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1 Introduction

Felix Hausdorff developed the Hausdorff metric h early in the 20*" century as a means of measuring the
distance between certain sets in n-dimensional real space. We can talk about betweenness in the Hausdorff
Metric Geometry in a similar manner as we would discuss it in Euclidean geometry, except for the fact that
we can have multiple elements at a given location between two sets in our Hausdorff geometry. Although
we can find infinitely many sets which have a different exact number of elements at each location between
them, including sets with one through 18 and 20 through 36 elements at each location between them, we
will prove the surprising result that no two sets have exactly 19 elements with this property, and we will
also talk about the implications of this discovery.

2 Topology

To fully understand what is happening in the Hausdorff geometry, we must first internalize several important
concepts from topology. Thus, we will devote this section to definitions, theorems, and examples that will
lay the groundwork for the work that will follow.

Definition 2.1. A topological space (X,U) consists of a set X and a family U (known as a topology) of
subsets of X which fulfills the following:

1. X and Dare inU
2. Uner Aa €U for any indexing set I, where Aq € U for all a € 1.
3. ANB €U forany A,BelU

A set A C (X,U) is called an open set if and only if A€ U. If X — A €U, then we say that A is a closed
set.

To better elucidate the concept of a topological space, we have included the following examples:

Example 2.1. If X = {a,b,c,d} then Uy = {0,{c},{c,d}, X} is a topology on X. However, Uy =
{D,{a,b},{b,c}, X} is not a topology on X since {a,b} N{b,c} = {b} ¢ Us.

The following definitions will be necessary when we eventually get into Hausdorff Metric Geometry, the
underlying focus of all our research.

Definition 2.2. Let A C (X,U). An open covering of A is of a collection of open sets, the union of which
contains A. A subcovering of a covering of A is a subcollection of that covering whose union contains A.
A finite covering of A is an open covering of A containing a finite number of sets.

Definition 2.3. Let B C (X,U). We say B is compact if every open covering of B contains a finite
subcovering of B.



The sets on which we perform our measurements must be compact; without compactness the Hausdorff
distance could be undefined, as will be explained later in this paper.

Definition 2.4. A set C C R" is bounded if for some r € R, every point in C is within a distance r from
the origin.

The concepts of bounds and compactness are interrelated, as we can see in the following theorem:
Heine-Borel Theorem. A subset of R™ is compact if and only if it is closed and bounded [6].

This theorem allows us to characterize compactness in a slightly less abstract manner in R”, and we will
use its stipulations interchangably with compactness since we are working in R".

Example 2.2. In the usual topology on R, open sets are defined as open intervals or the union of open
intervals. For any a,b € R, [a,b] is a compact subset of R. The sets [a,o0) and (a,b) are not compact under
the usual topology of R, since [a,0) is not bounded from above and in this topology, sets must be either open
or closed, and (a,b) is an open set. There exists no open set whose complement is an open interval in R.

All of our work will be within a specialized metric space, which we will define later. For now, let us
generally define a metric space. The purpose of a metric in a metric space is to provide a way of measuring
some sort of distance in a given topological space.

Definition 2.5. A metric space is a set X together with a function d : X x X — R (called a metric),
which satisfies, for every x,y,z € X,

1. d(z,y) = dl(y, =)

2. d(z,y) > 0 with equality if and only if v =y

3. d(z,z) < d(z,y) + d(y, 2)

The Euclidean distance metric is one with which most readers are probably familiar:

Definition 2.6. The Euclidean distance between two points © = (x1,...,2y) and y = (Y1,...,Yyn) in R"
(denoted dg(wz,y)) is equal to \/(x1 —y1)® + ... + (Tn, — yn)%.

The Euclidean distance will be important to our definition of the Hausdorff metric. From this point
onward, we will let H(R™) represent the set of all non-empty compact subsets of R™ - this is the collection
of sets which, combined with the Hausdorff metric, will form our metric space. One special sequence within
a metric space that will help make sure that the Hausdorff metric is defined is known as a Cauchy sequence.

Definition 2.7. A sequence {a,}° | in a metric space with metric d is Cauchy if

_ (lim) d(am, an) = 0.

Material from [6] deomstrates that every compact subset X of a topological space is also complete, which
means that every Cauchy sequence in X converges to an element of X.

Definition 2.8. Let A be a subset of a topological space X.
e The closure of A (denoted A) is the intersection of all closed sets containing A.
e The interior of A (denoted int(A)) is the union of all open sets contained in A.
e The boundary of A (denoted OA) is equal to AN X — A.

Thus it is also true that A = int(A) U JA, and A is the smallest closed set in X containing A, whereas
int(A) is the largest open subset of A in X [6].

Example 2.3. Let A = {(z,y) € R?: 22 4 y? < 1}. The set A is equal to its interior, its boundary is the
unit circle, and its closure is the unit disk.



3 The Hausdorff Metric

Now we have the information necessary to define the Hausdorff distance. The Hausdorff metric h gives us
a method of measuring the distance between two compact subsets of R™:

Definition 3.1. Let A, B € H(R").

o For any x € R", the distance from x to B is

d(xz,B) = Igéig{dE (z,0)}.

A picture of this distance is depicted in Figure 1.

d(x,B)

Figure 1: Distance from a point to a compact set.

e The distance from A to B is
d(A,B) = meaj({d(:n, B)}.

Notice that this distance is not necessarily symmetric as shown in Figure 2.

d(A,B)

d(B,A)

Figure 2: Distance from a compact set to a compact set.

e The Hausdorff distance, h(A, B), between A and B is

h(A, B) = max{d(A, B),d(B, A)}.

In Figure 2, h(A,B) = d(A,B) > d(B, A).

The definition of the Hausdorff distance uses the function d : R™ x H(R"™) — R defined by d(z, B) =
minyep{dg(x, B)} for any x € R™. A question arises: Is this function always defined? That is, will this
distance actually achieve a minimum value for some b € B?

Definition 3.2. Given a point x in R", a subset N of R" is a meighborhood of x (denoted N(z)) if we
can find an open set O in R" satisfying x € O C N.



We will concern ourselves with a specific type of neighborhood, which will be of use to us in the proof
that will follow shortly.

Definition 3.3. For any r in R™, the r-neighborhood of a point x in R™ is the set N.(x) = {y € R" :
dp(z,y) <r}.

Another tool we need to show that the Hausdorff distance is defined is continuity, which we can efficiently
connect to compactness.

Definition 3.4. A function f : X — Y is continuous if for every x € X and every neighborhood N(f(x)) €
Y, the set f~Y(N(f(x))) is a neighborhood of x in X.

Lemma 3.1. The continuous image of a compact subset of R™ is compact [11].
These definitions and the related lemma will be essential to the proof that follows:

Theorem 3.1. For any z € R™ and any B € H(R"), f: B — R defined by f(b) = dg(x,b) for allb € B
will reach a mintmum value.

Proof. Let B € H(R"), and let z € R". Define f : B — R by f(b) = dg(z,b). Any neighborhood N of f(b)
in R must contain an open interval centered around f(b). Call this interval ¥ and let r equal its radius,
soY = (f(b) —r, f(b) + r). Thus, in order to show that f is continuous, it will be sufficient to show that
f71(Y) is a neighborhood of b in B. We know that

YY) ={V e B:[f0) - fO)| <r}
={t € B:|dg(b,x) —dp(t,z)| <r}

Let Z be the r-neighborhood in B centered around b. For any 0" € Z, the triangle inequality says that

di(b,x) < dg(b,b")+dg(t", x)
di(b,z) — dg(b",z) < dg(b,b") <r (3.1)
Similarly,
dg(b,x) + dg(b,t") > dg(t’, x)
dg(b,x) —dp(b",x) > —dp(b,V") > —r. (3.2)
Combining the two inequalities (7.1) and (7.2) yields

—r <dg(b,z) —dp",x) <r

which is the same as
|dg(b,z) —dg (b, z)] <.

Hence, b € f~1(Y), which means Z C f~(Y’) and the function f is continuous. Lemma 1 states that
f(B) must then be compact since B itself is compact. The Heine-Borel Theorem says that f(B) must be
bounded, so there exists a ¢ € R such that ¢ = infyep f(B). Consider the sequence a,, = ¢ + % Clearly
{a,} is a Cauchy sequence converging to ¢, and a, > infycp f(B) for each n. Thus, by the definition of
infimum, we can find a b, € f(B) such that ¢ < b, < a, for each a,,. The new sequence {b,} is also Cauchy,
converges to ¢, and is contained in f(B). Since f(B) is compact and therefore complete, ¢ must necessarily

be in f(B), and thus f is well-defined. O

Thus, h(A, B) will always have a definite value. The next question we need to address is this: Is the
Hausdorff distance actually a metric? Just as the definition of the Hausdorff distance depends on Euclidean
distance, its metric properties as will rely on those of the Euclidean distance metric.

Theorem 3.2. The Hausdorff distance h satisfies the necessary conditions to be a metric on H(R™).



Proof. Let A, B € H(R™). I first must show that h(A, B) = h(B, A). By the definition h(A, B) I have

h(A, B) = max{d(A, B),d(B,A)}
= max{d(B,A),d(A, B)}
= h(B, A)

Next, I will show that h(A, B) > 0 with equality if and only if A = B. Clearly, h(A, B) = dg(a,b) for
some a € A and b € B, anddg(a,b) > 0.

Suppose that h(A, B) = 0, which means that d(A, B) = d(B,A) = 0. Thus, d(a,B) = 0 for all a € A,
so for every a € A there exists a b € B such that dg(a,b) = 0. Hence each a € B, so A C B. By a similar
argument, B C A and we have A = B.

Now suppose that A = B. This means that for every a € A, there exists a b € B such that a = b, or
dg(a,b) = 0. Thus, d(a, B) = 0 for each a € A, and d(A, B) = 0. Similarly, d(B, A) = 0; hence, h(A,B) =0

Finally, I must show that for any A, B,C € H(R"), h(A,C) < h(A,B) +h(B,C). Let A, B,C € H(R").
Without loss of generality, we assume that h(A,C) = d(A, C). There must exist a point, call it a, in A such
that d(a,C) = d(A,C). There must also be a b € B such that dg(a,b) = d(a, B), and we can then find a
¢ € C with dg(b,c) = d(b,C). By the triangle inequality,

dg(a,c) < dg(a,b) + dg(b,c)
<d(a,B)+d(b,C)

by substitution. Note that d(A,C) = d(a,C) and d(a,C) = mingec{dg(a, )}, which means that d(a,C) <
dg(a,c). Also, d(A, B) = maxyca{d(d’,B)} and d(B,C) = maxyep{d(t/,C)}, so d(a,B) < d(A, B) and
d(b,C) < d(B,C). Then

d(A,C) = d(a,C) < dg(a,c)
d(a, B) + d(b,C)
d

(A, B) +d(B,C)

ININ A

Finally, remember that d(A,C) = h(A,C), and note that d(A, B) < h(A, B) and d(B,C) < h(B,C). Thus,
W(A,C) < d(A, B) + d(B,C)
< h(A,B)+ h(B,C)

Therefore, the Hausdorff distance is indeed a metric. ]

Example 3.1. Let A be the unit circle and B = {(2,0)} in R, and let D be any closed subset of the disk
radius one centered at (2,0) in R%. Then C = {(1,0)} U D in R? satisfies h(A,C) = 2 and h(B,C) = 1.
Notice that dg((1,0),(2,0)) = 1, and any point in D will be no further than one unit from (2,0), so
d(C,B) = 1. By the same reasoning, the distance from (2,0) to any point in C will be no greater than
one unit, so d(B,C) < 1 and thus h(B,C) = 1. The distance between the point (—1,0) in A and the
point (1,0) in C is two units, and No(—1,0) N N1(2,0) is the point (1,0), which means (1,0) is the closest
point in C to (—1,0). Each other point a € A will be closer than two units to (1,0): For any point
a € A, we know that dg(a,(0,0)) <1 and dg((0,0),(1,0)) =1, so by the triangle inequality, dg(a,(1,0)) <
dg(a,(0,0)) + dg((0,0),(1,0)) <1+4+1=2, so d(A,C) = 2. By a similar arqgument, the distance from any
point in C' can be no greater than two units away from A, so d(C,A) <2, and h(A,C) = 2.

4 Applications of Subspace Topologies

In this section, we discuss betweenness in H(R") and examine different ways to look at and count the exact
number of elements between two sets. Specifically, we will develop a useful method of counting this number
by employing subspace topologies. From this point forward, we set the convention that A, B € H(R"). In
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Figure 3: Betweenness in Euclidean Geometry

Euclidean geometry, a point ¢ € R™ is on the line segment between points ¢ and b in R™ if and only if
dg(a,b) = dg(a,c) + dg(c,b) (see Figure 3).

We will talk about betweenness in the Hausdorff Metric Geometry in a manner analagous to that in
Fuclidean Geometry, although we will see that Hausdorff betweenness does not imply uniqueness as does
Euclidean Geometry.

Definition 4.1. A set C' € H(R™) is between A and B at a location t from A if and only if h(A,C) =t
and h(A,B) = h(A,C) + h(C, B).

If C'is between A and B at a given location, we say that C satisfies AC B. To understand that betweenness
is not unique, we need to understand the term ”extension”.

Definition 4.2. The extension of the set A by the real number t > 0 is defined as the set
A+t={x e R":dg(z,a) <t for some a € A}.

We can now set another convention: Let r = h(A,B), and if 0 < s < r, let t = r —s. Let C =
(A+4+1t)N (B +s). Note that C is the intersection of two closed and bounded sets, so it must be closed and
bounded itself, and C' € H(R").

In [2], the authors demonstrate that multiple elements can exist at a given location between A and B
with the following theorem:

Theorem 4.1. Let A # B € H(R"™), with d(B, A) < d(A, B), then if C' is a compact subset of C' containing
I((A+t)N(B+s)), then C' satisfies AC'B.

It follows that h(A,C) =t and h(B,C) = s. For infinitely many different integers k, we can finds sets A
and B with exactly k elements at each location between them. We would like to focus only on these finite
scenarios; however, we can also find sets A and B with infinitely many elements at each location between
them, so how do we tell which sets A and B will give us what we are looking for? The authors of [9]
examine this phenomenon at a deeper level and demonstrate the conditions under which A and B have a
finite number of elements at each location between them.

Definition 4.3. Let A, B € H(R™). We say that A and B satisfy the PFAEL (Possibly Finite At Each
Location) conditions if
h(A,B) =d(b,A) = d(a,B) for alla € A and b € B. (4.1)

Note that these conditions are necessary but not sufficient to produce a finite number of elements at
each location between A and B. For example, consider the following sets A and B in R3:

Example 4.1. Let Ay = {(z,y,2) : 2®+y? = 1,2 = 0}, Ay = {(z,y,2) : 2®+y? = 1,2 =2}, By = {(,y,2) :
2?4+ y2=1,2=1}, Bo={(z,y,2) : 2?2 +y> =1,2 =3}, and let A = Ay U Ay and B = By U By. Notice
that h(A, B) = 1, and each point in A or B is a distance one unit away from the other set. Thus, A and B
satisfy the PFAEL conditions. In this case, however, if we have Cy = {(x,y,2) : 22 +y*> =1,z = % or %}
and Cy is any compact subset of the set {(x,y,2) : 2> +y?> =1,z = %}, then there are infinitely many sets

C" = Cy UGy that satisfy AC'B with h(A,C") = 1.

Another key concept, which is intertwined with the PFAEL conditions and will be of much use to us
later in our investigation, is adjacency.



Definition 4.4. Let A and B satisfy the PFAEL conditions and let a € A,b € B. Then a is adjacent to b
(denoted a < b) if and only if dg(a,b) = h(A, B).

Example 4.2. In Figure 4, we have sets A and B = By U {by}, and a set C = Cy U Cy between A and B.

Figure 4: Sets A and B in H(R™)

In this figure, notice that a1 < by and a1 < bg. Also, by < ¢1 but by % co.

We call the union of two sets A and B that satisfy the PFAEL conditions a configuration, which we
usually denote X. Notice that if every point in A is adjacent to some point in B and every point in B is
adjacent to some point in A, the PFAEL conditions are satisfied and the union of these two sets will make
a configuration: if the condition above is true, then for any point a in A, there exists a point b in B with
dg(a,b) = h(A, B) and no point by € B closer to a than h(A, B), so d(a, B) = h(A, B), and we can make a
similar argument for each point b € B. We will use the notation #(X) to indicate the number of elements
at each location between the two sets in X.

Additionally, we will call a point in A or B which is only adjacent to one other point in the opposite
set an endpoint. Endpoints are important because they are also only adjacent to one point in C'. Now we
begin to discuss topology again.

Definition 4.5. Let (X,U) be a topological space, and let C C X. The subspace topology of C, denoted
Uc, is the set {UNC :U eU}. If U is in Uc, we say that U is a relatively open set.

The subspace topology Uq on a set C will actually satisfy all of the conditions necessary to be a topology
on C [4], so (C,Uc) is a topological space. We will eventually be able to connect the subspace topology of
C with the elements at each location between A and B, but we need to make several more definitions in
order to have the necessary tools to make this connection.

Definition 4.6. Let A,C € H(R"™), and let a € A. The adjacency set of a relative to C, denoted [a]¢c, is
defined as the set {c € C: ¢ < a}. We will let [A]¢c denote the set {[a]c : a € A}.

Referring to the configuration in Figure 4, we can see that [a;]c = {c1, 2} and [by]c = Ci.
Definition 4.7. Let A, B,C satisfy the PFAEL conditions.

1. Let ga : C — [A]c be defined by qa(c) = [a]lc where ¢ € [a]c.

2. Let qp : C — [Blc be defined by qp(c) = [blc where ¢ € [blc.

Example 4.3. Consider the configuration X in R? defined by A = {(0,0)} and B = {(z,y) : 2> +y?> = 1}.
The only element between A and B at s =t = L is the set C = {(z,y) : 2> + y* = 1}. Then [(0,0)]c will
be the set of all points on C, since (0,0) is adjacent to every once of these points. Also, for any b € B, we
can see that [blc will be the single point on C' that intersects a line drawn between b and the origin. For any
point ¢ € C, qa(c) =[(0,0)]c. The adjacency set given by qp(c) will be different for every c.



In [12], the author demonstrates that these two functions are both well-defined and onto. Now we can
begin to define the function that will take an element of the subspace topology of C' to an element between
A and B.

Let A and B satisfy the PFAEL conditions. Define T as the set of all U € Uq such that

1. for all [a]c € qa(U), there exists ¢ € [a]c such that ¢ ¢ U.

2. for all [b]c € qp(U), there exists ¢ € [b]¢ such that b ¢ U.

Now let K be the set of all C* such that C* satisfies AC*B with h(A,C*) = h(A,C). Note that every C*
must be a subset of C' [2]. Finally, define f: T — K by f(U)=C —-U.

Example 4.4. Let A= {ai,as2}, B ={b1,b2}, and C = {c1,c2,c3} as shown below. We can see that A and
B satisfy the PFAEL conditions:

C1 C2 C3
X e @) e X o @)
al bq ap b2

For this configuration, we have T = {0,{ca2}}. It would be impossible to have ¢y in any U € Y, because
qa(c1) = [a1]lc = {a1}, which would mean that there would not exist another ¢ € [a1]c such that ¢ ¢ U. A
similar argument shows that cg cannot be in any U € Y. In this example, f(0) = C and f({c2}) = {c1,c3},
both of which lie at the location shown between A and B.

We can see that f is clearly well-defined, but how do we know that f actually takes elements from Y to
K? Suppose that A and B satisfy the PFAEL conditions, and let a € A and U € Y. If [a]¢ € q4(U), then
there exists ¢ € [a]¢ such that ¢ ¢ U. On the other hand, if [a|c ¢ ga(U), we know [a]c is non-empty from
[12], so there is some ¢ € [a]¢ such that ¢ € C' with ¢ ¢ U. Either way, a < ¢ for some ¢ € C with ¢ ¢ U, so
c € C —U. A similar argument shows that for any b € B, b < ¢ for some ¢ € C with ¢ ¢ U, so c € C —U.
Thus, every point in A and B is adjacent to some point in C'— U, and C' — U satisfies A(C'— U)B. We also
know that (C'—U) C C, so h(A,C —U) > h(A,C) [9], and for every a € A, we have dg(a,c) = h(A,C) for
some c € C —U, so h(A,C —U) < h(A,C). Then we have necessarily that h(A,C —U) = h(A4,C).

Furthermore, C — U = C N UY, where U® is the complement of U. Since C' — U is the intersection of
two closed sets and one of these sets is bounded, C' — U is also closed and bounded, and thus it must be in
H(R™).

The function f is very important for the following reason:

Theorem 4.2. Let A and B satisfy the PFAEL conditions, and let T and K be defined as above. Then the
function f: Y — K by f(U) =C — U s a bijective mapping.

Proof. First we must show that f is 1-1. Suppose Uy, Us € Y. If f(Uy) = f(Uz), then C' —U; = C' — Us and
Uy =Us.

Now we must demonstrate that f is onto. Let C* € K, and let V = C — C*. Suppose that for all
¢y € [a]c, we have ¢, € V. Then there does not exist ¢, € C* such that a < ¢, but if this is the case, then
C'x cannot satisfy AC x B, which is a contradiction. Hence, we see that for every [ac] € V, there exists a
¢ € la]o such that ¢ ¢ V. By a similar argument, we can show that for every [b]c € V, there exists a ¢ € [b]¢
such that b ¢ V.

We know that V = C — C* = C N C*Y, so as the intersection of an open set with C, the set V must be
relatively open. Therefore, V € T, and f is onto, from which it follows that f is bijective.

O

This new function will be very useful; it allows us to count the number of elements at each loaction
between two sets A and B not by looking at the sets C’ that satisfy AC’B but rather by examining the
removable points from the set C. We will see that to connect certain infinite and finite configurations we
can compare these sets of removable points in an effective manner.



5 Building Configurations

We would like to be able to create certain configurations with an algorithm, but we must first know that this
creation will be possible. Is it possible to configure two sets A and B in R"™ with whatever adjacencies we
desire? The following theorem answers that question and brings us one step closer to eventually identifying
each infinite configuration (having a finite number of elements at each location between two sets) with a
finite configuration.

Configuration Construction Theorem. Given o, € N, we can create a configuration X consisting of
sets A and B in RP2 with

o Al =«
e [B| =4

e Fwery element in A is adjacent to a specified non-empty subset of elements in B (with every element
in B adjacent to at least one element in A).

e A and B satisfy the PFAEL conditions.

Proof. Let o, € N. If 3 = 1 the problem is trivial (we simply place points in A in a circle around a
single point in B), so suppose 3 > 2. Fix ¢ € N such that ¢ > /3. Then define b; = (%,O,...,O) and
by = (0,1,0,...,0). Continuing in this manner, for 1 < i < 3, define b; = (uy, ..., ug+2) such that u; = 1 and
all other coordinates u; through ug,o equal 0. Let B = {b; : 1 <1i < 3}.
Now, consider the (3 + 1)-sphere around each point b;, named B;, equal to the set of points (z1, ..., zg42)
satisfying
B+2

1 9 1
7j=1
J#
Every point lying on each B; will be equidistant from the correlating b;. The intersection of the boundary

of any two of these (8 + 1)-spheres, call them B;, and B;,, will contain a [-sphere. The equation defining
such a g-sphere is as follows:

1 2 2
2
Ly Ly = Ea Z x_] =1~ 0_2
7j=1
JFi1,i2
To verify that this S-sphere lies on B;,, notice that if there is a point y = (y1, ..., ys+2) on this S-sphere,
then y;, = %, and

B+2 B+2
2 2 2
D ui=| 2 vt
Jj=1 Jj=1
J#i JFi1,i2
2 1
= (1 B —2> T
- 5

Thus, we can see that the point y satisfies the conditions that define B;,. A similar series of equations can
show that y is on B;,.



Now suppose that we have a set of m of these (8 + 1)-spheres {B;,,Bi,, ..., Bi,, }, where 2 < m < (3.
Consider the (8 + 2 — m)-sphere, defined by

B+2
1 9 m
Liys Ligs eeey iy, = E, E 'Ij =1 g
J=1
JFU,eim

Notice that since ¢ > /B and m < 3, we have ¢> > m, or 1 > oz, which means that the radius of this
(6 + 2 — m)-sphere, \/@ , will always be defined. Furthermore, this sphere will be contained in the
intersection of all of the (3 + 1)-spheres B;, through B;,,. Pick any point z = (21,..., 2342) on the given
(8 + 2 — m)-sphere, noting that z;,, ..., z;,, = % To verify that z is on the sphere B;, (where 1 <k <m), we
can see that

j=1 j=1 =1
JFk JF01,eeim
- m 1 1
(1-2)+(mz)-=
2

Hence, we have z;, = %, and the equation for B;, is satisfied, so our (5 4+ 2 — m)-sphere lies on B;, for all
1 < k < m. Note that if we take the intersection of all of our (5 + 1)-spheres, B; through Bg, we will get
the circle defined by
2 2 p
1'1,...,3]'[3 = E, $6+1 +1’6+2 =1-— c—2

So any intersection of a collection of our (3 + 1)-spheres will contain an infinite number of points.

For each natural number p, where 1 < p < a, we want a point a,, adjacent to a specified subset of points
in B, {bs,,...,bs, }, where t < 3. Place each a, = (w1, ..., wg42) on the intersection of the (4 1)-spheres By,
through B;,, under the following conditions:

t+1 t t
\/1—0—2<w5+2<\/1—c—2, and —\/1—§<wq<0f0rall1§q§ﬁ—|—1Suchthatq#sl,...,st.

We also want a,, # ap, if p1 # p2, which is always possible because there will be infinitely many points
satisfying the above conditions. Let A = {a, : 1 <4 < p}. Notice that the integer ¢ > /3, so 2 > 3, or
2> B+1>t+1. Thus, 1> 25:—21 > 0 and wg4o is always defined.

How close will the point a, be to any b, € B if the two points are not meant to be adjacent? Remember
that the wu,-coordinate of b, is %, and all other coordinates are zero. Thus, the Euclidean distance between



a, and b, will be

B+2 B+2 1 2
2 2
Z(uj—wj) = ij + <E—wv>
7j=1 J=1
J#v
B+1 t 1 2
N3 | () | ()
j=1 k=1
JFV,81,...,5¢
B+1 1 1 2
= > w +<t-c—2>+w§+2 +<E—wv> .
j=1
j#vwsly"'vst

We can perform the last step because a,, is on the intersection of B, through Bs,, which means ws, = % for

all 1 <k <t. Now, substituting the inequalites wgqo > /1 — t:—gl and w, < 0, we get

B+1 2 2
9 1 9 1 1 9 1
g wy + t‘C_Q +w5+2 + E—wv > t‘C_2 ‘|"U)ﬁ+2 + z_wv

J=1
JFV,81,...,5t

Therefore, the distance between any two points in A and B that are not meant to be adjacent is greater
than 1 unit. Additionally, the distance between any two adjacent points is 4/1 — c%, and no point from A

can be closer than this distance to a point in B. Finally, we know that every point in B is adjacent to at

least one point in A and vice versa. Therefore, we have d(a, B) = /1 — c% foralla € A, d(b,A) = /1 — c%
for all b € B, and finally h(A, B) = /1 — c%, so our configuration X satifies the PFAEL conditions. O

6 Finite Conversion Algorithm

If we have an infinite configuration X with a finite number of elements at each location between its two sets,
we can convert X into a finite configuration using the algorithm given below. This algorithm is convenient
because, as we will see later, it will preserve the number of elements at each location between two sets.
Thus, we find that for our purposes, we can limit ourselves to finite configurations; if we cannot find any
configuration with exactly k& elements at each location between sets in the finite case, we cannot find any
such configuration, finite or infinite.

Finite Conversion Algorithm 1. Let A and B in a configuration X satisfy the PFAEL conditions, and let
there exist k € N such that there are k > 2 elements at each location between A and B. Define T as before,
and let Q4 = {[a]c : [alc € qa(U) for some U € Y} and Qp = {[b]c : [blc € qp(U) for some U € T}. We
will convert X into a new configuration Xp, consisting of sets Y and Z. Let | = |Q 4| and m = |Qp|.

Step 1: For each [a;]c € Qa (where 1 < i < 1), place a point y; € Y. Similarly, for each [bj] € Qp
where 1 < j < m), place a point z; € Z.
J



Step 2: For each [a;]c € Qa (where 1 < i <), if there exists at least one point ¢ € [a;]c such that ¢ ¢ U
for any U € T, place an endpoint z,, € Z and make y; € Y adjacent to z,.

Step 3: For each [bjlc € Qp (where 1 < j < m), if there exists at least one point ¢ € [bj]c such that
c ¢ U for any U € Y, place an endpoint y,, € Y and make z; € Z adjacent to y,,.

Step 4: For each ¢ € [ai]c, if c € U for some U € T, make y; adjacent to the z; € Z which corresponds
to the bj € B such that c € [bj]c.

From [12], we know that |U| is finite for all U € T. We also know from our bijective mapping from
T to K that |Y| = k, and thus we have that [Qa| and |@Qp| are finite. Finally, for any [a]c, let [a]c(y) =
{c € la]c : c € U for some U € T}. If |[a]c(y)| = oo, then we would have either an infinite U or an infinite
number of U’s containing a finite number of elements, both of which contradict that |Y| = k. Thus, |[a]c ()|
is finite for every [a;]c. So we have all we need to ensure that |Y| and |Z| are finite. Additionally, ¥ and
Z must be bounded, and as the finite union of sets of single points, they must also be closed. Therefore, Y
and Z are in H(R"™).

We also know that each point in Y is adjacent to a certain subset of points in Z. Furthermore, any point
z; will either be adjacent to some point y; or y., in Y, so by the Configuration Construction Theorem, Xp
satisfies the PFAEL conditions.

Example 6.1. If we apply the Finite Conversion Algorithm to the configuration X shown in Figure 6, where
A= A1 U{ap} and B = By U{by}, we have Q4 = {[ao]c} and Qp = {[bo]c}, which creates points yy in'Y
and zg in Z by step 1. We also have endpoints z,, and y., created by steps 2 and 3, respectively. When we
adjoin all these points as prescribed, we get the configuration Xg depicted in Figure 77, which is equivalent
to S4. Notice that X and X both have two elements at each location between their two sets.

B1 ° ° A1
ag bg

Figure 5: Infinite configuration X

2y, YO Q0 Yz,

Figure 6: Finite Configuration Xp

7 Matching Configurations

Now that we have the conversion process, all we must show is that the conversion preserves #(X) for a
converted configuration X. This is the final part of our demonstration that all configurations have finite
configurational representations.

Suppose that we convert a configuration X of sets A and B to a finite configuration X of sets Y and
Z as described above. We will set the convention that ' = h(Y, Z), and if 0 < s’ < ¢/, then ¢/ =’ — §'. Let
W= +t)N(Z+s"). Then h(Y,W) =1t"and h(W,Z) = 5.

We know X and Y satisfy the PFAEL conditions. Define T g as the set of all Ug € Uy such that

1. for all [y|lw € gy (Ur), there exists w € [y]w such that w ¢ Up.

2. for all [z]w € qz(Up), there exists w € [z]y such that w ¢ Up.



Now we are ready for the next lemma.

Theorem 7.1. Suppose that we convert a configuration X with #(X) < oo to a finite configuration Xr as
described in the algorithm, defining Y and Yp as above. Then |Y| = |Yp|.

Proof. We know that the null set is in both T and Y, so we can focus our attention on the nonempty
elements of both of these sets. Suppose U € Y. We know that |U| = 7 for some n € N, so U = {c1,...,cp },
where ¢y, € C for all 1 <~ < 1. So ¢y < a; and ¢, <= b; for some a; € A and b; € B. This means that
a; < bj, implying that the corresponding points in Xp, y; and z; are adjacent by step 4 of our algorithm.
Thus, each pair of these points in Xz must have a w, € W which lies between them.

We will construct a set Up corresponding to U and show that each [yl € ¢y (Ur) contains a point not
in Up. Let Up = {wy : 1 <~ <n}. If [ylw € qv(Ur), then [yjw = [y;]w for some y; adjacent to w, where
1 <~ <n. We know that the corresponding [a;]¢c contains some set of 7 points {c; : 1 < k < 7} which are
all not in U. If ¢ is in some other U’ € T for each 1 < k < 7, then ¢, is between a; and some b;, € B,
where [bj,]c € ¢g(U’). Thus we have corresponding adjacent points y; and zj, in Xp, and a point between
them, wy, in W. If wg were in Up for all 1 < k < 7, this would imply that ¢, € U for all k, which is a
contradiction. Hence there exists a wy adjacent to y; with wy ¢ Up. On the other hand, if, for some k
with 1 < k < 7, ¢ is not in U’ for every U’ € T, then we know that y; is adjacent to the endpoint z,,,
and [z,,]w ¢ ¢z(Ur). Once again, there exists a wy between y; and some point in Z with wy, ¢ Up. In
either case, every [y|lw € qy(Up) contains a wy ¢ W. A similar series of steps will demonstrate that every
[zlw € qz(Up) contains a wy ¢ W. Hence, Ur € Y.

Now suppose that we have U # U’ € T. Without loss of generality, we assume that there exists some
d € U with ¢ ¢ U. Suppose we make a set Uj out of U’ with the process given above. We know that
d <= d and ¢ <V for some ' € A and V' € B, so Uy will contain a point w’ between the corresponding
points ' and 2’ in Xp. However, no such point will be created in Up, since the point ¢’ ¢ U. Therefore, we
have Up # Uj. This means that every element of T corresponds to some unique element of Y, so

T < |Tp| (7.1)

On the other hand, suppose we have a set Up € Tp. We will construct a set U from Up and show
that U € Y. Since Y and Z are finite and satisfy the PFAEL conditions, we know that Up is finite, so
Ur = {w1,...,w,}, where p € N. Since Ur € Tr, we know that

1. for all [y]w € qy(Ur), there exists w € [y]w such that w ¢ Up.
2. for all [z]w € qz(Ur), there exists w € [z]y such that w ¢ Up.

Now for every 1 < v < p, we know that w, < y; and w, < z; for some y; € Y and z; € Z. This implies that
for all such v, we have y; < z;. There are three scenarios in which this adjacency relationship could have
been created by the conversion algorithm applied to the configuration X:

1. y; = 2y, (where z; = z,)
2. Yz = 2; (where (y; = y.,)
3.y = Zj

In the first case, the only point adjacent to z,, would be w,, so [z,,]w = {w,}, which contradicts our
condition (2) on Up. The second case will create a similar contradiction to condition (1) on Up. Hence,
this adjacency relationship must have been created by two adjacent points a; and b; in X that have some
point ¢, between them, where ¢, € U for some U € T. Let U* = {¢, : 1 < v < u}. Now suppose that for
every ¢ € [a;]c, we have ¢ € U*. This means that a; is only adjacent to a set of b;,’s, where 1 < p < pu.
This means that the corresponding point y; is only adjacent to a set of z;,’s. We also know that there is a
¢, € U* between a; and every bj,, so there is a w, between y; and every z;,. However, then [y;|y is the set



of all the w),’s, but this contradicts our condition (1) on Up. If [a]c € ga(U), then [a]c = [a;]¢ for some a;
adjacent to some ¢,, and every [a;]¢ contains some point not in U. Thus, we have that for all [a]c € ga(U™),
there exists ¢ € [a]c such that ¢ ¢ U*. A similar series of statements will show that for all [b]c € qg(U™*),
there exists ¢ € [b]¢ such that b ¢ U*.

Now, suppose that we have Up # Uy € Tp. Without loss of generality, we assume that there exists a
w' € Uy with w’ ¢ Up. Suppose we create a set U* € T using the process given above. We know that there
will exist a point ¢ € U* that corresponds to w’, but because w’ ¢ Ug, we have ¢’ ¢ U*. Thus, U* # U*/,
and we have that each Urp € T corresponds to a unique U* € Y. Hence,

Tr| < |7 (7.2)
Finally, if we combine the inequalities (7.1) and (7.2), we find that |Y| = |Tx|.
O

In [9], the authors prove that there exists no finite configuration with exactly 19 elements at each location
between its sets. Hence, the next theorem follows directly:

Theorem 7.2. There exists no configuration X of sets A and B with 19 elements at each location between
A and B.

Proof. By contradiction, suppose such an X did exist. Then we could convert X into Xz using the conversion

algorithm. Defining T and T as above and applying our lemma, we have |Y| = |Yr| = 19. However, this
is impossible, since no finite configuration with 19 elements at a given location exists. Therefore, there is no
such configuration X. O

We will see that 7.1 has sweeping implications in terms of our search for other numbers with the same
property as 19.

8 Finite Configurations and Counting Techniques

As a result of our infinite configuration conversion process, we can narrow our focus to only finite configura-
tions with a finite number of elements at each location between two sets and still make generalizations about
configurations in general. We now know that if there is some k& € N such that there is no finite configuration
X with #(X) = k, then in general there is no such configuration, finite or infinite. In the following sections,
we will focus on methods of counting the number of elements at each location for finite sets and talk about
patterns we see and questions that arise.

First, we need to introduce some notation. In our diagrams, points labeled x will represent points from
A and points labeled o will represent points from B. If two points are connected with a line segment, the
two points are adjacent.

The information in [9] and [8] gives us several valuable tools for counting the total number of elements
between two sets A and B. There are two fundamental components to each configuration of points in A and
B, the m-string S,, and the 2m-loop La,,. These are clearly defined in [9]; let it suffice to say that S, is a
string of m alternating elements in A and B, and Lo, is a 2m-gon with alternating vertices from A and B.

In [8], the authors demonstrate that for each S,,, we have #(S,,) = F,,_1, the m— 15" Fibonacci number.
In a like fashion, #(Lay,) = lom, the 2mt™ Lucas number, for each loop La,,. The Lucas numbers are defined
by

h=11=31,=l-1+2

These are the first building blocks for our methods of counting arrangements in each configuration.

Recall that an endpoint in a configuration X is adjacent to only one other point. We will use the notions
of endpoints when we define counting for configurations which are neither strings nor loops. In general,
many configurations are not of the form S,, or Lg,,. In [9], we learn an algorithm for counting arrangements
after attaching points to strings and loops. If we add a new point to a point adjacent to an endpoint, the



number of arrangements will not change. If we attach a point to a point a € A, with a not adjacent to any
endpoints, in a configuration X to make a new configuration X', [9] tell us that

#(X') = #(X) + #(X — {a}) (8.1)
I will use the same nomenclature as in [9]. A configuration Y defined by a string or loop X; and a string
Xy as X1 @ X[n] will consists of X; with X, attached at the n'™ point of X7, the n'" point of the string
when viewed horiontally from left to right or nth point beginning in the upper right of a loop and rotating
counterclockwise around the loop.

Example 8.1. Let X = Ly and let X' = Ly @ S1[1]. Then X looks like

and X' looks like

O— x—0O

X—O0
We know that #(X) =14 =7, so then #(X') = #(X) + #(S3) =7+ 1=238.

What happens if we keep adjoining points to the first point of Ly? Let X” = Ly & S3[1] and let
X" = Ly & Sa[1]. Then, by (8.1), #(X") = #(La & S1[1]) + #(La) = #(X") + #(X) = 8+ 7 = 15 and
#(X”/) = #(L4 &) Sg[l]) + #(L4 D Sl[l]) = #(X”) + #(XI) =15+ 8 = 23.

In general, let Yy be any loop or string, and let Y7 = Y @ S;[k] for some fixed k™ point, call it a, on Yj.
If @ is adjoined to an endpoint, then #(Y7) = #(Yp). If not, then by (8.1), #(Y1) = #(Yo) + #(Yo — {a}).

Now let Y,, = Yy @ Sy, [k]. We can see that

#(Y2) = #(Yo @ Sak

Then, by induction,

#(Yn) - #(YO D Sn[k])
#(Yo ® Sn—1[k]) + #(Yo ® Sp—2)
= #(Ynfl) + #(Yn72)

and the sequence {#(Y,)} is a Fibonacci-type sequence in that each term is the sum of the two terms
previous to it.

9 Generating Sequences

In [9], the authors generate the configurations which yield every integer number of elements at each location
between A and B for all integers between 1 and 35 except for 19. The multiplicative property of configurations
[9] also provides configurations which will give all composite integer number of elements at each location
between A and B, granted that we can find configurations for the prime factors of each integer. Thus, after
we discovered the Fibonacci-type property of adding consecutive elements of a string to configurations, we
decided to use this feature to try to generate all of the other primes and unaccounted-for composite numbers
between 36 and 100. The primes are 37,41,43,47,53,59,61,67,71,73,79, 83,89, and 97. Here is a list of the
primes and the configurations which produced them:



o 37: 77

o 41: 77

e 43: Sg @ Ss[4]
o A7: Lg

e 53: S7 @ {S2[4]; S3[4]}
e 59: 77

o 61: Ly S5[1]
e G7: 77

o 71: Sy Sy[4]
o 73: S19 @ S2[4]
e 79: 77

o 83: S & Ly[3]
e 89: Sy

e 97: 77

After an exhaustive search we could not find a way to configure points in order to produce with 37,
41, 59, 67, 79, or 97 elements at each location between two sets, and we are fairly convinced that no such
configuration exists for five of these numbers (we later found 79 using a configuration in R?). The next
question we asked was based on the primes we could not find, are there any composite numbers less than
100 which do not describe the number of elements at a given location between any two sets A and B? The
set of these possible composite numbers is {38,57,74,82,95}. Here are our findings:
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(19-2)
(19-3)
(37-2): S10 @ Sa[5]
(41-2)
(19 -5):

S @ {52[3]; S2[3]; S2[3]; S2[3]}

So I can add 57 and 82 to the list of numbers I have been unable to find using current methods. 1
also catalogued the various Fibonacci-type sequences I was able to find in order to look for patterns in
which sequences exist and which seem not to exist. I list the triple (#(Y7) — #(Y0), #(Y0), #(Y1)) - I think
the #(Y1) — #(Yo) term will help identify patterns - which will generate each sequence, and the pair of
configurations (Y, Y1) which served as the basis for finding each sequence (I leave out sequences which are
part of sequences already listed; for example, (1,2,3) contains (2,3,5), so I do not include (2, 3,5)):

L 17273 S47S5)

1,3,4) : (85,55 @ S1[3])

1,5,6) : (Se, 56 @ S1[3])

(
(
(
( S5 @ S5[3], S5 & {S2[3]; S1[3]}) or (Ly, Ly & Si[1])

)+ (
) (
)i (
. ) (

1,7,8



1,8,9) : (S7,S7 @ S1[4]) or (Lg & Si[1], Ly & {S1[1]); S1[3]})

1,11,12) : (S ® S2[3], S6 ® {Sa2[3]; S1[3]})

1,15,16) : (S5 @ {Sa[2]; Sa[2]}, S5 @ {S5[2]; Sa[2]; S1[2]}) or (L4 @ So[1], Ls @ {Ss[1]; S1[1]})
1,17,18) : (S7 @ Sa[4], S ® {Safd]; S1[4]}) or (La @ {Sa[1]; S1[3]}, La @ {S[1]; S [1]; S1[3]})
2,6,8) : (Ss @ S1[3], S6 ® {S1[3]; S1[4]})

2,8,10) : (S7,S7 @ S1[3]) or (Ly @ S1[1], Ly & {S1[1]; S1[2]})

° (2, 10, 12) : (57@51 [3], 57@{51 [3]; S1 [4]}) or (57@51 [3], 57@{51 [3]; St [5]}) or (L4€9 {Sl [1]; S [2]}, L,®
{S1[1]; S51[2]; 51(3]})

e (2,13,15) : (Ss, S5 ® S1[4])

 (2,14,16) : (S ® {S2[3]; S1[4]}, S6 ® {52[3]; 51(3]; S1[4]})
o (2,15,17) : (Ls @ S3[1], Ly @ {S2[1]: S1[3]})

e (2,16,18) : (Ss ® S1[3], Ss ® {S1[3]; S1[5]})

e (3,9,12) : (S7 @ S1[4], S7 @ {S1[3]; S1[4]}) or (L4 © {S1[1]; S1[3]}, La & {S1[1]; S1[2]; S1[3]})
: (S6 @ S2[3], 56 © {S2[3]; S1[4]})

: (Sg D 51[4]758 D {51[4]; S [5]}) or (Sg D 51[4],L4 (&) {Sl [4];51[6]}) or (L4 D 52[1]7L4 D

4,12,16) = (S7@{S1[3]; S1[4]}, S7{S1[3]; S1[4]; S1[5]}) or (La@{S1[1]; S1[2]; S1[3]}, La@{S1[1]; 51(2]; S1[3]; S1[4]]
4,16, 20) : (Sg G Sy [3], Ss @ {Sl [3]; S1 [4]}) or (Sg @ S [3], Ss @ {Sl [3]; S1 [6]})
)+ (S8 ® S1[4], Ss @ {S1[3]; S1[4]})

e (5,17, 22) : (S7 ® S [4], S7 ® {Sl [3]; So [4]}) or (L4 D {Sg[l]; S1 [3]}, L,® {52[1]; S [2]; S [3]})

5,15,20

I was unable to recognize any real patterns in this data, although it may help to expand the list further.
I would also like to examine the sequences which do not seem to exist, namely sequences such (1,4, 5), which
would produce 37, and (1,9, 10), which would produce 19.

10 The Looping Algorithm

We know how to count the number of elements at each location between two sets created by adding single
points to a configuration, but how do we examine what happens when we connect two points that already
exist in a configuration? We already can count the number of elements at each location for polygonal
configurations from [8], but we lack the tools to characterize configurations such as

O— x—©O

X—O0——X

or



O
(©)

In these cases we must use the Looping Algorithm, which gives us a precise method of determining #(X)
for configurations with multiple loops and/or in 3-dimensional real space and above.

Theorem 10.1. Let a € A and b € B be two non-adjacent points in a finite configuration X. If a new
configuration X' is formed by making these two points adjacent, then

#(X') = #(X) + #(X7), (10.1)

where X* is the configuration formed by the two sets A* = AU{a.} and B* = BU{b.}, for some endpoint
b € R™ adjacent to a € A and some endpoint a, € R™ adjacent to b € B, with ay % by.

Proof. Let h(A,B) = r,let 0 < s < r, and let t = r — s. In our new configuration X', let the two sets of
points (in which a < b) be called A" and B’. Note that h(A’, B") = h(A, B). Thenlet C = A’ +tN B’ + s.
This is the largest element of H(R™) which lies at the location ¢ units from A’ [9], so each element C' that
satisfies ACB will be a subset of C. Note that there is a point ¢y € C between a and b, because we have
moved these two points a distance h(A, B) apart.

Let C' = {CT € H(R™) : ¢ € CT and CT satisfies A’/CTB'}, and let C" = {C'T € H(R™) : ¢o ¢ C'" and
C'1 satisfies A’CTTB’}. Then

#(X') =[C"+ ||

Every element between A and B in X will be at the same location between A’ and B’ in X’ and will not
contain the point ¢y, and every element of C” will satisy AC” B, so |C”| = #(X), and we have

#(X') = #(X) + 1]

In the configuration X*, let a., A*, bs, and B* be defined as above. Since a, and b, are endpoints, any C*
at some location between A* and B* in X™* must contain a point ¢; between a and b, and another point co
between b and a,. Let C’I = C* —{c1,c2}. Then we are assured that C’I contains a point adjacent to every
point in A and B, except for a and b. If we create a set C;r by placing every point in C’I that is between two
points in A and B into C’g between the corresponding points in A’ and B’, and then we add the point ¢ to
C’;r , we can see that every point in A’ and B’ will be adjacent to some point in C’;r , and thus C’g will satisfy
A'C;B'. Hence, C;r isin C'.

This process is reversible, so for every Ct € ', if we let the set Cy = Ct — {cp}, and then we create a
new set (5 with adjacencies corresponding to the sets A and B, we can add ¢; and ¢ to C5 and show that
the resulting set will be between the two sets in X*. Thus, |C’| = #(X™), and finally, we have

#(X') = #(X) + #(X7)
O

Now, we can use this algorithm combined with the point-adding algorithm in [9] to count the number of
elements at each location between any two finite sets A and B. This new counting method helped us find
previously unknown configurations in R? which yield 57:
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and 79:
X X
O
O

elements at each location between A and B. To determine #(X) for each of these configurations, we had
to know the number of elements at each location between A and B on the three dimensional configuration
consisting of two x’s and three o’s, pictured here:

(@)
(@)

We will call this configuration Loys, where Loys[l] and Lays3[3] are x’s; all other points are o’s. We
use this notation because our configuration has two points in A and three points in B, with each point
adjacent every point in the opposing set. Now we can use the algorithm for counting loops to find #(Lax3)
by connecting the non-loop point of Ly & Si[1] to the x to which it is not already connected, as shown:

5
xZ 0

The looping algorithm tells us

#(Laxs) = #(Ls © S1[1]) + #(La ® {S2[1]; 51[3]})
=8+ 17 = 25.

Now we can use this information to compute the number of each elements at each location for both config-
urations in our drawings. For the first drawing, we only have to use the point-adding algorithm (note that
when we refer to Layxs & S2[2] the [2] is arbitrary; we could have just as well used [4] or [5]):

#(Laxs @ S2[2]) = #(Laxs © S1[2]) + #(Laxs)
=2-#(Laxs) + #(La)
=2-25+7=5"7.



For the second configuration, we will have to use the looping algorithm once more, connecting the point in
Loys @ S1[1] to the x to which it is not already adjacent. We will call this new configuration Loy, and we
find that

#(Laxa) = #(Laxs @ S1(1]) + #(Laxs & {S2[1]; 51[3]})
= #(Lax3 ® S1[1]) + #(Laxs @ S2[1]) + #(S4)
= 2 ##(Lax3 ® S1[1]) + #(Laxs) + #(54)
—2.(25+1)+25+2 =289

So now we see that we have all of the tools to build and count every finite configuration. Any configuration
can be completely constructed by adding points and looping points, and now we have algorithms to determine
the new number of elements between two sets A and B created by each process. Furthermore, every
configuration has a finite configurational representation, so we can limit our search for the possibilites of
#(X) to the finite cases. The next step is to systematically find and prove that other numbers such as 19
that do not exist in the Hausdorff Metric Geometry.

We can limit our search by eliminating certain configurations, as demonstrated by the following argument:

Suppose that we have two configurations X| and X as shown below. Note that X7 is the union of the
configuration X7 and the points depicted adjacent to X7, and X} is the union of the configuration X5 and
the points depicted adjacent to Xs.

X,—X—0 O—X— X,

We claim that #(X7) - #(X3) = #(X1 5), where X , is depicted below. Note that X7, is the union of
X1, X9, and the points depicted adjacent to these two configurations.

Xl— X—X2

(@)

The argument is as follows: Let Yy, Y2, and Y12 be defined for X{, X3, and Xi, (respectively) as
before. Let Uy € Y1 and Uy € YTy. Let ¢; be the point between X; and the x in X{ and let ¢y be the
point between X5 and the x in X}. Clearly, U; will contain no point between the x and o in X7, so we can
translate it to be in the same position relative to X; in X 9 as it was to X; in X{. Call this translated set
U{. Similarly, we can translate U, to be in the same position relative to X5 in X 1,2 as it was to X in X).
Call this translated set Uj.

We claim that U] UUS € Y1 2. This fact is obvious if ¢; ¢ U; and and ¢ ¢ Us: since both sets satisfy

1. for all [a]c € qa(U), there exists ¢ € [a]c such that ¢ ¢ U

2. for all [b]¢ € qp(U), there exists ¢ € [b]¢ such that b ¢ U

for their respective configurations, their translations must satisfy these conditions in X{72. On the other
hand, suppose that ¢; € Uy, then we can that for the translated point, ¢}, we know that g4(c;) must contain
the point between the x and o shown in X 5 (this point will never be in any U € T 2 because it is adjacent
to an endpoint). Clearly, U; will also satisfy condition (2). We can present a similar argument if ¢y € Us.
Basically, we can say that U] and U} act independently of each other because the elements in U} will never



prevent the elements in U from satisfying the above conditions, and vice versa. Thus, every Uj U U} will
be a distinct element of T 5.

Furthermore, we can see that every U2 € Y12 is composed of two such disjoint sets U{ and Ué, which
are independent and disjoint for the reasons listed above. If we translate U] to be in the same position
relative to X7 in X{ as it was to X7 in X2, we can see that this translated set will be satisfy the above
conditions, so this translated set will be in T;. We can perform a similar translation with the other disjoint
set U) to get a set in To. Thus, each element in V1,2 can be dissected into a distinct pair of elements in T
and T5. Hence, we have

1] - || =[T1.2]

We can easily see that if this equality holds, then the statement #(X7]) - #(X3) = #(X],) that we
claimed earlier must be true.

Example 10.1. We will let X{ = Sy and X} = S5 and unite them in the manner described above. We see
that

X—O—X—0 O—X—0O0—X——0

through the adjoining process becomes

X—O—X—O0——X——0

O

We verify that #(X1) - #(X5) = 2-3 = 6, and we can see that X1 , is the same as Se © S1[3], so we have
#(X12) = #(Se) + 1 =5+1=6. Thus, the formula works for this example.

This concept can be extended to more than two sets X{ and XY; if we unite three or more sets in this
manner, the above arguments still hold. Additionally, the arguments make sense if the x’s shown have more
than one adjacency with X; and/or X5. This information can be very useful in searching for configurations
X with #(X) prime because if the above structure is present in X, we know that #(X) is composite.

11 SPACK Numbers

Our investigation led to the definition of a special type of numbers, which we call SPACK numbers:

Definition 11.1. A number p is a SPACK-n number if and only if there exists a configuration of two
sets A and B in R™ with p elements at each location between A and B, and no such configuration exists in
R™~L. If no such configuration exists in any dimension, then p is called a SPACK-0 number. If a SPACK-n
number p is prime, than we call p a SPACK-n prime.

The only configurations which can be realized on the real number line (R') are single or multiple m-
strings. The multiplicative property of configurations demonstrates that if we have more than one string on
the real line, the number of elements at each location will be a composite number. So our SPACK-1 numbers
will only be those that can be written as Fibonacci numbers or as the product of Fibonacci numbers. We
can easily see that the only SPACK-1 primes will be those numbers that are Fibonacci primes. It is widely
suspected but yet to be proven that there are infinitely many SPACK-1 primes [7].

Furthermore, we can realize every Lucas number in R? (see our discussion of Fibonacci-type sequences),
so it is also thought that there are an infinite number of SPACK-2 primes. As of our research to this point,



the SPACK-3 numbers listed below are only conjectured, and 19 is the only confirmed SPACK-0 number,
although we believe that 37 falls into this category as well. Here is a list of some of the SPACK-n numbers
we have determined:

e SPACK-1 numbers: 1, 2, 3, 4, 5, 6, 8, 9, 10, 12, 13, 15, 16, 18, 20, 21, ...
SPACK-1 primes: 2, 3, 5, 13, 89 ,233, 1597, 28657, ...

e SPACK-2 numbers: 7, 11, 14, 17, 22, 23, 28, 29, 31, 33, 35, 38, 43, 44, ...
SPACK-2 primes: 7, 11, 17, 23, 29, 31, 43, 47, ...

e SPACK-3 numbers: 57, 79 ?
SPACK-3 primes: 79 7

o SPACK-4+ numbers: ?

e SPACK-0 numbers: 19, 37 ?

This distinction is an interesting new way to partition the natural numbers (every number will be a
SPACK-n number for some n), and these numbers may have number theoretic applications of which we are
currently unaware.

12 Graph Theory

Our interpretation of finite configurations has strong ties to graph theory. In fact, we often gather data by
treating these configurations as graphs rather than compact sets in R". We can interpret our results con-
cerning the number 19 in a graph theoretical manner. In this section, we demonstrate the strong correlation
between Hausdorff Geometry and a specific type of graph, about which we will go into greater detail later.
First, some definitions:

Definition 12.1. A bipartite graph is a graph in which the set of vertices can be divided into two disjoint
sets with two vertices of the same set never sharing an edge.

All of the finite configurations we have drawn can, in fact, be interpreted as bipartite graphs - the x
symbols form one vertex set, the o’s form the other, the edge set is created from the adjacencies in the
configuration, and points in the same set are never adjacent to each other.

Definition 12.2. We call a graph in which there are no isolated vertices a linked graph.

In a linked graph, every vertex will have a degree of at least one. The degree of a vertex is the number
of edges connected to it. We will only be dealing with linked graphs, because isolated vertices are irrelevant
to our geometrical interpretation.

Definition 12.3. A simple graph has no more than one edge between any two vertices and no edges from
a vertex to itself.

From this point forward, any time we use the term “graph” we will mean “simple graph.”
Definition 12.4. A labeled graph is a graph in which each vertex is assigned a label.

We use labeled graphs because each of our compact sets contain specific points in R™ - each point is
unique, so it makes sense to make each vertex unique as well.

We know now that any finite configuration can be represented by a linked labeled bipartite graph. How-
ever, are there linked labeled bipartite graphs which do not have equivalent configurational representations?
The Configuration Construction Theorem can answer this question.

If G is a linked labeled bipartite graph, it will have two finite sets of vertices, which will become A and
B from the theorem, and if we wish to make the adjacencies in our configuration correspond to edges in G,



we know that each vertex has an edge with at least one other vertex from the opposing set. Hence, this
theorem tells us we can create a configuration out of G that satisfies the PFAEL conditions. Now we have
all the necessary tools to apply our Hausdorff findings to these graphs.

We will set the convention if we convert a graph G to a configuration X of sets Y and Z as described in
the Configuration Construction Theorem, then 7’ = h(Y, Z), and if 0 < s’ < 1/, then ¢’ = r' — §'. Let the set
W= +t)N(Z+s). Then h(Y,W) =t and h(W, Z) = s'. Furthermore, we will let G be the set of all
linked subgraphs of G with the same vertex set as G (we will consider G a subgraph of itself).

Theorem 12.1. FEvery linked labeled bipartite graph G has an equivalent configuration X of sets Y and Z
with #(X) equal to the number of linked subgraphs of G with the same vertex set as G.

Proof. Because G is bipartite, we can separate its vertices into two disjoint sets A and B, letting |A| = «
and |B| = 3. Since G is a labeled graph, we will have vertices a,...,a, € A and b1, ...,bg € B. Let G denote
the set of all linked subgraphs of G with the same vertex set as G. Now convert G into a finite configuration
X with the Configuration Construction Theorem. We will show that |G| = #(X).

Consider G’ € G. We know that G’ has the same number of vertices as X has points, because G’ has
the same vertex set as G. We will construct a set W’ which lies between Y and Z from G’. For each edge
between some a; and b; in G’, the corresponding y; € Y and z; € Z will be adjacent, so there will be
some point wy between them. Let W be the set of all such points wy. Since G’ is a linked subgraph, we
must have that every vertex a; and b; is adjacent to at least one point in the opposing set. Hence, each
y; and 2z must be adjacent to some point in the opposing set, which means each of these points must be
adjacent to some wy € W', so we know that h(W',Y) < h(W,Y’). Furthermore, W’ C W, so we know that
h(W'Y) > h(W,Y). Therefore, we have h(W'Y) = h(W,Y), and W' lies between Y and Z at the same
location as W.

Finally, suppose that GI # G’ for some G' € G. Without loss of generality, we can assume that GT
contains an edge I which is not a part of G. Hence, E adjoins two vertices a; and by in G that have no
edge between them in G'. If GT is converted to a configuration to a set W by the process given above, then
W1 will contain a point wy between adjacent points y; and z;, but w; will not be in W, so we have Wt £W.
This means that each element of G corresponds to a unique element in X, and thus

G] < #(X). (12.1)

Now consider some element W* that lies between Y and Z. Since #(X) is finite, we have |IW*| is also
finite, so let W = {wq,...,w;}. We will construct a linked subgraph G* € G with the same vertex set as G
out of W*. Thus, let G* be a graph with an empty set of edges and the same vertex set as G. For every
point w, € W, where 1 < k < [, we know that wy < y; and wy < z; for some y; € Y and z; € Z. For
every such pair of adjacent points y; and z; in X, make an edge between the vertices a; and b; in G*. These
vertices must exist in G, since they exist in G. We already know that G* is a subgraph of G with the same
vertex set as GG, so all we must show is that G* is linked. For any vertex a; € G*, the corresponding point
y; must be adjacent to some wy € W. This means that y; must have wy between y; and some z;, so means
there must be an edge between a; and the corresponding b;. A similar series of arguments will show that
every vertex b; € G will not be isolated. Thus, G* is a linked subgraph of G, and G* € G.

Finally, suppose W # W* for some W at the same location between ¥ and Z in X. Without loss of
generality, we suppose there exists w € W such that o ¢ W*. We know that w is adjacent to some g € Y’
and 2 € Z, so if we convert W to a linked subgraph G of G by the process given above, there will be an
edge between the corresponding a and bin G. However, this edge will not be contained in G*, and we have
G # G*. Hence, any two distinct elements W* and W between Y and Z at the same location will create
distinct elements of G, so each W* corresponds to a unique linked subgraph of G with the same vertex set
as G, which means

G] > #(X). (12.2)



Combining the two inequalities (12.1) and (12.2) yields the equation |G| = #(X). Hence, the configura-
tion X has a number of elements at each location between Y and Z equal to the number of linked subgraphs
of G with the same vertex set as G.

O

Corollary 1. There exists no linked labeled bipartite graph G with exactly 19 linked subgraphs with the same
vertez set as G.

Proof. By contradiction, suppose that such a graph G did exist. Then, by the preceding theorem, G could
be converted to a configuration X with exactly 19 elements at each location between the two sets that make
up X. However, we have proved that there exists no such configuration X. Therefore, we must also have
that no graph X can exist. O

Although we have limited ourselves to simple graphs, we suspect that Corollary 1 will hold true even if
we allow multiple edges between two vertices and/or edges that connect the same vertex.

13 Future Research

We would like to pose some unanswered questions which we may address in the future or could be addressed
by another research group:

e Are there other numbers such as 19 which never appear as the exact number of elements between A
and B at a given location (37, 41, etc...)?

e Could we somehow fit an algebraic group-like structure to these configurations to explain why certain
numbers are missing from the Hausdorff Metric Geometry?

e Does this geometry change if, instead of working in R", we make configurations on the surface of a
torus? On a torus, the graphs that correspond to our configurations will no longer have to be simple
graphs. Could we experiment with other surfaces?

e We strongly believe that there is no configuration which will have exactly a number of elements at each
location between two sets that has the cardinality of the integers. How can we prove this statement?

e Could there be a more elegant proof of the non-existence of the the number 197

e Can we find some sort of combinatorial approach to computing the number of elements at each location
for a given configuration?

e Can we prove that 57 and 79 are indeed SPACK-3 numbers, and are there any SPACK-n numbers
where n > 37

In conclusion, this research project proved to be very worthwhile and enjoyable, and we are happy to
have been given the opportunity to work with, learn about, and struggle through the Hausdorff Metric
Geometry during our research experience at Grand Valley State University.

References

[1] M. A. Armstrong, Basic Topology, Springer Verlay, New York, 1983.

[2] Christopher Bay, Amber Lembcke, and Steven Schlicker. When Lines Go Bad In Hyperspace, Demon-
stratio Mathematica, Volume 38 : 689-701, (2005).

[3] Arlen Brown and Carl Pearcy. An Introduction to Analysis. Springer-Verlag, New York, 1995.



[4]
[5]

W. W. Fairchild, C. Ionescu Tulcea. Topology. W. B. Saunders Company, 1971.
H. Graham Flegg, From Geometry to Topology, The English Universities Press Ltd., London, 1974.
Sze-Tsen Hu, Introduction to General Topology, Holden-Day Inc., San Fransisco, 1966.

Thomas Koshy. Fibonacci and Lucas Numbers with Applications. John Wiley & Sons, Inc., New York,
2001.

Kristina Lund, Patrick Sigmon, and Steven Schlicker. The Occurence of the Fibonacci and Lucas Num-
bers in the Geometry of H(R™), submitted to the Fibonacci Quarterly.

Kristina Lund, Patrick Sigmon, and Steven Schlicker. The Prime 19 is Missing in the Hausdorff Metric
Geometry. GVSU REU 2004.

Kris Lund and Patrick Sigmon, Final Report, Available at http://faculty.gvsu.edu/schlicks/FinalReport2004.pdf.

John O’Connor. Metric and Topological Spaces. Available at http://www-history.mcs.st-
and.ac.uk/ john/MT4522/index.html.

Patrick Sigmon. Hausdorff Segments and Shell Components. Grand Valley State REU 2004.

Eric W. Weisstein. ”"Cauchy Sequence.” From MathWorld-A Wolfram Web Resource.
http://mathworld.wolfram.com/CauchySequence.html

Eric W. Weisstein. Fibonacci Number. From MathWorld-A Wolfram Web Resource.
http://mathworld.wolfram.com/FibonacciNumber.html

Robin J. Wilson. Introduction to Graph Theory. Prentice Hall, New York, 1996.



