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Abstract: The space composed of all non-empty, compact subsets in R"
is denoted as H(R™). When H(R") is coupled with the Hausdorff metric, h,
we have a complete metric space, and it is the geometry of this space which
will be our focus. More specifically, we will look at the set of lines in H(R")
that are defined by two point sets. The properties of these lines are very
surprising, for they do not act line the familiar lines in R".

1 Background

Before we begin our main study, we need to define a few background terms
that we will frequently use. Namely, we need to know the terms open neigh-
borhood, boundary, and closed neighborhood in R™. Also, we need to under-
stand what a metric is.

Definition 1. Let a € R"*, and r € R. Then,
Ni(a)={z € R" : d(z,a) <1},

where N,.(a) denotes the open neighborhood of radius r around a.
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Next, we can use the concept of a neighborhood to define the boundary
of a set.

Definition 2. Let X be a set of points in R™. The boundary of X, denoted
0X, consists of all x € R™ such that every open neighborhood around x
contains at least one point in X and at least one point not in X.

Finally, a closed neighborhood is the union of an open neighborhood with
its boundary.

N,(a) = N,(a) UON,(a) = {z € R" : d(z,a) < 7},

where N.(a) denotes the closed neighborhood of radius r around a.
Now, let us move on to the notion of a metric.

Definition 4. Let X be a set. A function d: X x X — R is a metric on X
if for all x,y,z € X,

1. d(z,y) = d(y,z)
2. d(z,y) > 0 with equality if and only if z =y
3. d(z,z) < d(z,y) + d(y, 2)-

A metric is used to provide a measure of distance between points in a
set. The familiar Euclidean metric, d, is a great example of a metric, where
the distance measured is between points in R™. In other words, if z =
(21,2, ..., ) and y = (y1, Y2, ..., Yn) are elements of R, then the distance
from x to y is

2 H(R") and the Hausdorff Metric

Next, we will define the space H(R"™) and build the Hausdorff metric, h.
Then, we can show h is a metric on H(R").

The space H(R") is the collection of all the non-empty, compact subsets
of R™. The definition of a compact subset of a topological space is quite
complicated. However, thankfully the definition is much simpler in R™ as the
Heine-Borel theorem shows [2].



Theorem 1. A subset S of R™ is compact if and only if S is both closed and
bounded.

Therefore, H(R™) consists of all the subsets of R™ that are closed (the
subset contains its boundary) and bounded (the subset can be contained in
an n-sphere).

Now, recall that the Euclidean metric measured the distance between
points in R™. In H(R™) a “point” is really a compact set. So, the next step
that we need to take is to define a metric to measure the distance between
sets.

Definition 5. Let A and B be elements in H(R™).

o [fx € R”, the distance from x to B is

d(z, B) = min{d(z,b)}.

beB

An example of this can be seen in Figure 1.

Figure 1: The distance from a point to a set

e The “distance” from A to B is

d(A,B) = I;léij({d(.r, B)}.

An example of this can be seen in Figure 2. Note that this is does not
satisfy all of the necessary conditions to be classified as a metric, since
it is possible to have d(A, B) # d(B, A) (refer to Figure 3).



Flgure 2: The distance from a set to a set

d(A,B)

Figure 3: d(4,B) > d(B, A)

e The Hausdorff distance, h(A, B), between A and B is
h(A, B) = maz{d(A, B),d(B, A)}.
In order to use the function A to measure the distance between points

in H(R™), h must be a metric on H(R"). The next theorem addresses this
issue.

Theorem 2. The function h as defined above is a metric on H(R").
Proof. Let A, B,C € H(R").
1. h(A, B) = max{d(A, B),d(B,A)} = h(B, A).

2. We now show that h(A, B) > 0 and that h(A, B) = 0 if and only if
A = B. Forany a € A and b € B,d(a,b) > 0. Thus, d(a,B) =
min{d(a,b) | b € B} > 0 for any a € A which implies that d(A, B) =
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max{d(a,B) | a € A} > 0 also. Similarly, d(B, A) > 0. Therefore
h(A, B) = max{d(A, B),d(B,A)} > 0.

Suppose h(A, B) = 0. Then d(A, B) = d(B, A) = 0 which implies that
d(a, B) = 0 for every a € A and d(b, A) = 0 for every b € B. Now, for
every a € A there exists a b € B such that d(a,b) = 0. Thus, a = b
and A C B. Similarly, B C A. Now suppose A = B. Then d(a, B) =0
for every a € A which implies d(A, B) = 0. Similarly, d(B, A) = 0 so
that A(A, B) = 0.

3. (Triangle Inequality) We first show that d(A,C) < d(A4, B) + d(B,C)
for arbitrary sets A, B, and C in H(R"). Choose a € A,b € B, and
¢ € C. Then the triangle inequality for d guarantees that

d(a,c) < d(a,b) +d(b,c).
Choose ¢ € C such that d(b, ¢’) = d(b,C). Then,
d(a,c) < d(a,b) + d(b,C).
Since d(a, C) < d(a,d),
d(a,C) < d(a,b) +d(b,C).
Now, choose ' € B such that d(a,b") = d(a, B). Then,
d(a,C) < d(a,B)+d(l/,C).
Since d(V/,C) < d(B, (),
d(a,C) < d(a,B) +d(B,C).
Choose a’ € A such that d(a’,C) = d(A, C). Then,
d(A,C) <d(d',B)+d(B,C).
Since d(a’, B) < d(A, B), we have the final result that
d(A,C) < d(A,B)+d(B,C). (1)

The Hausdorff distance from A to C'is h(A, C') = max{d(A, C),d(C, A)}.
Applying (1) we see that

h(A,C) < max{d(A, B)+d(B,C),d(C,B)+ d(B, A)}

h(A,C) < max{d(A, B),d(B, A)} + max{d(B,C),d(C, B)}

h(A,C) < h(A,B)+ h(B.C). O

Therefore, when H(R") is coupled with the Hausdorff metric, h, we find
that A is a metric for H(R™).



3 Circles in H(R")

We will start our study of the geometry of H(R™) with the definition of a
circle. In the summer of 2000, Dominic Braun and Steve Schlicker classified
circles in H(R™) [1].

Definition 6. Let A € H(R™) and r € RT. Then,
C.(A) ={B e H(R") : h(A,B) =r},

where C.(A) denotes the circle of radius r around A.

The next theorem shows the conditions a set B must fulfill in order to lie

on C,.(A).

Theorem 3. Let A € H(R™) and r € R*. Then B € C,.(A) if and only if
B € H(R™) and

1. BC | J Ni(a).
acA

2. BN N,(a) # 0 for each a € A.

3. Either BN 0 <U Nr(a)> # 0 or there exists a € A such that B N

acA

ION,(a) # 0 but BN N,.(a) = 0.

Let us look at some examples to illustrate the previous theorem. In
Figures 4 & 5, we let A = {aq, as}. Figure 4 shows two examples of B where
B does not lie on C.(A). On the left, d(A, B) > r and so h(A, B) > r. On
the right, d(A, B) < r and d(B, A) < r, therefore h(A, B) < r. Figure 5
shows two examples of B where B lies on C,.(A).

If we collect together every point that is within r units of any point in
A, we obtain the largest set that is » units from B, which we will call A+ r.
By largest, we mean that if B € C,.(A), then B C A+ r [1].

Definition 7. Let A € H(R™) and r € R*. Then
A+r={zeR":d(z,a) <r for some a € A}.

Theorem 4. The set A+r is the largest element in H(R™) that is a distance
r from A.

Figure 6 shows an example of A+ r.
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Figure 5: Examples of B that are on C,.(A)

4 Lines in H(R")

Since geometry is the study of points and lines, the next logical step would
be to define lines in H(R").

First, we need to look at lines in R". We can determine the points on the
Euclidean line connection points a and b as the set of all points ¢ such that
one of the following holds:

e d(a,b) =d(a,c) + d(c,b) (cis between a and b}
e d(c,b) =d(c,a)+ d(a,b) (cis to the left of a)
e d(a,c) =d(a,b) + d(b,c) (cis to the right of b}

We can extend this definition to H(R™) by using the Hausdorff metric, A,
instead of the Euclidean metric, d.



Flgure 0: A is the black rectangle, and A + r is the gray region

Definition 8. Let A, B € H(R™), A # B. The Hausdorff line defined by
—

A and B, denoted AB, is the set of all C € H(R™) that satisfy one of the
following:

o h(A,B)=h(AC)+h(C,B) (C is between A and B)

e h(C,B)=h(C,A)+ h(A, B) (C is to the left of A)

o h(A,C)=h(A B)+h(B,C) (C is to the right of B)

Lines in H(R™) are very different from lines in R™. One example of this

> >

fact is il)ready easy to illustrate. Recall that in R”, if ¢ lies on ab, then ab =

ac = bc. The same does not hold in H(R™). In other words, if C lies on 1<4_)B,

— — “—
we cannot automatically say that AB = AC = BC'. An example of this can
be seen in Figure 7. In the figure, A = {(0,0)}, B = {(4,0)}, C = {(3,0)},
and D = Cy5((1.5,0)). Since h(A,B) =4 =341 = h(A,C) + h(C, B), we
knoi> that (g_e) AB. Now we want to examine the set D and its relationship
to CB and AB. Since h(D,B) =3 =241 = h(D,C)+ h(C, B), we can see
that D lies on CB. However, h(A, B) = 4, h(A, D) = 2, and h(D, B) = 3.
These values do rﬁ) fulfill any of the equatizns ng}ied to lie on a single line.
rJ(l)erefore, D ¢ AB, which means that AB # CB, even though C lies on
AB.

5 Lines Defined by One Point Sets

The simplest lines in H(R™) are those defined by one point sets, so it makes
sense to start our study of lines in H(R™) with such lines.
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Figure 7: D lies on the line defined by C and B, but not the line defined by A and B

John Mayberry, Audrey Powers, and Steve Schlicker completely char-
acterized the lines defined by one point sets in the summer of 2002. The
characterization of the points in H(R™) that lie on such lines is summarized
in the following theorem [1].

Theorem 5. Let A and B be one point sets in H(R™), with A = {a} and
—

B = {b}. Then, C € H(R") lies on AB if and only if there exists r,s € R

such that:

1. CC(A+r)N(B+s) and

2. there exists ¢y € C such that co € 0(A+7r)NIA(B+s)N ab .

Figure 8 shows two examples that illustrate the previous theorem. In
both pictures, A = {a} and B = {b}. On the left is an example of a
set that lies between A and B. We can see that A + r and B + s only
intersect at one point, ¢g, so C' can only contain ¢g. If we let C' = {¢y} then
h(A,B) = h(A,C)+h(C, B), so C does indeed lie between A and B. On the
right we see an example of a set, C', that lies to the left of A (this time C' is



Flgure 8: Example of a line defined by one point sets

the gray area). Note that ¢g € C'and C' C (A+7r)N (B + s), as the previous
theorem requires.

At this point we can illustrate another big difference between line in R™
and lines in H(R™). In R", the point that lies r units to the left of a on
R) is a unique point. On the other &nd, we can have more than one set
that lies 7 units to the left of A on AB in H(R™). Look again at the right
half of Figure 8. The set C' is 7 units to the left of A on AB. Now, if we let
D = {cp}, we can see that D is also r units to the left of A on AB. Therefore,
the set that lies r units to the right of A on AB is not unique. In fact, there
are infinitely many sets that lies r units to the left of A on AB.

Another interesting fact is that Euclidean geometry is embedded within
the geometry of H(R™). In order to see this, we need to require that all
the sets we work with are one point sets. Then, our lines look like those
in Figure 8, where C' always contains only ¢y. This means that each of
the points on the Euclidean line ab will correspond to the one point sets
containing those points on the Hausdorff line AB , and so the lines that we
see in H(R"™) are those of the familiar Euclidean space.

The 2002 REU was also able to determine how lines defined by one point
sets in H(R?) intersect. They showed that two such distinct lines intersected
in either no points (parallel lines), one point, or an infinite number of points
[1]. This means that the geometry of H(R") is not an incidence geometry
(where distinct lines intersect in either no points, or one point). This is yet
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another difference between the geometry of H(R™) and Euclidean geometry,
for Euclidean geometry is an incidence geometry.
For more information on lines defined by one point sets, go to

http://faculty.gvsu.edu/schlicks/Hausdorff_paper.pdf.

6 Lines Defined by Two Point Sets

The next step in studying lines in H(R") is to look at lines that are more
intricate than lines defined by one point sets. Therefore, we chose to move
on to lines defined by two point sets.

6.1 Lemmas

Before we begin to examine lines defined by two point sets, we need to state
a few lemmas that we will be using in the following theorems.

Lemma 1. Let a,b € R", and let r,s € RT such that one of the following
holds:

o d(a,b) =1 +s,
o r=d(a,b)+s, or
o s=r+d(ab).
Then, there exists p € ab such that ON,(a) NON,(b) = {p}.

Proof. Let a,b € R™ and let r,s € RT.
First, assume that d(a,b) = r + s, and let

(b—a).

+ T
=a
P b—a]

(Example in Figure 9) Then,

da.p) = |a— (a+ (b —a)
= pat
_|b ||b—a|



and

dfbp) = o= (o G0 =)
=lb—a— |b—a|(b_a)
=1b—alll - T
= [[b—a| =7
= |d(a,b) = r|
= ||

Therefore, p is special because

p € ON,(a) NON,(b) N ab.

Figure 9: Example where d(a,b) =7 + s

Next, assume that r = d(a, b) + s, and again let

(b—a).

+ T
=a
P b—al

(Example in Figure 10) Then, d(a,p) = r (like in the last case) and
d(b, p) = |d(a,b) — 7|
= ||

= S.
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Once again,

Figure 10: Example where r = d(a, b) + s

Finally, assume that s = r + d(a,b), and this time let

”
p=a— |b_a|(b—a).
(Example in Figure 11) Then,
d(a,p) = o= (a = (b= a)
T
= |pEae-o
r
a0

=r



and

= |b— b—
a+|b_ |( a)
r
= [(b—a)(l
b=+
r
=1b—al|l -
b —al
~ llb—al 7
= |s|
= s.

Thus, yet again, .
p € ON,.(a) NONG(b) N ab.

s =r+d(a,b) /

Figure 11: Example where s = r + d(a, b)

Z\\
\‘”

-

Therefore, there always exists p € R™ such that
—
p € ON,.(a) NONG(b) N ab.

Now, we want to show that p is the only element in ON,(a) N ON,(D).
Suppose p' € ON,(a) NIN(b). Then, d(a,p’) = r and d(b,p’) = s. Since

e d(a,b)=r+s,

o r=d(a,b)+s, or
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o s=r+d(a,b)

we know that p' € E), making p’ = p. Thus, ON,(a) N ONs(b) = {p}. O

Lemma 2. Let a,b € R™ andr,s € R*. Ifd(a,b) =r+s, then N,.(a)"\N,(b)

only contains one point.

Proof. Let a,b € R™ and r, s € R such that d(a,b) = r + s.

First, we want to show that N,(a) N ON,(b) only contains one point. Let
m € N.(a). Then, d(b,m) > d(a,b) — d(a,m) > d(a,b) — r = s. Therefore,
N, (a) N Ns(b) = 0, which means that

N, (a) N AN, (b) = 0. 2)

We know from Lemma 1 that

ON:(a) N ON,(b) = {p} (3)

Thus, putting 2 and 3 together we see that

Ny (a) N ON,(b) = {p} (4)
Next, we want to show that N,.(a) N Ny(b) = (. Let t € Ny(b). Then,
d(t,a) > d(a,b) — d(b,t) > d(a,b) — s = r. Therefore,

N,(a) N N,(b) =0 (5)

Now, putting together 4 and 5, we can see that N,(a) N Ns(b) = {p}. (An
example can be seen in Figure 9) [

Lemma 3. Let a,b € R" and r,s € R*. If r = d(a,b) + s, then
e N,(b) C N.(a) and

e N,(b) NN, (a) = {p}.

Proof. Let a,b € R™ and r, s € RY such that r» = d(a,b) + s.
We will first prove that Ny(b) C N,.(a). Let m € N,(b). Then, d(a,m) <
d(a,b) + d(b,m) < d(a,b) + s = r. Therefore, N¢(b) C N,(a).

Now we will show that Ns(b) N ON.(a) = {p}. Let t € Ny(b). Then
d(a,t) < d(a,b) + d(b,m) < d(a,b) + s = r, which means that

N(b) N ON,(a) =0 (6)
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By Lemma 1 we know that

ON:(a) N ON,(b) = {p} (7)

Putting 6 and 7 together we see that Ny(b) N IN,.(a) = {p}. (An example
can be seen in Figure 10)

g

Lemma 4. Let a,b € R” and r,s € RT. Ifr > d(a,b) + s, then Ns(b) C
N,(a).

Figure 12: N.(b) is enclosed in N, (a)

Proof. Let a,b € R™ and r, s € RY such that r > d(a,b) + s.
Let m € Ny(b). Then, d(a,m) < d(a,b) + d(b,m) < d(a,b) +s < 7.
Therefore, Ny(b) C N,(a). (An example can be seen in Figure 12) O

Lemma 5. Let a,b € R™ and r,s € RY. If d(a,b) > r + s, then N.(a) N
N, (b) = 0.

Proof. Let a,b € R™ and r, s € R such that d(a,b) > r + s.

We will proceed by contradiction. Suppose m € N,.(a) N Ng(b). Then
d(a,b) < d(a,m)+ d(m,b) < r+s. This is a contradiction, since d(a,b) >
r+ s, therefore N,.(a)NNs(b) = 0. (An example can be seen in Figure 13) O

Lemma 6. Let a,b € R™ and r,s € R". Ifd(a,b) < r + s, then there exists
c € R™ and t € Rt such that Ny(c) C N,.(a) N N (b).
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Flgure 13: The neighborhoods do not intersect

Proof. Let a,b € R™ and r, s € R* such that d(a,b) < r + s. There are two
cases we must consider

1. r > d(a,b) + s (which means that d(a,b) <r—s<r+s)
2. r < d(a,b) + s (which means that r — s < d(a,b) <7+ s)

Case 17 > d(a,b) + s
Suppose r > d(a,b)+s. Then, by Lemma 4, Ny(b) C N,(a) and therefore
Ns(b) € N.(a) N Ng(b). So, let ¢ =b and t = s, and then

Ni(¢) € N.(a) N N (b).

Suppose r = d(a,b)+s. Then, by Lemma 3, N,(b) C N,(a) and therefore
Ns(b) € N.(a) N Ng(b). So, again let ¢ =b and t = s, and then

Nt(c> g Nr(a> N Ns(b>

Therefore, there always exists ¢ € R™ and ¢t € RT such that N, (c) C

Nr(a) N N;(b).

Case 2 r < d(a,b) + s
In this case there are two subcases to consider:

1. s > r+d(a,b) (which means that d(a,b) < s —r <r+ s and
r <s—d(a,b) <d(a,b)+ s)
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Figure 14: Nr(a) N Ns(b) contains a whole neighborhood

2. s <r+d(a,b) (which means that s —r < d(a,b) < r+ s and
s —d(a,b) <r <d(a,b)+ s)

Case 2.1 r < d(a,b) + s and s > 7+ d(a, b)
Suppose s > d(a,b)+7r. Then, by Lemma 4, N,.(a) C N,(b) and therefore
N,.(a) C N,.(a) N Ng(b). So, let ¢ = a and t = r, and then

Nt(c> g Nr(a> N Ns(b>

Suppose s = r+d(a,b). Then, by Lemma 3, N,.(a) C N,(b) and therefore
N,.(a) € N,(a) N Ng(b). So, again let ¢ = a and ¢t = r, and then

Ni(¢) € N.(a) N N (b).

Therefore, there always exists ¢ € R™ and ¢ € RT such that N,(c) C
N,.(a) N Ng(b).

Case 2.2 7 < d(a,b)+s and s < r+d(a,b) (Note that in this case d(a, b)—r >
—s and d(a,b) —s > —r.)
First, we want to define ¢ and ¢. Let ¢t = H%(l(a’b). Note that ¢t € R* and
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d(a,b) = r + s — 2t. Then, let ¢ € ab such that d(a,c) = r —t. Since

r+s—d(a,b)
2
2r —r —s+d(a,b)
2
r+d(a,b) —s
2
r—r
2
=0

r—t=r—

we know that d(a, ¢) is indeed a real distance. Then,

d(b,c) = d(a,b) — d(a,c)

=s—1
Since
S_tzs_r+s—d(a,b)
2
_ 25s—r—s+d(a,b)
B 2
_ s+d(a,b)—r
B 2
5— 8
S
=0

we know that d(b, ¢) is indeed a real distance.

Now, we want to create Ny(c) and see how it relates to N,(a) and N,(b).
So, let m € Ny(c). Then, d(a,m) < d(a,c) +d(c,m) < (r —t)+ (t) = r and
d(b,m) < d(b,c) +d(c,m) < (s—1t)+ (t) = s. Thus, Ny(c) C N,(a) N Ng(b).
(An example can be seen in Figure 14) O

6.2 Segment Between A and B

Since lines in H(R") act so differently from those in Euclidean space, a logical
question would be to ask what these lines look like- since they may not
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resemble the lines we are used to. First, let’s examine the line segment
between the two point sets A and B. We know that there exists a set for

——
every distance between A and B on AB as is demonstrated in the following
theorem.

Theorem 6. Let A and B be two point sets in H(R™). Then, for every 0 <
r < h(A, B), there exists C € H(R") such that h(A,C) = r and h(A, B) =
h(A,C) + h(C, B).

Proof. Let A and B be two point sets in H(R™) with A = {a1,a2} and
B = {b,by}. Also, let r, s € R such that r + s = h(A, B). Without loss of
generality, we will assume that

h(A, B) = d(B, A) = d(b,, A) = d(by, ay).

This means that d(by,as) > h(A, B), leaving us with two cases to consider:
1. d(by,as) > h(A, B) or
2. d(bl, CL2) = h(A, B)

Case 1 d(by,a2) > h(A, B)

Since d(az, B) < h(A, B), we know that d(ag,by) < h(A,B) = r + s.
If d(az,bs) = 7+ s, then Lemma 2 states that N,(as) N Ny(be) # 0. If
d(ag, by) < 1+ s, the Lemma 6 states that N,.(az) N Ng(b2)

m € NT(CLQ) N Ns(bg)
Also, since d(ay,b1) = h(A, B) =r + s, Lemma 1 states that
ON,(a1) NON,(b1) = {p}-

Next, we need to show that p € 9(A+7) and m & N,(by). Since d(ag,p) >
d(ag,by) — d(by,p) > h(A, B) — s = r, we know that p ¢ N,(as), and so

pe€IA+r).

Next, since d(aq, b1) > h(A, B) = r+s, Lemma 5 states that N,.(ax)NNg(by) =
(). Therefore, since m € N,(as), we know that

m g Ns(bl)

Note that this also means that m # p.
Let C = {m,p}. Then
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. CCA+r,

2. p€ N.(a1), m € N,(az), and
3. peIA+r).
Thus, C € C,(A). Also,
1. CC B+s,
2. pem,mem, and
3. p€ CNON(by) but C'NNy(by) = 0.

Thus, C' € C¢(B). Therefore, h(A,C) = r and h(A, B) = h(A,C)+ h(C, B).
(An example of this case can be seen in Figure 15)

a2

Figure 15: Example of Case 1

Case 2 d(a,b1) = h(A, B)

Since d(ay, by) = h(A B) =r+sand d(as, b)) = h(A, B) =r+s, Lemma
1 states that ON,(a;) NONs(by) = {p1} and ON,(az) N ONs(b1) = {p2}.

Now, we want to show that p; # ps. We will proceed by contradiction.
Suppose p; = po. Then
(bl - p2) = asz

a1 =p+ (b —p1) =p2 +

'S r
| b1 —p1 | | b1 — p2 |

However, since a; # as, this is a contradiction, and so p; # ps.
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We need to show that p; ¢ N,(as). We will proceed by contradiction.
Suppose p; € N,.(as). Then, p; € N,(az) N ONy(by). However, according
to Lemma 3, N,(as) N INs(by) = {p2} and so p; = po. However, this is a
contradiction, and so p; € N,(az2). In a similar manner it can be shown that
p2 & N,.(a1). This means that

P1, P2 € 8(14 +7’).

Next, since d(by, A) < h(A, B) either d(by,a1) < h(A, B) or d(by,as) <
h(A, B). This gives us two subcases to consider:

1. d(bs,a1) < h(A, B) or
2. d(bg,CLg) < h(A, B)

Case 2.1 d(by,a1) < h(A, B)

If d(bs,a1) = h(A, B) = r+s, then Lemma 2 states that N,(a;) N N,(bs) #
(. If d(bz,a1) < h(A, B) = r+s, then Lemma 6 states that N,.(a;)NN,(by) #
. Also, we need to notice that ps & N,.(a1) N Ny(be), since py € N,(a1). So,
let m € N,.(a1) N Ng(by). Note that this means m # py and m & Ny(by), since
d(by,m) > d(b1,a1) — d(a;,m) > h(A,B) —r = s.

Let C'= {m,ps}. Then

. CCA+r,

2. m € Ny(ay), po € N,(az), and
3. pp € O(A+r).

Thus, C' € C,.(A). Also,
1. C C B+s,

2. pa € Ns(b1), m € Ny(by), and
3. P2 € CﬂaNs(bl) but C N Ns(bl) = @

Thus, C' € Cy(B). Therefore, h(A,C') = r and h(A, B) = h(A,C)+ h(C, B).
(An example of this case can be seen in Figure 16)
Case 2.2 d(by,az) < h(A, B)

If d(by, az) = h(A, B) = r+s, then Lemma 2 states that N, (a2) N Ns(bs) #
(. If d(bz, a3) < h(A, B) = r+s, then Lemma 6 states that N,.(az) NNy (by) #
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Figure 16: Example of Case 2.1

. Also, we need to notice that p; & N,(az) N Ny(be), since p; € N,(az). So,
let m € N,.(az) N Ng(by). Note that this means m # p; and m & Ny(b;), since
d(by,m) > d(b1, az) — d(az, m) > h(A,B) —r = s.

Let C'={m,p;}. Then

. CCA+r,

2. p1 € N,(a1), m € N,(az), and
3. p1 €0(A+r).
Thus, C € C,(A). Also,
1. CC B+s,
2. ;1 Em,mew, and
3. p1 € CNAIN(by) but C N N(by) = 0.

Thus, C' € C¢(B). Therefore, h(A,C) = r and h(A, B) = h(A,C)+ h(C, B).
(An example of this case can be seen in Figure 17)

Therefore, we can always find C' € H(R™) such that h(A,C) = r and
h(A,B) = h(A,C) + h(C, B). O

23



Figure 17: Example of Case 2.2

6.3 Lines with a Missing Ray

Now that we know that there is a complete line segment between A and B,
we want to examine the rays to the right of B, or the left of A. It is here
that we run into our most surprising result. We found that another huge
difference between Euclidean and Hausdorff lines is that lines in H(R"™) can
act like rays. By this we mean that if we have a complete line in H(R"), it
is possible that there are no points on the line that are more than a distance
z to the right of B. We can separate lines in H(R") into two categories:
complete (there are sets on the line for any distance to the left of B or the
right of A); or ray-like (the line only extends z units to the right of B and
no further). We are also able to classify lines in H(R") as being complete or
ray-like by looking at the properties of their defining sets.

In the theorems in this section we are going to use the two point sets A
and B whose elements are situated in a particular way. So, let A and B be
two point sets in H(R™), with A = {a1, a2} and B = {b1,bo}. Without loss
of generality, we will assume h(A, B) = d(B,A) = d(b;, A) = d(by,a;1). In

summary,

e d(B,A) = h(A, B) which also means that d(A4, B) < ),

h(A, B
e d(b;,A) = h(A, B) which also means that d(by, A) < h(A, B), and
e d(bi,a1) = h(A, B) which also means that d(b1,as) > h(A, B).

Also, in the following theorems, the set C' € H(R") is always a two point set.
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First, we want to look at a specific set of requirements for which we know
we have a ray-like line. Specifically, there are three conditions that we want,
as stated in the next theorem.

Theorem 7. Let A and B be two point sets in H(R™) as described in the
beginning of the section. If

e d(a,by) < h(A, B),
o d(ay, by) < h(A, B), and
o d(as, b)) < /(d(a1,a2))? + (h(4, B))?,
then there exists z € Rt such that
1. if C € H(R™) and h(A,C) = h(A, B)+ h(B,C), then h(B,C) < z and

2. for every 0 < s < z, there exists C € H(R"™) such that h(B,C) = s and
h(A,C) = h(A,B) + h(B,C).

Proof. Let A, B € H(R") as described in the beginning of the section. Also,
let s > 0 and r = h(A, B) + s. Before we begin the proofs of the two cases,
we need to look at some background information.

Since d(a1,by) < h(A,B) = r — s and d(aq,by) < h(A,B) = r — s, we
know that d(ai,bs) +s < r and d(az, b2) + s < r. Then, according to Lemma
4

Ns(by) € Ny(ay) and Ny(by) € N,(as).

The next step is to show that d(A+r) N (B + s) can contain at most one
point.

Since Ny(by) € N,(a;) N N.(az), we know that there are no points in
N(by) that are a distance r from a; or ap, and therefore no points in N,(by)
on (A + 7). Thus, if we are to find any points in B + s that are a distance
r from A, they will be found in N,(by).

First, let’s look at ON,(a;) N Ns(b1). Let ¢ € Ny(by). Then d(ai,q) <
d(ay,b1) + d(bi,q) < h(A,B) + s = r. Therefore d(ai,q) < r for every
q € Ny(by) and

AN, (a1) N N, (b1) = 0.

However, by Lemma 1, we know that there exists a p € R™ such that
ON,(a1) N ON;s(br1) = {p}. Thus,

ON,(a1) N Ns(by) = {p}.
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Also, we need to note that Ns(b;) € N,.(a;) and ON,(a;) N Ng(by) = {p}.
Since d(ay,b1) + s = r, both these facts are drawn directly from Lemma 3.

Next, let’s assume that ON,(az) N N,(by) # 0. Let ¢ € N, (az) N Ny(by),
t # p. Then, d(as,t) = r, but d(ay,t) < r, which means that t ¢ 9(A+r). If
we assume that ON,.(as) N Ny(by) = 0, then we know that there are no points
in the intersection that line on (A + r). Overall, this means that there are
no points in Ng(by) that are a distance r from ay that lie on 9(A + 7).

Therefore, p is the only point in B + s which can possibly be an element
of 0(A+r).

The next thing that we need to do is simplify our problem by moving
from n-space to 2-space. We can do this by taking the points a;, as, b; and
forming a plane with them. Then, we can set up our coordinate system by
making a;as into the y-axis, and the perpendicular bisector of @a; into the
r-axis. Also, we want to choose the orientation of the axes so that a; will
have a positive y-coordinate, and allow for a reflection across the y-axis so
that b; will have a positive x-coordinate. Then, we have a figure similar to
that of Figure 18. Denote the location of a; as (0,a), as as (0, —a), and b,
as (z,y) where a,z € RT and y € R.

Note that this is a unique plane, because b; cannnot lie on &yas. This
can be shown by contradiction. Suppose b; was on @jas. First, assume
by is to the right of ay. Then d(as,b1) = d(ai,b) — d(a1,a2) < h(A, B).
However, since this is a contradiction, b; cannot lie to the right of as. Next,
assume that by is to the left of a;. Then, d(aq,b;) = d(az,a1) + d(ay,by) >
V/(d(a1,a2))? + (h(A, B))2. However, since this is a contradiction, b; cannot
lie to the left of a;. Finally, assume that b; is between a; and a;. Then,
d(ay,az) = d(ay,by) + d(by,a2) > h(A, B) + h(A, B) = 2h(A, B). However,
this would mean that if » < h(A, B) then r +r < h(A, B), and by Lemma
5 N.(a1) N N.(a3) = 0. Yet, we know that this intersection contains a whole
neighborhood for any r > 0, so b; cannot be between a; and ay. Therefore,
by is not on &ras, and so the plane defined by a;, as, and b; is unique.

Now, recall that h(A, B) < d(ag, b)) < v/(d(a1,as))?+ (h(A, B))2. We

can use this fact to show that 0 < y < a. We will continue by contradiction.
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atle (0,3)

b1e (xy)

a2¢ (0,-a)

Flgure 18: Plane formed by a1, a2, and by

Suppose y < 0. That would mean that a —y > a +y. Then
h(A, B) = d(al, bl)

BN R
> /22 + (a+y)?
= d(ag,bl)

However, this is a contradiction, because h(A, B) < d(az,b;). Thus, y > 0.
Next, suppose y > a. Then,
d(az,b1) = a* + (a +y)?
=22+ (2a+y — a)?
= /22 +4a% +da(y — a) + (y — a)?
= /4a2 + da(y — a) + 22 + (y — a)?
> \/4a2 + 22 + (y — a)?
= V/(d(ar, a2))? + (h(A, B))?
However, this is also a contradiction, because d(as, by) < \/(d(a1, a2))? + (h(A, B))2.

Thus, y < a.
Now, recall p is the only point in B + s which can possibly be an element
—

of O(A+r). Note that since p is on a1by, p is in the plane determined by ay,
as, and bl.
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Next, we want to show that if s < z, p € d(A+r)andif s > z, p &

I(A+r).

Let the coordinates of p be (f, g). Refer to Figures 19 in which s < z on
the left and s > z on the right, and in both z is the distance from b, to the

——
intersection of a1b, and the r-axis. By similar triangles

al
a
g

h(A.B)
z
\\s
b (tg)
P

al
a

a2

If s <z, then

Figure 19: Location of p on the plane

N

h(A,B)+ s
h(A,B)+ =z —
However, that means that ¢ > 0 and a — g < a + g. However,

]

r=d(ay,p) =/ [*+(a—g) < V2 +(a+g)? = d(ay,p),

which means that d(as,p) > r and p &€ N,(az). Therefore

If s > z, then

pE€IA+T).




However, that means that ¢ < 0 and a — ¢ > a + ¢g. Then,

r=dla,p) =V +(a—gP >V +(a+g)? = da,p),

which means that d(as,p) < r and p € N,(as). Therefore

pEO(A+r).

Now we are ready to prove the two parts of the theorem.

1. Assume C € H(R") and h(A,C) = h(A,B) + h(B,C). Also, let r =
h(A,C) and s = h(B, C).

Since C' € C4(B), by part 2 of Theorem 3, C'N Ny(by) # @. Therefore,
C N N.(ay) # 0 and C N N,(az) # 0. However, since C' € C,(A), part 3 of
Theorem 3 says that

. CNoA+r)#0Dor
ii. there exists a € A such that C N IN,(a) # @, but C N N,(a) = 0.

Yet, since C' N N,.(a) # @ for any a € A, we know that (ii) does not hold.
Therefore, C' N (A + r) # 0. This means that C must contain p (since
we showed that it is the only point that can possibly lie on d(A + r)), and
p € O(A +r). However, this only happens when s < z. Thus

h(B,C) < z.

2. Assume that s < z. Then, we know that p € 9(A + r). Also, let
m € Ng(by). Then, note that p & Ns(by). This tells us that

p#mandp € B+ s).
Let C' = {m,p}. Then
. CCA+r,
2. pem,mem, and
3. peIA+r).

Thus, C' € C,.(A). Also,
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1. CC B+s,
2. pE Ns(b1>, m & Ns(b2>, and
3. p€ I(B +s).

Thus, C' € Cy(B).
Therefore, h(B,C) = s and h(A,C) = h(A, B) + h(B, C). O

Now, since we know that the ray to the right of B is not complete, we
want to know what happens to the left of A when the same three conditions
hold.

Theorem 8. Let A and B be two point sets in H(R™) as described in the
beginning of the section. If

° d(CLl, bg) < h(A, B),
° d(CLQ, bg) < h(A B
o d(as, br) < \/{d(ar,a3) ) + (h(4, B)P,

then for every r > 0, there exists C € H(R"™) such that h(A,C) = r and
h(C,B) = h(C,A) + h(A, B).

), and

Proof. Let A, B € H(R") as described in the beginning of the section. Also,
let r >0 and s =7+ h(A, B).

First, we want to show that N,.(a;) U N,(as) C Ny(by). Since d(ay,bsy) <
h(A,B) = s —r and d(as,bs) < h(A,B) = s — r, Lemma 3 states that
N,(a1) € Ny(bg) and N,(az) € Ny(by) which means that

Nr(CLl) U NT(GQ) Q Ns(b2>

Next, we want to define points p and m, which will eventually make up
C. Since s = r + d(ay,b;) Lemma 1 states that

ON, (a)) N ON,(b1) = {p}.

Note that since N,(a;) C N,(bg), we know that

pE Ns(b2>
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Let m € byay such that d(m,b1) = d(m,as) +d(az, by) (i.e. m is to the left of
as) and d(m, az) = r. Then, d(m, b)) = d(m, as)+d(as, b1) > r+h(A, B) = s,
S0

m g Ns(b1>
Also, d(m,a1) > d(m,b1) — d(b,a1) > s — h(A,B) =1, s0

m & N,(ay).

In addition, since N,.(az) C Ny(be), we know that

m & Ns(bg)

Now, we want to show that m # p. We will proceed by contradiction.
Suppose m = p. Then
+ (b —p) = m+ (b = m)
a; = —— (b —p)=m+ ———(by — m) = as.
T b —m ™ :

However, since a; # as, this is a contradiction, and so m # p.

Let C = {m,p}. Then
1. CC(A+r),

2. p € N,(ay), m € N,(as), and

3. p € N.(ay) but C'N N,(ay) = 0.
Thus, C € C,(A). Also,
1. C C(B+s),

2. pE Ns(b1> M Ns(bg), and

3. pc an Ns(bl) but C'N Ns(bl) = @

Thus, C' € Cs(B).
Therefore, h(A,C) = r and h(C, B) = h(C, A) + h(A, B).
1

Corollary 1. Let A and B be two point sets in H(R™) as described in the
beginning of the section. If

° d(CLl,bg) < h(A, B),
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o d(ag,by) < h(A, B), and
o d(as, b1) < v/(d(a1,a2))? + (h(A, B))?,
then there ezists a z € RT such that

1. if C € H(R™) and h(A,C) = h(A, B) + h(B,C), then h(B,C) < z,

2. for every 0 < s < z, there exists C € H(R™) such that h(B,C) = s and
h(A,C) = h(A,B)+ h(B,C), and

3. for every r > 0, there exists C € H(R™) such that h(A,C) = r and
h(C,B) = h(C,A) + h(A, B).

At this point we know that the three conditions give us a ray-like line.
The next step would be to show that these are the only conditions that give
us a ray like line. In order to show this, we will take one condition at a
time, and show that if it fails, then our line is complete. First, we start with
d(CLl, bg) > h(A, B)

Theorem 9. Let A and B be two point sets in H(R™) as described in the
beginning of the section. If d(ay,by) > h(A, B), then for every s > (0 there
exists C' € H(R™) such that h(B,C) = s and h(A,C) = h(A, B) + h(B, C).

Proof. Let A, B € H(R") as described in the beginning of the section. Also,
let s > 0 and r = h(A, B) + s. There are two cases which we must consider

1. d(ay,be) > h(A, B) and
2. d(CLl, bg) = h(A, B)

Case 1 d(ay,bs) > h(A, B)

First we want to show that N(by) C N,(aq). Since d(a,by) > h(A, B),
we know that d(ag,bs) < h(A,B) = r — s, and so d(ag,bs) +s < r. If
d(az,bs) +r = s, then by Lemma 3, Ny(by) C N,(az). If d(ag,by) +s < 7,
then by Lemma 4, N(by) C N,(ay). Therefore, we know that

Ns(b2) C N,(as).

Next, we want to define the points p and m, which will eventually make
up C. Since r = d(aq,b) + s, Lemma 1 states that

ON, (a)) N ON,(b1) = {p}.
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Let m € crbg such that d(a;, m) = d(ay, by) +d(ba, m) (i.e. m is to the right of
bs) and d(by, m) = s. Then, d(a;, m) = d(ay, bs)+d(ba,m) > h(A, B)+s =,
S0

m & N.(ay).
AISO, d(m7 bl) Z d(mv a’l) - d(alu bl) Z r—= h(Av B) = 8,80

m g Ns(bl)

Finally, since Ng(b2) C N,(az), we know m € N,(as).
Now we want to show that m # p. We will proceed by contradiction.
Suppose m = p. Then,

S

3
by=p+——(a1—p)=m+ (a1 —m) = by.
lar — p| la; —m|

However, since b; # by, we have a contradiction, and so m # p.

Let C' = {m,p}. Then

. CCA+r,

2. pem,mem, and

3. pe CNIN.(a1) but C N N,(ar)=0.
Thus, C' € C,.(A). Also,

1. C C B+s,

2. pem,mem, and

3. p€ CNON,(b) but C N Ny(b)=0..

Thus, C' € Cs(B). Therefore, h(B,C) = s and h(A,C) = h(A, B)+h(B, C).
(An example of this case can be seen in Figure 20)

Case 2 d(ai,b2) = h(A, B)
First we want to define p; and p,, which will eventually make up C. Since
d(a1,b1) + s =r and d(a1,b2) + s = r, Lemma 1 states that
ON(a1) NON(b1) = {p1}

and
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Figure 20: Example of Case 1

ON,(a1) NONg(b2) = {p2}.

We also need to show that p; # ps. We will proceed by contradiction.
Suppose p; = po. Then

S S

by =p1 + (a1 —p1) = (a1 — p2) = bo.
lay — p1l |

Y re—
lar — p2
However, since b; # by, we have a contradiction, and so p; # ps.

Also, we need to show that ps & N,(by). We will proceed by contradiction.
Suppose that ps € Ny(b1). Then, py € ON,.(a1) N Ns(by). However, Lemma 3
states that ON,(a1) N Ns(by) = {p1}. This would mean that p; = ps, which
is a contradiction, and so

p2 & Ns(b1).

Now, we have two subcases to consider. Since d(as, B) < h(A, B), either
1. d(ag,b1) < h(A, B) or
2. d(CLQ, bg) < h(A, B)

Case 2.1 d(ay, b)) < h(A, B)

First we want to show that p; € N,(as). Due to the way we named
the elements of A and B, we said that d(as,b) > h(A, B). Thus, in this
case, d(az,b;) = h(A, B). This means that d(az,b1) = h(A,B) =r — s, or
d(az,b1) + s = r. Then, Lemma 3 states that Ns(b;) C N,.(ay). Therefore,
p1 € Ny(as).

Let C' = {p1,p2}. Then
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. CCA+r,

2. p1 € Nr(a1> N Nr(a2>v and
3. p1 € CNIN.(ay) but C N N,(ar) = 0.
Thus, C € C,(A). Also,

1. CC B+s,

2. p1 € Ny(b1), pa € Ni(by), and
3. p1 € CﬂaNs(bl) but C N Ns(bl) = @

Thus, C' € Cs(B). Therefore, h(B,C) = s and h(A,C) = h(A, B)+h(B,C).
(An example of this case can be seen in Figure 21)

7 ST
/' -~
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Figure 21: Example of Case 2.1

Case 2.2 d(ay, b)) < h(A, B)
First we want to show that py € N,(az). Since d(ag,by) < h(A, B) =
r — s, we know that d(as,by) +s < r. If d(as,b3) +s = r, then Lemma 3
states that Ng(by) C N,(as). If d(as,bs) + s < r then Lemma 4 states that
Ns(b2) € N,(as). Therefore, Ns(bs) C N,.(az), and ps € N,(as).
Let C' = {p1,p2}. Then

. CCA+r,

2. p1 € Ny(a1), p2 € Ny(az), and

3. p1 € CNIN.(ay) but C N N,(ar) = 0.
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Thus, C € C,(A). Also,
1. CC B +s,

2. p1 € Ns(by), p2 € Ny(by), and
3. D1 & CﬂaNs(bl) but C' N Ns(bl) = @
Thus, C' € Cs(B). Therefore, h(B,C) = s and h(A,C) = h(A, B)+h(B, C).

//’ /'// \\\\ \\\\:
// /// \:\\ \:\\
{// N : \L
{ a2 b2 | al { b1 !
p2s . . | LI . ép1
\ ‘ \\ //,"
\\\ N N /// ////
/
N s y

Figure 22: Example of Case 2.2

Therefore, we can always find C' € H(R") such that A(B,C) = s and
h(A,C) = h(A,B)+ h(B,C). O
Theorem 10. Let A and B be two point sets in H(R") as described in the
beginning of the section. If d(ai,bs) > h(A, B), then for every r > 0 there
exists C' € H(R™) such that h(A,C) =r and h(C, B) = h(C, A) + h(A, B).
Proof. Let A, B € H(R") as described in the beginning of the section. Also,
let r >0 and s = h(A, B) +r.

First, we want to define the points p and m, which will eventually make
up C. Since s = r + d(ay, by), Lemma 1 states that

ON,(a1) NON,(br) = {p}-

Let m € [TCL; such that d(b;,m) = d(by, as) + d(az, m) (i.e. m is to the left of
as) and d(as, m) = r. Then, d(by, m) = d(b1, az)+d(az, m) > h(A, B)+r = s,
S0

m g Ns(bl)
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Also, d(m,a1) > d(m,b1) — d(b,a1) > s — h(A,B) =1, s0
m & N,(ay).

Next, we want to show that m # p. We will proceed by contradiction.
Suppose m = p. Then
r r
o =p+———0b —p)=m+ ——(by —m) = ay.
|51—P|( ) |b1_m|( )
However, since a; # ao, we have a contradiction, and so m # p.
Now, there are two cases which we must consider

1. d(ay,be) > h(A, B) and
2. d(CLl, bg) = h(A, B.

Case 1 d(ay,bs) > h(A, B)

First, we want to show that m € Ng(by). Since d(by,a;) > h(A, B),
we know that d(by,as) < h(A,B) = s —r, and so d(ag, bo) +7r < s. If
d(az, by)+r = s, then Lemma 3 states that N,(ay) C Ny(by). If d(ag, bo)+r <
s, then Lemma 4 states that N,.(as) C N(by). Therefore, we know that
N,(as) € N,(bs) and thus m € Ny(by).

Let C = {m,p}. Then

. CCA+r,

2. p € N,(ay), m € N,(as), and

3. p€ CNIN.(ar) but C N N.(a1) = 0.
Thus, C' € C,.(A). Also,

1. CC B+s,

2. pE Ns(b1>, m & Ns(b2>, and
Thus, C' € Cs(B). Therefore, h(B,C) = s and h(A,C) = h(A, B)+h(B, C).

(An example of this case can be seen in Figure 23)

Case 2 d(ai,b2) = h(A, B)

First, we want to show that p € N,(bg). Since d(ai, b)) +r = s, Lemma
3 states that N,(a;) C Ns(be), and thus p € N(bs).

Let C = {m,p}. Then
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Figure 23: Example of Casel

. CCA+r,

2. p € N,(ay), m € N,(as), and
3. pe CNIN.(a1) but C N N,(ar)=0.
Thus, C € C,(A). Also,

1. C C B+s,

2. pE Ns(b1> M Ns(b2>, and

Thus, C' € Cs(B). Therefore, h(B,C) = s and h(A,C) = h(A, B)+h(B, C).
(An example of this can be seen in Figure 24)

Therefore, we can always find C' € H(R") such that h(A,C) = r and
h(C,B) = h(C,A) + h(A, B). O

Corollary 2. Let A and B be two point sets in H(R™) as described in the
beginning of the section. If d(a1,bs) > h(A, B), then

o for every s > 0 there exists C € H(R"™) such that h(B,C) = s and
h(A,C)=h(A,B)+ h(B,C), and

o for every r > 0 there exists C € H(R™) such that h(A,C) = r and
h(C,B) = h(C,A) + h(A, B).
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Figure 24: Example of Case 2

Therefore, if d(a;,by) > h(A, B), then the line defined by A and B is
complete. Next, we will deal with d(as,by) > h(A, B), and show that the
line is once again complete.

Theorem 11. Let A and B be two point sets in H(R") as described in the
beginning of the section. If d(ag,by) > h(A, B), then for every s > (0 there
exists C' € H(R™) such that h(B,C) = s and h(A,C) = h(A, B) + h(B, C).

Proof. Let A and B be two point sets in H(R") as described in the beginning
of the section. Also, let s > 0 and r = h(A, B) + s.

First, we need to note that since d(as, B) < h(A, B) either d(aq,b;) <
h(A, B) (which means that d(as,b;) = h(A, B)) or d(as,by) < h(A, B) (which
means that d(as, by) = h(A, B)). So, we have two cases to consider:

1. d(az,b1) = h(A, B) or
2. d(ag,b1) > h(A, B) (and thus d(as, by) = h(A, B)).

Case 1 d(az,b1) = h(A, B)
First, we want to define points p and m, which will eventually make up
C'. Since d(az,by) + s = r, Lemma 1 states that

ON, (az) NN, (b1) = {p}.
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Also, since d(ay, by)+s = r, Lemma 3 states that Ny(b;) € N,(a;). Therefore,

pE NT(CL1>.

Let m € c;b; such that d(ay, m) = d(az, ba)+d(by, m) (i.e. m is to the right of
by) and d(by, m) = s. Then d(az, m) = d(ag, by) +d(by,m) > h(A,B)+s =,
S0

m & N.(as).
AISO, d(m7 bl) Z d(mv a’?) - d(a27 bl) Z r—= h(Av B) = 8,80

m g Ns(bl)

Next, we want to show that m # p. We will proceed by contradiction.
Suppose m = p. Then

S

s
by = — " (g, —1p) = — = b,.
1=p+ a2 — 7] (ag —p)=m + (ag —m) 9

lag — m)|

However, since b; # by, we have a contradiction, and so m # p.

Let C' = {m,p}. Then

. CCA+r,

2. p€ N.(a1) N N,(as), and
3. p€ CNIN.(as) but C N N,(az) = 0.
Thus, C € C,(A). Also,

1. CC B+s,

2. pE Ns(b1>, m & Ns(b2>, and

Thus, C' € Cs(B). Therefore, h(B,C) = s and h(A,C) = h(A, B)+h(B,C).
(An example of this case can be seen in Figure 25)

Case 2 d(ag,by) > h(A, B)
Note that in this case d(ag,by) = h(A, B).

40



Figure 25: Example of Case 1

First, we want to define points p and m, which will eventually make up
C. Since d(az,by) + s = r, Lemma 1 states that

ON, (a) N ON, () = {p}.

Let m € c;bi such that d(ay, m) = d(az, b1)+d(by, m) (i.e. m is to the right of
b1) and d(by, m) = s. Then d(az, m) = d(ag, b1)+d(by,m) > h(A,B)+s=r,
S0

m g Nr(a2>‘

Also, d(m, by) > d(m,as) — d(ag,bs) >r — h(A, B) = s, so

m g Ns(b2>

In addition, since d(ay,b;) + s = r, Lemma 3 states that Ns(b) C N,(a1),
and so m € N,(aq).

Next, we want to show that m # p. We will proceed by contradiction.
Suppose m = p. Then

S S
blzm+—(ag—m):p+
|ag —m| |az — pl

(ag —p) = by.

However, since b; # by, we have a contradiction, and so m # p.

Let C = {m,p}. Then
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. CCA+r,

2. m € Ny(a1), p € N,(as), and
3. p€ CNIN.(as) but C N N,(az) = 0.
Thus, C € C,(A). Also,

1. CC B+s,

2. m € Ng(by), p € Ng(bo), and

Thus, C' € Cs(B). Therefore, h(B,C) = s and h(A,C) = h(A, B)+h(B,C).
(An example of this case can be seen in Figure 26)

Figure 26: Example of Case 2

Therefore, we can always find C' € H(R™) such that h(B,C) = s, and
h(A,C) = h(A, B) + h(B,C). O

Theorem 12. Let A and B be two point sets in H(R") as described in the
beginning of the section. If d(ag,by) > h(A, B), then for every r > 0 there
exists C' € H(R™) such that h(A,C) =r and h(C, B) = h(C, A) + h(A, B).
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Proof. Let A and B be two point sets in H(R") as described in the beginning
of the section. Also, let » > 0 and s = r + d(A, B).

First, we need to note that since d(as, B) < h(A, B) either d(aq,b;) <
h(A, B) (which means that d(as,b;) = h(A, B)) or d(as,by) < h(A, B) (which
means that d(as, by) = h(A, B)). So, we have two cases to consider:

1. d(az,b1) = h(A, B) or
2. d(ag,b1) > h(A, B) (and thus d(as, by) = h(A, B)).

Case 1 d(az,b1) = h(A, B)
First we want to define points p; and p,, which will eventually make up
C. Since r +d(ay,b1) = s and r + d(az, by) = s, Lemma 1 states that

ON,(a1) N ON(by) = {p1}

and
ON,(az) NONy(b1) = {p2}.

Next, we want to show that p; # p2. We will proceed by contradiction.
Suppose p; = po. Then,

r
4<b1 _pl) =p2+

(b — ) = as.
|bl_p1| (1 p2) 2

— i+
nem |01 — P2

However, since a; # ao, we have a contradiction, and so p; # po.

Also, we need to show that po & N,.(a1). We will proceed by contradiction.
Suppose that ps € N,(a;). Then, ps € ON(b1) N N,.(a1). However, Lemma 3
states that ONs(b1) N N,.(a1) = {p1}. This would mean that p; = ps, which

is a contradiction, and so

p2 & Ny(a1).
Since d(be, A) < h(A, B), we have two subcases to consider:

1. d(a1,by) < h(A, B) or
2. d(as, by) < h(A, B) (which means that d(as, bs) = h(A, B))

Case 1.1 d(ay,b2) < h(A, B)
In this case we want to show that p; € N,(by). Since d(aq,b2) < h(A, B) =
s—r, we know that r+d(as, by) < s. If r+d(ay, b)) = s, Lemma 3 states that
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N.(a1) € Ng(bo). If r +d(ay,be) < s, Lemma 4 states that N,(a;) C N(bs).
Therefore, N,.(a1) C Ny(by), and so

p1 € Ns(b2>
Let C' = {p1,p2}. Then

. CCA+r,

2. p1 € Ny(a1), p2 € Ny(az), and
3. p1 € CNIN.(ay) but C N N,(ar) = 0.
Thus, C € C,(A). Also,

1. C C B+s,

2. p1 € Ns(b1> ﬂNS(b2)7 and
3. p1 € CﬂaNs(bl) but C N Ns(bl) = @

Thus, C € Cs(B). Therefore, h(A,C) =r and h(C, A) = h(C, A) + h(A, B).
(An example of this case can be seen in Figure 27)

Figure 27: Example of Case 1.1

Case 1.2 d(ay, by) = h(A, B)
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In this case we want to show that py € Ns(bs). Since d(ag, b2) = h(A, B) =
s —r, we know that 7 + d(az, b2) = s. Then, Lemma 3 states that N,(a;) C

N, (b2). Thus,

P2 c Ns(b2>
Let C = {p1,p2}. Then

. CCA+r,

2. p1 € N.(a1), ps € N,(as), and

3. p1 € CNIN.(ay) but C N N,(ar) = 0.
Thus, C' € C,.(A). Also,

1. CC B+s,

2. pa € Ny(b1) N Ny(by), and
3. p1 € CﬂaNs(bl) but C N Ns(bl) = @

Thus, C' € Cs(B). Therefore, h(A,C) =r and h(C, A) = h(C, A) + h(A, B).
(An example of this case can be seen in Figure 28)

Figure 28: Example of Case 1.2

Case 2 d(az, b1) > h(A, B)
Since d(aq,b1) > h(A, B), we know that d(aq,by) = h(A, B).

45



First, we want to define points p and m, which will eventually make up
C. Since r + d(ay, b)) = s, Lemma 1 states that

ON,(a1) NON,(b1) = {p}-
—
Let m € byay such that d(by, m) = d(by, as) + d(az, m) (i.e. m is to the left of
as) and d(az, m) = r. Then, d(b;, m) = d(by, as)+d(az, m) > h(A, B)+r = s,
so m & Ng(by). Also, d(m,ay) > d(m,by) —d(by,a1) > s—h(A,B) =1, so

m & N.(ay).

In addition, since r + d(ag, b2) = s, Lemma 3 states that N,.(as) C N(bs),
and thus m € N,(by).

Next, we want to show that m # p. We will proceed by contradiction.
Suppose m = p. Then,

r r
a=p+—(b—p)=m+———
teb |51—JD|<1 P) b1

(b —m) = as.
— m|

However, since a; # ao, we have a contradiction, and so m # p.
Let C' = {m,p}. Then
. CCA+r,
2. pem,mem, and
3. pe CNIN.(a1) but C N N,(ar)=0.
Thus, C' € C,.(A). Also,
1. CC B+s,
2. pem,mem, and
3. p€ CNAIN,(b) but C N Ny(b) = 0.

Thus, C € Cs(B). Therefore, h(A,C) = r and h(C, B) = h(C, A) + h(A, B).
(An example of this case can be seen in Figure 29)

Therefore, we can always find C' € H(R™) such that h(A,C) = r and
h(C,B) = h(C,A) + h(A, B). O
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Figure 29: Example of Case 2

Corollary 3. Let A and B be two point sets in H(R™) as described in the
beginning of the section. If d(as,bs) > h(A, B), then

o for every s > 0 there exists C € H(R™) such that h(B,C) = s and
h(A,C) = h(A,B)+ h(B,C), and

o for every r > 0 there exists C € H(R™) such that h(A,C) = r and
h(C,B) = h(C,A) + h(A, B).

Therefore, if d(az, by) > h(A, B), our line is once again complete. Finally,
we want d(ag, b1) > \/(d(a1, a2))? + (h(A, B))2.

Theorem 13. Let A and B be two point sets in H(R™) as described in the
beginning of the section. If d(az,by) > \/(d(a1,a2))? + (h(A, B))?, then for
every s > 0 there exists C € H(R™) such that h(B,C) = s and h(A,C) =
h(A,B) + h(B,C).

Proof. Let A and B be two point sets in H(R"™) as described in the beginning
of the section. Also, let s > 0 and r = h(A, B) + s.

Since d(ay,b;) + s = r, Lemma 1 states that ON,(ay) N ONs(by) = {p}.
This also means that d(ai,p) = d(a1,b1) + d(b1,p) (i-e. p lies to the right of
B). We want to show that p € 9(A + r). However, first we need to simplify
our problem by moving from n-space into 2-space. We can do this by taking
our points a, ag, and b; and forming a plane with them. Then, we can set up
our coordinate system by making &;as into the y-axis, and the perpendicular
bisector of ajas into the x-axis. Also, we want to chose the orientation of our
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axes so that a; has a positive y-coordinate and allow for a reflection over the
y-axis so that b; has a positive z-coordinate. Then, the plane will look like
Figure 30. Denote the location of a; as (0,a), as as (0, —a), and by as (z,y)
where a,z € RT and y € R.

Note that in this case, it is possible for by to lie on &as to the left of ay.
If this happens, then just choose an arbitrary plane on which ai, a9, and by
all lie.

b1e (xy)

a2¢ (0,-a)

Figure 30: Plane formed by a1, a2, and by

Now, recall that \/(d(a1,a2))? + (h(A, B))? < d(as,b;). We can use this
fact to show that y > a. We will proceed by contradiction. Suppose y < 0.
Then

d(ag,b1) = /2?2 + (a +y)?
<Va?+(a—y)?

= d(CLl, bl)
— h(A, B)

< \/ (a1,a2))? + (h(A, B))?

However, this is a contractiction, since d(ag, b1) > /(d(a1,a2))? + (h(A, B))2,
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so y > 0. Now, suppose 0 < y < a. Then

d(as, b)) = /22 + (a +y)?
=22+ (2a+y — a)?
= /22 +4a2 +da(y — a) + (y — a)?
= /402 +daly —a) + 22 + (y — a)?
< \/4a®+ 12+ (y — a)?
= a4, B

However, this is a contradiction, since d(as, by) > v/(d(a1, a2))? + (h(A, B))?,
SO Yy > a.

—
We also need to note that since p lies to the right of b; on a;b;, we know
that p is on the plane formed by a1, as, and b;. The point p’s location is
illustrated in Figure 31.

7
Pv///
b1, (f.g)
al|(0,a) b1 p i r//// (x.y)
) (xy) (t9) ~J(0.a)
a2 ¢ (0,-a) a2¢ (0,-a)

Figure 31: The location of p on the plane

Next, we want to show that p € d(A+7). Let p = (f, g). Then d(as,p) =

VP H(a+g? > P+ (g—aP = d(ay,p) = r. Thus, p & N,(az), which
means that p € 0(A +r).
Finally, we want to show that N(by) C N,(ag). Since

d(ag, bl) > \/(d(&l, &2))2 + (h(A, B))2 > h(A, B),

49



we know that d(as, bs) < h(A, B) = r— s, which means that d(ag, bs) +5s < 7.
If d(ag, bo)+s = r, Lemma 3 states that Ns(bs) C N,(aq2). If d(ag,bo)+s <,
Lemma 4 states that N,(bs) C N,(as). Therefore N,(by) C N,(as). Note that
this means that p & Ny(b2), and so

p € O(B+ s).

Let C' = {m, p}, where m € N,(by) (note that m # p, since p & N,(as)).
Then

. CCA+r,

2. p€ N,.(a1), m € N,(az), and
3. peIA+r).

Thus, C' € C,.(A). Also,
1. C C B+s,

2. pE Ns(b1>, m & Ns(b2>, and
3. p€d(B+s).

Thus, C' € Cy(B).
Therefore, h(B,C) = s and h(A,C) = h(A, B) + h(B,C). O

Theorem 14. Let A and B be two point sets in H(R") as described in the
beginning of the section. If d(ay,by) > +/(d(a1,a2))? + (h(A, B))?2, then for
every r > 0 there exists C € H(R™) such that h(A,C) = r and h(C,B) =
h(C,A) + h(A, B).

Proof. Let A and B be two point sets in H(R"™) as described in the beginning
of the section. Also, let 7 > 0 and s = r + d(A, B).

First, we want to define points p and m, which will eventually make up
C (pictured in Figure 32). Since r = d(ay,b1) + s, Lemma 1 states that

ON, (a)) N ON,(b1) = {p}.

Let m € [TCL; such that d(b;,m) = d(by, as) + d(az, m) (i.e. m is to the left of
as) and d(as, m) = r. Then d(by,m) = d(by, az) +d(az, m) > h(A, B)+r = s,
S0

m g Ns(bl)
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Figure 32: Example of p and m

Also, d(m,a1) > d(m,b1) — d(b,a1) > s — h(A,B) =1, s0
m & N.(ay).

Finally, since d(ag,b1) > \/(d(a1,a2))? + (h(A, B))? > h(A, B), we know
that d(ag,b2) < h(A, B) = s — r, which means that r + d(as,bs) < s. If
r + d(as, by) = s, Lemma 3 states that N,(as) C Ny(by). If r + d(as, by) < s,
Lemma 4 states that N,(az) € Ny(bs). Therefore, N,.(az) C N,(by), and so

m & Ns(bg)

Next, we want to show that m # p. We will proceed by contradiction.
Suppose m = p. Then,
(b= p) =m A (b~ m)
ar=pPT o\t —=p)=MmMT ———\01 — M) = a.
b1 — pl b1 — m|

However, since a; # ao, we have a contradiction, and so m # p.
Let C' = {m,p}. Then

. CCA+r,

2. p € N,(ay), m € N,(as), and
3. pe CNIN.(a1) but C N N,(ar)=0.
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Thus, C € C,(A). Also,
1. C C B+s,

2. pE Ns(b1>, m & Ns(b2>, and

3. pc an 3]\75(61) but C'N Ns(bl) = @

Thus, C' € Cy(B).
Therefore, h(A,C) =r and h(C, B) = h(C, A) + h(A, B). O

Corollary 4. Let A and B be two point sets in H(R™) as described in the
beginning of the section. If d(ag,by) > \/(d(ay,a2))? + (h(A, B))?, then

o for every s > 0 there exists C € H(R"™) such that h(B,C) = s and
h(A,C)=h(A,B)+ h(B,C), and

o for every r > 0 there exists C € H(R™) such that h(A,C) = r and
h(C,B) = h(C,A) + h(A, B).

Thus, if d(az, b)) > v/(d(a1,a2))? + (h(A, B))?, we yet again have a com-
plete line. Therefore, only lines that satisfy the three requirements are ray
like. This is summed up in the final corollary.

Corollary 5. Let A and B be two point sets in H(R™) as described in the
beginning of the section. Then there exists a z € RY such that

1. if C € H(R™) and h(A,C) = h(A, B) + h(B,C), then h(B,C) < z,

2. for every 0 < s < z, there exists C € H(R"™) such that h(B,C) = s and
h(A,C)=h(A,B)+ h(B,C), and

3. for every r > 0, there exists C € H(R™) such that h(A,C) = r and
h(C,B) = h(C,A) + h(A, B).

if and only if
° d(CLl,bg) < h(A B),
o d(ag,by) < h(A, B), and

L] d(ag, bl) < \/(d(&l, CLQ))Q + (h(A, B))2
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6.4 Specific z

It is also interesting to note that we create a line with any value of z that we
want, as long as z > 0. To do this, we must first find a formula relating z to
the y-coordinate of b;. Let us start with A and B as in Figure 33. So,

ale (0,a)

bie (xy)

b2| (0,0)

az2e (0,-a)

Figure 33: A and B for our specific z

o A = {aj,az} where a; = (0,a) and ay = (0, —a) where a < h(A, B)
and

e B ={by,by} where by = (z,y) and by = (0,0) where 0 < y < a.

We also want d(aq, b;) = h(A, B). Note that A and B fulfill the conditions
of Theorem 7, so we know that the line will stop z units to the right of B.
Recall that z is the distance from by to the intersection of crbl) and the x-axis.
Then, due to similar triangles (refer to Figure 34)

h(A, B)+z a

h(A,B)  a-vy

Solving for z shows us that

h(A, B)y

a—y
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QO
4\<4‘
o
=
o
X

7

a2=(0,-a)

Figure 34: Similar Triangles

Note that z does not depend on z, and so we can change ¥ in anyway we need,
and just change x accordingly. Since 0 < y < a we can find the bounds on z.
If y — 0, then z — 0; and if y — a, then z — oo (Note that when we change
y, we also have to change = to preserve the fact that d(ai,b1) = h(A, B)).
So, we can see that z > 0, which makes sense, since z is a distance.

Next, we want to show that we can form a line with any given value for
z. Assume we want z = zy, where zg > 0. Then, we can pick any value for
h(A, B) > 0 (Note: h(A, B) # 0 because then A = B and we cannot define a
line with one point) and we can pick any a < h(A, B). Then, if y = %,
we can show that y has the correct bounds, because

0< il =a 0 <a
“ WA B)+z2  WAB)+z
Also, then
h(A7 B) h(A?é(;_;_z() h(A, B)GZO
Z = = = ZO

0= yAB . h(A, B)a+ azy — azp

which is exactly what we wanted. Finally, in order to assure that d(as,b;) =
h(A, B) we need to pick = = \/(h(A, B)2 — (a — y)%
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Now, since our points A and B fulfill the conditions of Theorem 7, we
can find points on AB up to z units to the right of B, but no further.

7 And Beyond...

Through our study of the geometry of H(R™), specifically our focus on lines
defined by two point sets, we have found many surprising and astonishing
properties of lines in H(IR™). Of these, the most intriguing find was that lines
in H(R™) can act like rays under certain conditions. This was something that
we never expected to find.

However, there are still many questions left unanswered, and conjectures
left unproven. These questions and conjectures we leave open to further
research.

1. In the lines defined by two point sets A and B, there is at least one
a € A and one b € B such that d(a,b) = h(A, B). Therefore, there
exists at least one p as described in Lemma 1, and at most four p’s (if
d(ay,b1) = d(ay,be) = d(az,b1) = d(as,bs) = h(A, B)). If we collect
together all the p’s formed by A and BA)O create the set P, then we
conjecture that if C € H(R") and C' € AB, then C N P # (.

2. What do lines formed by sets with a finite number of points, but more
than two points, look like? Can we still always find the segment AB,
and can the lines be classified as ray-like or complete?

3. How do the lines defined by two point sets intersect? Is there a way to
extract an incidence geometry?

4. A study has also been done on lines in H(R") formed by the general
sets A and B (where there were no restrictions put on the number of
points in A or B). Can the research done on lines defined by two point
sets be connected to the research done on lines defined by general sets?

5. Can we begin to form shapes in H(R")? How would the shapes be
defined (especially since lines in H(R™) can be ray-like)? Is it possible
to create angles?
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