 2, (4)

where

(wpnfl(x),pn,l(m‘»

<.Z‘pn,2(l'), Pn—-1 (LL')> (
(Pn—1(2),pn—1(z))

<pn—2(x)a pn—2('r)>

(n>1)and b, =

n>2).

Qp =

We note that in the event that w(x) is even (as it will be in much of what
follows), the coeflicients a,, vanish in (4). This is true because, as is stated
in [4, p. 29], when given an inner product on an interval that is symmetric
about the origin (such as [—1,1]), and a weighting function w(x) that is even,
the corresponding orthogonal polynomials p,, are even or odd according to the
parity of n. From this we observe if p,_1(x) is odd, then ap,_1(z) is even,
and therefore when we compute the numerator of a,,, we are integrating an odd
function over [—1,1], so a,, = 0. The same is true when p,,_1(z) is even.

The form of the recurrence relation also guarantees that the sequence {p,,(z)}
will be monic. We remark that the standard normalization of Jacobi polynomials
is done so that P\ (1) = ("F*) [4, (4.1.1)]; monic Jacobi polynomials will here
be denoted P{*?) (z).

We now use the known recurrence relation for Jacobi polynomials, together
with Theorem 2 of Andrews and Belinski to generate a similar relationship

satisfied by PIPCIRs.

THEOREM 3. The monic PIPCIRs Qu(x), n > 2, satisfy a three term



recurrence relation given by Qg(ac) =a2-1, Qg(x) =23 -z and
A S 9 xz ) 5 ~7 —
Quial@) = 2Quis(z) — buQu(@), 1> 2, where b, — L)t
<Qna Qn>71
! 1
with (-,-)_1 the inner product® defined by (f,g)_1 = / flx)-g(x)- . 5 dz.
1 — X

*Remark. The functional (-,-)_; is not an inner product on C[—1,1] be-
cause the weighting function (1 — 22)~! is not integrable on [~1,1]. How-
ever, (-,-)—1 is an inner product on the subspace H = {f € C[-1,1] : (1 —
x?)~1f(z) is integrable on [—1,1]}. Since all PIPCIRs belong to H, the singu-

larity will vanish in every case that we apply (-,-)_1.

Proof. By Theorem 2, we can write Qpi2(x) = (22 —1)G, (), where G, () =
P,Sl’l)(x). We generate the polynomials {G,(x)} via the standard recurrence

relation using the inner product with w(x) = (1 — z)!(1 + x)!, which is

1
(Fan = [ $@) gla)- (1~ *)da.
-1
Since w(x) is even, it follows that §o(z) =1, ¢1(x) = x, and

<$q~n—27(jn—1>1 (5)

67L(x) = $67L—1($) - bné’n—Z(x)a where b'rL = = o .
<Qn727 Qn72>1
Writing Qp2(2) = (22 —1)§n(x) and applying the recurrence relation for g, (z)

given in (5), we find Qq(z) = 22 — 1, Q3(z) = (2% — 1), and for n > 2,
Qn+2(x) = x@n—i—l(l‘) - bn@n(-r) (6)

This gives one form of a recurrence relation, but (6) still computes the coeffi-
cients b, in terms of the Jacobi polynomials §,(x), rather than the PIPCIRs

themselves. To that end, we note that

@i = [ dnl)ia@)1 - a?ydo = [ G2l BeCh g2y,

-1

Simplifying this last expression, we see that

1 ~ 1 ~ ~
<(jnaqn>1 = /_1 Qn+2(m) . Qn+2(x) ! 17 dr = <Qn+27Qn+2>*1'

)



Similar reasoning allows us to write (xn—1,Gn—1)1 = <m@n+1, Qn+1>,1 and
(XGn—1, Gn-2)1 = (anH, Qn>_1. Substituting appropriately in the expression
for b, in (5), we have proved that Qs(z) = 22 — 1, Q3(x) = z(z* — 1), and, for
n>2,

<xQn> Qn+1>—1 )

~n x:x~n szn~nx,whr b, = =
Qni2(7) = 2Qns1(2) Qn(7) ere G O

It is now an easy exercise to generate the PIPCIRs Qn(x)

Qu(z) = z*— gz2 +%

Qs(z) = x577x3+§x

Qs(z) = x6—§x4+2x2—%
r(x) = x7—%x5 %x?’—ﬁ

5 Derivatives of PIPCIRs

Theorems 1 and 2 also show a fascinating link between classical orthogonal

polynomials and the derivatives of PIPCIRs: the first shows that
d 0,0
%[Q’H(I)] = Cln,Py(L_l) (I)v

for some constants cj,. The second proposition and the defining property of

PIPCIRs demonstrate that

d2

3[@u(@)] = n(n — Daus(x) = 2 P13 (@),

A natural conjecture is that

A

e [Qn(x)] = cmnP(m_l’m_l)(x), for all m < n. (7)
x

n—m



Essentially we can read this statement as saying that the zeros of each derivative
of a PIPCIR are themselves zeros of some associated Jacobi polynomial.
This is indeed the case, due to the following result mentioned briefly in

Szegd’s text [4] (4.21.7):

d 1
P @) = 5+ ot B+ DRI (@),

Here, we present a slightly weaker result, showing simply that the zeros
of the derivative of P{*"?) (z) must be the same as the zeros of Pé‘f{lﬂ H)(x)
by working with Jacobi’s differential equation and manipulating it in a similar
fashion to some of the arguments in [2].

Let y be a solution of Jacobi’s differential equation (3), and differentiate
both sides of the equation with respect to z. Doing so and regrouping terms

yields

(1-2*)y" +B—a—(a+B+4)z]ly" +{n(n+a+B+1)—(a+B+2)}y =0.

It is straightforward to verify that
nn+a+B+1)—(a+8+2)=mn—-1)(n+ (a+1)+(B+1)).

Noting that f —a— (a+B+4)x = (f+1) = (a+1) = ((a+ 1)+ (B+1) +2)z,

it follows that we can rewrite the most recent differential equation as
(1=2)y" +[(B+1)—(a+1) —((a+1)+(B+1)+2)aly"+{(n—1) (n+(a+1)+(5+1)) }y' = 0.

Comparing this last equation to (3), we see that ¢’ is a solution to Jacobi’s
differential equation in the case where n has been changed to (n —1) and « and

B have been respectively replaced by a + 1 and § + 1. In particular, if y is a

solution to Jacobi’s equation (so that y = knP,(La’ﬁ)(:E)), then it follows that y' is

also a solution to a related Jacobi equation, specifically y’ = k;lP,(LO_ﬁl’ﬁ +1)(3;).
As the constants k,, and k], depend on « and 3, we have shown that

d a « a+1,8+1

= [P0 @)] = e P @)

for all @, 3> —1 and all n = 1,2, ..., where ¢t is some constant.



Note particularly that (7) holds by induction on m. This shows that the
PIPCIRs @, (z) live at the “top” of a chain of orthogonal polynomials that are

connected by differentiation (modulo a constant multiplier):

Qu(w) = PP — Py — P

n—1

where each arrow represents the process of differentiation.

6 The Orthogonality of PIPCIRs

Near the end of the proof of Theorem 3 we saw how the orthogonality of the
functions ¢, (z) = P,El’l)(x) on C[—1,1] can be used to compute the coefficients
of PIPCIRs Q,,(z) through a recurrence relation. Here we remark formally that
these ideas demonstrate that PIPCIRs are orthogonal on a certain subspace of
C[-1,1]. In particular, for i # j and 4,5 > 2,

1

(Qi,Qj)-1 = Qi(z)Q;(z)(1 —2*) " da

-1

Il
—~
qs)
=N
-
v
N
o
=N
| =
N =
N
~
—

where the last equality follows from the known orthogonality of the Jacobi
polynomials. This shows that the PIPCIRs are orthogonal with respect to
the inner product (-,-)_1 on H, the subspace of functions in C[—1,1] that are

integrable against (1 — z2)~1.

That PIPCIRs also satisfy a three-term recurrence relation and have deriva-
tives that are Jacobi polynomials suggests that the PIPCIRs rightly deserve

inclusion with any treatment of the classical orthogonal polynomials.
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