The Golden Rectangle
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[image: image23.wmf]The idea for this activity came from playing around with Geometer’s sketchpad.  I had created a tool to make nested similar rectangles.  Each of these special rectangles has the property that the ratio of the long side to the short is the Golden Ratio. (AKA: the Golden Mean.)  One geometric property of this ratio is that if you add a square with side congruent to the long side of the rectangle, or remove a square with side congruent to the short side, then the result is a larger or smaller similar rectangle.  In Fig. 1 there are three larger rectangles and five smaller rectangles obtained from the original rectangle in bold.  The result was something like this:

This was very reminiscent of Piet Mondrian, an early geometric abstract artist.  (Especially after I started coloring them.)  When I shared this with Susan, it very quickly grew into the activity that we wound up doing with the students.  Although we never could have imagined what they would do with it.

The Math

The math involved in the Golden Ratio is ancient, deep and often surprising.

[image: image24.wmf]The ancient Greek mathematicians discovered the mean by solving the following problem.  Divide a line segment so that the ratio of the whole to the part is the same as the ratio of the part to the remainder.  Since any line segment can be divided this way, what is really significant is the ratio where this occurs.  That ratio is the Golden Mean.  Two examples are below.  Algebraically, the ratio can be found using the quadratic formula.  We want 
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, so that 
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.  The Greeks decided to arbitrarily let 
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.  Solving this yields 
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 approximately 1.61803398875 – give or take a hundred-billionth.  The Golden Ratio is usually denoted with the capital 
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 (phi, which can be heard as fee or fie but never foe or fum.).  
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One of the more interesting relationships of all of math is the relationship between this number and the Fibonacci sequence.  A sequence is an unending list of terms (such as numbers or functions or matrices…). The Fibonacci sequence starts off with a 0, 1 and gets the rest of its terms from adding the two previous terms.  So, 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, etc.  Elementary students can find and extend this pattern as young as second grade.  The Fibonacci sequence has many connections to real life patterns.

When upper elementary students are asked to estimate the next term (before they know the pattern), they will often notice that it does not quite double.  This can be a transition to considering the ratios of the terms.  After the first ratio, of 1/0, we get 1/1, 2/1, 3/2, etc.  In decimal representation, we see:
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1, 2, 1.5, 
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, about 1.617647 (which doesn’t repeat for a long time), and 
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.  So after only 10 ratios, it is only .0015 away from 
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.  (After 20 ratios, it is only about .0000001 away).  One curious note is that these ratios are bigger than 
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 and the smaller than 
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 – an alternating pattern that holds indefinitely.

But why is the geometry that introduced 
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 connected to the ratios of the Fibonacci sequence?  In Figure 3, there is a sequence constructed by adding on segments that are exactly 
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 times larger than the last segment, starting with a segment one unit in length.  Then a circle is drawn to show that the new segment is exactly as long as the two previous segments together.  The algebra of this is that 
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 times larger than 
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 is 
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.  But it was determined above that 
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, the sum of the first two segment lengths.  Then the fourth is 
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, the sum of the previous two segment lengths.  Pretty beautiful mathematics!
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The way this is introduced to the elementary students has connections to all of the above ideas.  The students generate a spiral out of squares, and record the dimensions.  They seek a pattern in the placement of the squares to make a spiral, and in the dimensions of the rectangles formed.  When the pattern with the dimensions is found, we then take ratios and see the pattern leading to the golden ratio.  Figure 5 shows a spiral starting with a 1x1 square and ending with a 34x34 square.  The students compile the data as follows.

	Step

Number
	Square

Added
	Outside Rectangle

	
	
	Long Side
	Short Side

	1
	1x1
	1
	1

	2
	1x1
	2
	1

	3
	2x2
	3
	2

	4
	3x3
	5
	3

	5
	5x5
	8
	5

	6
	8x8
	13
	8

	7
	13x13
	21
	13

	8
	21x21
	34
	21

	9
	34x34
	55
	34


They are able to find relationships between the Long Side and Short Side data, the sides and the square added, and even discover the Fibonacci pattern.

After fnding these patterns and predicting the next several steps, the students can be introduced to the idea of similar rectangles and asked to think about the rectangles in the diagram and if they are similar.  

[image: image28.wmf]It turns out that none of the rectangles are similar to another, but that they are getting closer and closer.  The best way to discover this is to consider the ratios of the long side to the short side, which are getting closer and closer.  In fact if the students extended their table, it only takes about 21 to 25 entries until the calculator can not distinguish between the ratios.  (Depending on the number of digits the calculator can display.)

The Art

Piet Mondrian was a 20th century Dutch abstract artist who was greatly influenced by the emerging jazz scene.  He wrote extensively about his theories of art, and titled his philosophy as “neo-plasticism”.  The basic idea was to hold opposites in balance.  He cited color and non-color, vertical and horizontal as the contrasting elements in his most famous paintings.  His painting titled Broadway Boogie Woogie serves as an illustration to students of the following art ideas.

Rhythm:  Rhythm is one of the principles of art.  The use of repeated elements to create a visual rhythm – in Mondraian’s case, inspired by the rhythms of swing and boogie woogie.  Some swing music, such as Glen Miller’s Sing, Sing, Sing can be played for the students to get an idea of the musical rhythm, and then have them look for the visual rhythm in a Mondrian painting.

Color:  Color theory is an example of an art concept.  Mondrian’s work provides the opportunity to discuss both primary and secondary colors, and warm and cool colors.  He made extensive use of the primary colors in his paintings, as well as alternation between the warm and cool colors to help create rhythm.  Warm and cool colors are used to evoke a mood in a painting.

Space:  Space is one of the elements of art.  Mondrian made frequent use of large expanses of positive and negative space, using broad expanses of white and black to bring his color sections into contrast.  Positive space is usually used to describe the space where something is or seems to be, and negative space where something is not or where nothing seems to be.

The elementary students are asked to make a design using only squares of Fibonacci dimensions.  They first make a plan on a sheet of grid paper, and then use the plan to make the large scale work.  They choose a warm/cool color scheme, and try to create a rhythm within their work.  
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The Lesson Plan

With contributions from Erin Sharpe
Level: 5th grade

Objectives: Students will learn about the Golden Rectangle and the Golden Mean. They will explore different patterns found in the Golden Rectangle. Students will also learn about ratios, which will introduce the Golden Mean. They will learn about Piet Mondrian and the art principle of rhythm, concept of color, and element of space.  Students will use all of this information to create their own composition consisting solely of squares.

Context of lesson:
	Previous Lessons
	Current Lesson
	Next Lesson

	Fractal Patterns
	Golden Rectangle
	Similar Rectangles or Properties of (


Materials: 

-Overhead projector

-Calculators: 1 per student

-Square grid sheet: 2 per student, plus one transparency

-"Rectangular Spiral" chart: 1 per student, plus 1 transparency

-Rulers: 1 per student

-Glue: 1 per group of 4

-Colored paper: have a variety of colors so students can select their own colors  

-Poster board: 1 per student

-Templates of squares:1x1, 2x2, 3x3, 5x5, 8x8, 13x13, and 21x21 (in inches)
	Activity
	Expected Student Response
	Teacher Guidance

	Introduction (5 mins)

	Today we will explore rectangles and squares and how they might be used in art.


	
	

	Launch (5-10 mins)

	Golden Rectangle: Using the square grid transparency on the overhead, draw a 1x1 square around the X. Add a square to the right side.  Add another square 90º clockwise that is the same length as the two previous squares combined.


	
	Discuss what 1x1 means.  This is preliminary to the students recording dimensions of the rectangles.

	1. Where should my next square go?  (Repeat for a few steps.)

2. Can anyone see a pattern forming?

3. What is the pattern?

4. Could this pattern continue forever?

Continue this 90º clockwise pattern a few times to establish the pattern.


	1. To the right. On the bottom/top/left. Clockwise 

2. It's going around in circles.

3. It’s going round and round; like a clock hand; always goes on a long side.

4. Yes, but we will run out of space on our paper.


	Does it matter whether the next square goes on a long or short side?  Why?  Does it matter which long side?  

Introduce the term spiral to describe the phenomenon.

	Explore (5-10 mins)

	Try the next couple of squares on your own.

Allow the students time to explore the pattern, as they attempt to fill their page. 


	Students may add rectangles instead of squares, they may not understand the pattern etc.  A common mistake is to add a 4x4 square instead of a 5x5.


	As students work individually, move about the room to be sure each student is experiencing reasonable success.  Assist students who are experiencing difficulty. (Try showing the student the pattern from the beginning again, show them why a 4x4 square doesn’t work etc.)



	Summary (5 mins)

	After students have had a reasonable amount of time to work individually, allow them to work as a total group completing the grid on the overhead. 
	
	If time permits, urge students to reiterate what the pattern was and what it is called.

	Launch  (5 mins)

	Hand out the "Rectangular Spiral" chart and work as a class to fill in the first few rows using the overhead a guide. 
	
	Be sure to elicit the answers from the students, letting them settle any differences of opinion.

	Explore (5-10 mins)

	Ask students to complete the chart and explore patterns in the chart.  When the chart is complete, encourage students to answer the questions on the bottom of the sheet.


	Students may have trouble answering the questions at the bottom of the page.  They may have trouble seeing patterns in the chart, or they may be stumped trying to find the solution to question 2.

Some students will independently continue their pattern past the end of the sheet.  Encourage others to do so.
	If students do not grasp the concept of the chart, further assistance may be necessary. Ask questions such as:  do you notice any numbers repeating?  What will the next short side be?  Could you predict what the next long side would be?  What square would be added next?    How are the long side and the next step’s square size related?  Can you find any other places where there might be a pattern?

Students may continue their chart on the back of their paper to find the solution to # 2.

	Summary (10 mins)

	As a group, create a list of the different patterns found and discuss how each pattern was formed. After all patterns have been discussed ask students how they would find the answer to question # 2.
	The long side of the old one is the size of the new square.  The long side plus the short side equals the new long side.  The short side numbers are the same as the long side numbers, just shifted slightly.  The next square is always the same as the old long side.  Two long side numbers add up to be the next long side number.
	Demonstrate each pattern to be sure the entire class grasps the concept.



	Explore (10 mins)

	Allow students time to attempt to solve # 2 individually or in pairs.


	Students may continue their chart on the back of their paper to find the solution to # 2.
	If students have already done this, challenge them to find the 30th, or to check their answers against other’s work.

	Summary (10 mins)

	Discuss as a class how they arrived at their solution and discuss strategies. (See the completed chart)
	6,765 x 10,946 rectangle, having added a square 6,765 units on a side.
	Feel free to settle numerical discrepancies as it is quite easy o make some calculation errors withthat many steps.

	Launch (5 mins)

	Using the information from the chart, introduce the concept of ratios, dividing the long side by the short side.  
	The first four ratios are 1, 2, 1.5 and 1.666…  
	If doing this as a multiple day lesson, it may be worthwhile to examine rectangle similarity and the use of ratios in checking similarity.

	Explore (5 mins)

	Have the class use the empty column to compute the ratios.
	It will be an issue how many digits to keep.
	Encourage them to keep just enough to distinguish from the previous and the following.

	Summary (10 mins)

	As a group, complete the ratio column on the overhead transparency.  Ask students to see if they observe a pattern in the ratio column.   


	Almost all of them are 1.6.  They are getting closer and closer to some number.

Step

Ratio

5

1.6
6

1.625
7

1.615
8

1.619
9

1.6176
10

1.61818…


	Based upon the observed pattern, point out that this is called the Golden Mean, which is 
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, which is approximately 1.61803399.  The larger the rectangles are, the closer the ratio will get to the Golden Mean.

	Launch (10 mins)

	Gather the class around a CD player to hear a piece of swing music, such as Glen Miller’s Sing, Sing, Sing.  Elicit what it is about the music that makes them want to bounce to it.


	Students will say it is the beat, and some may know the term rhythm.


	You may relate how their parents or grandparents listen to music like this.  



	Discuss Piet Mondrian, famous artist, and show his piece Broadway Boogie Woogie.  Describe how he was influenced by jazz, and ask students where is the rhythm in the painting.

Discuss the shapes used in the painting.


	It’s in the way the squares go bop, bop, bop…

It’s in the colors alternating: yellow, color, yellow, color, …

Squares and rectangles


	Relate back to the musical beat.

Have you ever seen art that was just squares and rectangles?



	 Discuss Mondrian's use of the color, pointing out his specific use of the primary and secondary colors. 

What are the primary colors are?

What are the secondary colors?


	Red, Blue, Yellow

Purple, green, orange

Students may try overlapping, rotating, spiraling and mixing colors to make their own unique creation.  
	The colors that other colors are composed of.

What are they made from?  

Introduce a color wheel.



	Discuss positive and negative space
	The white or black makes it look like nothing is there

The color squares jump out at you
	Is there a part of the painting that looks empty?  Why?

What parts of the picture leap out at you?

	Explore (30 mins)

	Explain how students may create their own square art. Using their second grid sheet and crayons or colored pencils, create a blueprint of their square art. 

Using the blueprint, the pattern will be transfered to the posterboard in the chosen colors and square sizes. 

Model for the students:  

- using the templates to trace and cut out construction paper squares.  Get the maximum out of each piece of paper.

- using rulers to measure the amount of overlap or the distance between squares when they are trying to transfer their blueprint to the actual size.

Glue the creation onto poster board.
	Some students may have difficulty understanding the difference in scale. Eg. A  21 x 21 square on the grid sheet is much smaller than the 21x21 cut out.

Students can be overly ambitious on the blueprint

Students will sometimes lose patience with the templates and start free cutting.

Some students will glue piece by piece and others will lay out the whole design before gluing.
	Explain that the blueprint is on a smaller scale, and that it is just an idea of a plan for the larger artwork

Okay students blueprints before beginning the large scale.

Encourage discipline in templates and sticking to their plan.

Encourage the whole design choice if possible.

	Summary

	Lay out all the art so that students can walk around to see.  Refer to the voting procedure for selecting the top 3 works.
	Students circulate through the art, and write down the numbers of their three favorite pieces.
	Discuss before voting the idea of what makes something original.


	Voting Rubric

	Math
	Art
	Wow

	Different square sizes?

Can you see a plan?

Pleasing proportions
	Rhythm

Color selection – is there a scheme?

Positive and negative space.
	How much energy do you feel?

Is it original?


Question:  What is the pattern of even and odd numbers in the Fibonacci sequence and why does it occur?











_1129380945.unknown

_1129381203.unknown

_1129384646.unknown

_1129387113.unknown

_1130257503.unknown

_1130257543.unknown

_1129384900.unknown

_1129381940.unknown

_1129381134.unknown

_1129378382.unknown

_1129378393.unknown

_1129378623.unknown

_1129378328.unknown

_1129378364.unknown

_1129378300.unknown

