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Abstract

The Hausdor metric h gives us a method of measuring the distance between non-empy
compact subsets ofn-dimensional Euclidean space. Unlike the Euclidean concep of betweenness,
there is not necessarily a unique set at each location betwea two other sets in the Hausdor
metric geometry. A con guration de nes two sets (in nite or  nite) for which it is possible to
have a nite number of elements at each location between sets. We will rst consider in nite
and nite sets for which it is possible to have a nite number o f sets at each location between
two sets, noting that there is no con guration with exactly 1 9 elements at each location between
two sets. We will conclude by connecting the number of sets at each location between two sets,

making up speci ¢ nite con gurations, and Fibonacci numbe rs.

1 Introduction

In this paper we will be discussing the geometry imposed on the collection of non-empty compact
subsets of R", which shall be denoted H(R"), by the Hausdor metric, h. To gain a better
understanding of the Hausdor metric, and in fact, to unders tand what it means for subsets of
R" to be compact, we must become acquainted with some basic idea in topology. Following

the introduction to topology we will discuss the Hausdor me tric in more detail.

2 Topology

We de ne a topology in the following manner:

De nition 2.1. Let X be a set of points. A collection of subsetsU = fU : 2 Ig, where

U X forall 21, forms a topology on X if
S 0
1. ,,0U 2U forany I I

2. The intersection of any nite number of sets U in the collection U is another set in U.
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3. Both the empty set; and the whole spaceX must be in U.
Then (X; U) is called a topological space and the setd) in the collection U are called open
sets. A setC is closed if its compliment X  C is open.

Example 2.1. Recall that the Euclidean distance between two pointsa;b 2 R", where a =
(ag;an) and b= (g by), is dened by ja by _P (a1 b))%+ :+(an b))% AsetUin

R" will be open if given any a 2 R, there is a real number > Osuchthatfx 2 R" : jx aj< ¢

is contained in U.

This de nes the usual topology on R".

Example 2.2. Suppose we de ne a setU in R to be open if given anya 2 R, there is a real
number > Osuchthatfx: jx aj< gis contained in U, orif U= flgor U= f2g

This does not de ne a topology on R because(1;2) [f 1g[f 2g = [1;2] is not an open set
which violates the rst condition of De nition 2.1.

Example 2.3. The set A = (0;1) is open in the usual topology while the setB =[0; 1] is closed
because its compliment,B°=( 1 ;0)[ (1;1 ), is open. Some sets, like[0; 1), are neither open
nor closed.

Here we introduce some useful terminology, open cover. A collecton = fU : 2 1g,
where | is an index set, of open sets in a topological spaceX is said to be an open cover of a
subsetA X if A2 S o1 U . A subcover of an open cover is any subfamily fU : 2 1° g
of where A2 510U [1, 3]. This allows us to de ne what we meant by \compact" sets in
the introduction.

De nition 2.2. A subset A of a topological spaceX is compact if given any open cover of
A, there is a nite subcover, ©° , of A.
Topololgy extends the notion of a continuous function to con texts in which the limit version

doesn't make sense [3]. This motivates the following de nit ion of continuity.
De nition 2.3. A function f : X ! Y is continuous, where X and Y are two topological
spaces, if given any open setU in Y, then the inverse imagef *(U) in X must be open.

We will now give one more de nition, a statement of the Heine- Borel Theorem from [3], and
conclude our discussion about topology with the idea of indu ced, or subspace, topology which
will be useful to us in Section 4.

De nition 2.4. A subset A is bounded in R" if there is some xed r 2 R such that for all
X2 A, jxj<r.

Theorem 2.1. (Heine-Borel) A subset A of R" is compact if and only if it is closed and
bounded.

For example, consider the set A = [0;1] 2 R. This set is both closed and bounded and by
Theorem 2.1 A is also compact, that is, for every open cover of A, there exists a nite subcover.
De nition 2.5. Let A be a subset of a topological spac€X;U). Then the induced topology on
Ais the collection, Ua = fU\ A:U 2 Ug.

Example 2.4. Let X = fa;b;c;d;eg and U = f; ;X; fa;c;dg;fa;cg;fc;dg;fcgg. If A =
fa;c;eg, then the induced topology on A is Ua = f; ;A;fa;cg;fcgg. The subsets of Un are

relatively open sets with respect to the topology ofX .



3 Hausdor Metric

A metric is a way of measuring distance between objects in space. We want the mathematical

de nition of this measure to agree with our natural sense of d istance. That is, if we have objects
A and B in some spaceX we would expect the distance from A to B to be the same as the
distance B to A. Itis also natural to think of distance as always positive, o r zero if A and B are
in the same location. Lastly, if we place an intermediate obj ect, C, on our path between A and
B, the distance through this new path will be greater than or eq ual to the distance between A
and B, and the paths are equal if C lies on the original path from A to B. We now formalize

this notion in the next de nition.
De nition 3.1. Let X be a set. A functiond : X X ! R is a metric on X if for all
Xy;z 2 X,

1. d(xy) = d(y;x)

2. d(x;y) 0 with equality if and only if x =y

3. d(x;z)  d(x;y)+ d(y;z).

Notice that the Euclidean distance function in Example 2.1 i s a metric on R". The Euclidean
metric is just one of many metrics and this paper will focus on what is called the Hausdor
metric. The Hausdorf metric was introduced in the early 20th centry by Felix Hausdor as a
way to measure the distance between sets [4]. Speci cally, the Hausdor metric measures the
distance between non-empty compact subsets ofR". We will denote the collection of these sets
by H(R").

De nition 3.2. Let A and B be elements inH(R").

If x 2 R", the \distance" from x to B is
d(x;B) = nt;lzll’éde (x;b)g

where de is the usual Euclidean metric.
The \distance" from A to B is
d(A;B) =max fd(x;B)g:
X2A
This is not yet a metric as described in de nition 3.1 because d(A;B) isn't necessarily

equal tod(B;A) as illustrated in Figure 1.

The Hausdor distance , h(A;B), betweenA and B is
h(A;B)=max fd(A;B);d(B;A)g:

In order to guarantee that the Hausdor distance function is always de ned, we need to
know that the smallest distance from any pointin R" to a set B 2 H (R") exists, more formally
Theorem 3.1. Given any x 2 R" and any setB 2 H (R"), the set fde (x;b) : b2 Bg contains
a minimum value.

Example 3.1. Suppsex =1 and B = fx:4 x 189 on R, the real number line. Then

minfde (x;b) : b2 Bg =3 since the smallest distance fromx to some point in B is de (1;4) = 3.
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Figure 1: Here we have d(B;A) <d (A;B):

The proof of Theorem 3.1 given in [5] relies on De nition 2.3 a nd Theorem 2.1 to show
that this minimum value does exist. We are interested in the e xistence of this minimum value
because if it always exists from any point x 2 R" to any set B 2 H (R") then the distance
between any two sets A;B 2 H (R") exists. This means that Hausdor distance between any
two sets A;B 2 H (R") is always de ned and we are able to show that the Hausdor dis tance

function is a metric on H(R").
Theorem 3.2. The Hausdor distance function, h, as de ned in De nition 3.2 is a metric on

H(R").

Proof. Let A;B;C 2H (R").

The Hausdor distance function is symmetric because

h(A;B)=max fd(A;B);d(B;A)g
=max fd(B;A);d(A;B)g

= h(B;A):

Now we show that h satis es the second condition of a metric given in De nition 3.1

From the Euclidean metric we know that if x 2 A, then d(x;B) = min n,2gfde (X;b)g O,
sincede (x;b) O forall b2 B. So,d(A;B) =max x2afd(x;B)g 0. By a similar argument
d(B;A) 0O, thus h(A;B)=max fd(A;B);d(B;A)g 0.

Supposeh(A;B) =0, then

h(A;B) =max fd(A;B);d(B;A)g=0;
S0 it must be that
d(A;B)=0= d(B;A):

We have d(A;B) =max x2afd(x;B)g=0, soforall x2 A, d(x;B)=min pgfde (x;b)g =0.
If min 25 fde (x;b)g = 0 then for any x 2 A there exists a b’ 2 B such that de (x;b% = 0. It
follows that x = K’ thereforex 2 B and A B. Likewise, sinced(B;A) = max y2g fd(y;A)g=0
we have d(y;A) = min a2afde (y;a)g = 0. So, for any y 2 B, there is somea® 2 A such that
de (y;a) = 0. This means that y = a’thusy2 A and B A. Therefore, A = B.



Now supposeA = B. If we let x 2 A then x 2 B and de (x;x) = 0. This gives us

d(x;A) =min fde (x;a)g
a2A

=0

Tzlréde (x;b)g

= d(x;B):
Therefore,
d(A;B) =max fOg
=0
= d(B;A):
soh(A;B)=0.

We conclude by showing that h satis es the third condition in De nition 3.1.
The triangle inequality,
de (a;c)  de(a;b) + de(b;0);

holds for any a2 A;b 2 B;c 2 C. Without loss of generality, suppose d(A;C)
choosea®2 A:h°2 B;c®2 C such that

d(@%C)= h(A;C)
de (3% 0% = d(a’B);
de (0% % = d(”;C):

Then,
de (@%c)  de (%) + de (K%Y

with the appropriate substitutions into 3.1 gives
de (%) d(a%B)+ d(b’C):
By De nition 3.2,

h(A;C) = d(@%C) = min f de (@%c)g de(@%cY;
C

d(C;A) and

(3.1)

(3.2)

d(a’B) maxfd(x;B)g = d(A;B) h(A;B);

d(H:C)  maxfd(y;C)g= d(B;C) h(B;C):

Therefore, we can substitute these new values into 3.2 to obtain,

h(A;C) h(A;B)+ h(B;C):



Figure 2: Four elements at each location betveen A and B.

4 Finding Elements Between Sets

In Euclidean geometry, we know that given points a;b2 R", there exists a unique point ¢ 2 R"
such that de (a;b) = de (a;c) + de(c;b and we say c lies a distancet = de (a;c) from a and
s= de (c;b) from b. In the Haudsor geometry, however, given sets A;B 2 H (R") it is possible
to have more than one set C 2 H (R") such that h(A;B) = h(A;C)+ h(C;B). In fact, as we
will see in the examples that follow, it is possible to have a nite humber of elements at each
location between two sets, and even an in nte number of elements.

The next part of our discussion will address the question of when we can nd a nite
number of elements C 2 H (R") at every location between two sets A;B 2 H (R"). Just as in
the Euclidean geometry, when we say an elementC 2 H (R") lies between setsA;B 2 H (R") we
mean that the relationship, h(A;B) = h(A;C)+ h(C;B) holds. We will use the notation ACB
to indicate that C lies betweenA and B. In the next de nition we formalize what we mean for

more than one element to be in the same location between two sds.

De nition 4.1. Let A;B 2 H (R"). The elementsC 6 C°2 H (R") are said to be at the same
location between A and B if C and C° satisfy ACB and AC°B with h(B;C) = h(B;C% = s for
some0O<s<h (A;B).

The example in Figure 2, consisting of the sets A = faj;az;asg and B = fhy; bp; bsg,
illustrates how it is possible to have more than one element at a given location between two
sets. In this case, the setsfci; c;C3;Ca;Cs50, fC1;C3;Ca;Cs50, FC1;C2;C3;C50, and fcp; cs;csg are all
at the same location between A and B.

If for sets A;B 2 H (R") it is true that
h(A;B) = d(b;A)= d(a;B)=r forall a2 A and b2 B;

we say that the sets A and B satisfy the PFAEL (Possibly Finite At Each Location) condit ions.
A set X = A[ B where A and B stasify the PFAEL conditions is called a con guration . If
both A;B 2 X are nite sets, then X is a nite con guration . If either A2 X orB 2 X is
an in nite set, then X is an innite con guration . As the following examples illustrate, the

PFAEL conditions are necessary but not su cient to guarante e that there are a nite number

of elements at each location between setsA and B. We call asetY X a subcon guration of
X if Y is a con guration.

The example in Figure 2 is a nite con guration because the se ts A and B are nite sets. In
Figure 3, the sets A, the union of the point at the center of the gure and the outer bold circle,

and B, the inner bold circle, are in nite and therefore form an in  nite con guration. Because
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Figure 3: An in nite con guration with an in nite number of elements a t each location between A and B.
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Figure 4: An in nite con guration with nine elements at each location btween A and B.

they are con gurations, both the examples in Figures 2 and 3 satisfy the PFAEL conditions,
however, as observed above, Figure 2 has a nite number of elenents (four) at each location
between A and B; there are an in nite number of elements at each location bet ween setsA
and B in Figure 3 since the largest element C, between A and B, consists of the union of the
two thin circles and there are an in nite number of non-empty compact subsets C°, consisting
of any nonempty compact subset of inner thin circle united wi th the outer thin circle, which
satisfy ACB.

It is possible for an in nite con guration to have a nite num  ber of elements at each location
between sets. This is illustrated in Figure 4 where A consists of the union indicated line segments
and single point and B is the union of the indicated line segments and single point. There are
nine elements at each location betweenA and B that are subsets of the largest set C which is

the union of the light colord line semgents and points.

We now give the following de nition of the extension of a set b ecause the idea is useful in
identifying where a set C 2 H (R") must be located in order to satisfy ACB where A;B 2 H (R")
satisfy the PFAEL conditions.

De nition 4.2. The extension of the setA 2 H (R") by the real numbert > 0 is the set
A+t=1fx2R":de(x;a) t forsomea?2 Ag:

We will now set the convention that, if 0 <s<r andt=r s,thenC=(A+1t)\ (B + s).
Then we know h(A;C) = t and h(B;C) = s, in addion to the result that C=(A+t)\ (B +s)
is the largest possible set that satsies ACB and therefore if a set C° satises AC®B then it
must be true that C° C as shown in [2].

Since we know where to locate setsC that satisfy ACB at a given location, what can we



say about the number of sets C° C such that ACB is satis ed at a given location? The next

de nitions give us the tools to answer this question more pre cisely.

De nition 4.3. Let A;B 2 H (R") satisfy the PFAEL conditions and let x 2 A, y 2 B. The
point x is said to be adjacent toy, denoted x my, if de (x;y) = h(A;B).

De nition 4.4. Let A;B 2 H (R") satisfy the PFAEL conditions and let a 2 A. The adjacency

set, [a]c, is de ned as the setfc2 C :cmag. Let [A]c denote the setf[alc : a2 Ag.
De nition 4.5. Let A;B 2 H (R") satisfy the PFAEL conditions.

let g :C! [Alc be dened byaga(c) =[a]c wherec?2 [a]c.

let gg :C! [B]c be dened bygs (c) =[blc wherec2 [blc.

Example 4.1. If we return to our con guration in Figure 2 we see that

[ai]lc = faug;
[az]lc = fc2;C3;Ca0;

[b2]c

fca;cs0:

In addition, we have

da (1) = [ailc;
Oa(C2) = da(Cs) = da(Cs)=[az]c;
Gp (Ca) = [bp]c:

For a proof of Lemmas 4.1 and 4.2 (below) and that both g» and gg are well-de ned and
surjective functions see [7]. Also notice that from Example 4.1 it is not necessarily true that ga

and gg are bijective.

Lemma 4.1. Let A;B 2 H (R") satisfy the PFAEL conditions and C° satisfy AC% with C°
(A+t)\ (B+5s). If ag 2 A, then [ag]co 6 ;.

Lemma 4.2. Let A;B 2 H(R") satisfy the PFAEL conditions. If C° C, then h(A;C)
h(A;C9.
Lemma 4.3. Let A;B 2 H(R") satisfy the PFAEL conditions and let U 2 Uc. If for all

[alc 2 ga (U) there exists c 2 [a]c such that c 62U and for all [blc 2 gg (U) there existsc 2 [blc
such that c 62U, then the setC°= C U satises AC’B.

Proof. Let A;B 2 H (R") satisfy the PFAEL conditions and U 2 Uc.

SupposeU = ;. Then C°= C U = C which satises ACB.

Suppose now, that U 6 ; and for all [a]c 2 ga (U) there exists ¢ 2 [a]c such that ¢ 62U and
for all [blc 2 gs (U) there exists ¢ 2 [bjc such that ¢ 62U.

First, notice that the set C°= C U = C\ U°® is closed since it is the intersection of two
closed sets. Further, C%is bounded because it is a subset of a bounded set, thu€C®2 H (R").

Foreacha 2 A, if [a]c 6204 (U), then there exists ¢ 2 [a]c such that c 62U by Lemma 4.1. If
[alc 2 ga (U), then there exists ¢ 2 [a]c with ¢ 62Uby our initial assumption. So, for all a2 A

there exists ¢ 2 [a]c such that ¢ 62U; in other words, ¢ 2 C%= C U. Therefore, forall a2 A,



amc for somec2 C%°sod(A;C?% t. We already know d(C%A) = t becauseC® C, and for
all c2 C, de(c;a) tfor somea 2 A. Further, by Lemma 4.2, t = h(A;C) h(A;C% and
since h(A; C% = max fd(A; C9;d(C%A)g it must be true that h(A;C% = t.

A similar argument shows that h(B;C? = s therefore C° satis es AC’B. O

If A;B;C 2 H (R") satisfy the PFAEL conditions, we will henceforth use to de note the
collection of sets U C such that U 2 Uc with the property that

1. for all [a]c 2 ga (U) there exists ¢ 2 [a]c such that ¢ 62U and
2. for all [blc 2 gs (U) there exists ¢ 2 [blc such that c 62U.

We will also let K = fC°: C°satises ACBg, the set of all possible elements at each location
between A and B. We say that #( X ) = jKj in order to indicate the number of elements at each
location between two sets in a con guration X . The next theorem shows that j j is also equal

to #( X ) from the relationship between the set and the set K.

Theorem 4.1. Let A;B 2 H(R") satisfy the PFAEL conditions. The mapping f : ! K
dened by f (U)= C U is a bijective function.

Proof. SupposeA;B 2 H (R"). First note thatif U 2 then f(U)= C U 2K by Lemma
4.3. Itis also easy to see thatf is well de ned.

Let C°2 K. Then, C° C and satises ACB.

If C°= Cthenlet U= ; andf(U)=C U=C=C% IfC’°8 Cthenlet U=C C°
Since C% s closed, C* is open, which meansU = C C°= C\ C% 2 Uc. Also, becauseC®
satises ACB andC C =(A)\ (B)s, by Lemma 4.1, [a]co 6 ; for all a2 A. Therefore, for
all [alc 2 oa (V) there exists ¢ 2 [a]c such that ¢ 2 C° and hencec 62U. Note that a similar
argument holds for for all [blc 2 g (U). Therefore, f is surjective. Supposef (U) = f (V) for
someU;V 2 . Thenwe have C U= C V thusU =V sof is injective. Therefore, f is a

bijective function. O

Thus we have shown, for a con guration X = A[ B where A;B 2 H (R") satisfy the PFAEL
conditions, that #( X )= jKj = ].

Corollary 1. If j j=1 then = fg

Proof. Supposej j=landthat U2 where U6 ;. Thenf(U)= C U= C°whereC®6 C.
However, both C;C°2 K and sojKj = 2. However, f is a bijection so j j = 2 which violates

our assumption therefore it must be true that U = ;. O

5 Innite Con gurations

When we have an in nite con guration X satisfying the PFAEL conditions, it is possible that

there are k 2 N elements C 2 H (R") at each location between setsA;B 2 X. The question
arises then, if there are a ninte number of elements at each location between A and B in an
in nite con guration, then is it possible to nd a nite con guration with the same number
of elements at each location? |If this is possible, then if k 2 N elements cannot be found at

each location between two nite sets A and B, like 19 [4], then it is impossible for an in nite



con guration to have k elements at each location between two sets as well. Therefoe, we are

interested in nding a way to write any in nite con guration as a nite con guration.

Finite Con guration Construction Algorithm 1. (Finite Con guration Construction Al-

gorithm) Let X = A[ B be an in nite con guration where 2 j j k such thatk 2 N. Also,

let
Qa = flalc :[alc 2 ga (V) for some U 2 g with jQaj = |
Qs = f[blc : [blc 2 gg (U) for some U 2 g with jQgj = m.
A nite conguration Xg = Y [ Z corresponding to X can be constructed in the following
manner:
1. For each [ai]lc 2 Qa (Wwherel i 1), place a pointy; 2 Y. Similarly, for each [B]2 Qs
(wherel j m), place a pointz 2 Z.
2. For each [ai]lc 2 Qa (where 1 i ), if there exists at least one point ¢ 2 [aj]c such that

czU forany U2 , place an endpointzy, 2 Z and makey; 2 Y adjacent to zy, .

3. Foreach [B]lc 2 Qs (where 1 j m), if there exists at least one point ¢ 2 [ ]c such

that c2 U forany U 2 , place an endpointy; 2 Y and makez 2 Z adjacent to y; .

4. For each c 2 [aj]c, if cisin U for some U 2 , make y; adjacent to the z; 2 Z which

corresponds to thely 2 B such thatc2 [b]c.

We need to know that it is always possible to build the kind of ¢ on guration described in the
Con guration Construction Algorithm  and this motivates the next theorem, a proof of which

can be found in [8].
Theorem 5.1. Given ; 2 N, we can create a con guration X consisting of setsA and B in
R *2 with
IAj =
iBj=
Every element in A is adjacent to a speci ed non-empty subset of elements inB (with
every element in B adjacent to at least one element in A)
A and B satisfy the PFAEL conditions

Now that we have a way to construct a nite con guration corre sponding to any in nite
con guration with a nite number of elements at each locatio n between A and B, we are ready
to say that the number of elements at each location in the in n ite con guration is conserved by

the algorithm. More formally, we want to say that

Theorem 5.2. If X = A[ B is anin nite con guration where 2 j j ksuchthatk 2 N, then
if X¢ is the corresponding nite con guration constructed from t he Con guration Construction

Algorithm then j j=j fj.

The proof of this can also be found in [8].

In [4], the authors obtain the surprising result that

Theorem 5.3.  There is no nite con guration X such that #( X ) =19.

10



This fact, combined with the fact that every in nite con gur ation, X, can be written as a

nite con guration, Xg, and #( X) =#( Xg), it follows directly that

Theorem 5.4. There is no con guration X, in nite or nite, such that #( X) =19.

6 Counting Techniques for Some Specic Con gura-
tions

In this section we will look at some special con gurations an d an operation introduced in [4].
The speci c con gurations we will be considering are m-strings, denoted Sy, where m indicates

the length of the string. For example, we have Sg

where the collection of 's is the setA and the collection of 's is the setB. The lines
indicate where there is a possible element 2 C at each location betweenA and B. We
give a point a location based upon it's position in the string The rst point on the left
is the 15'point, the second at the 29, and so on.

The adjoinment operation we will be using is denoted by and for our purposes here

will be used only to adjoin strings to strings. If we considerSg f S1[3]; S2[4]9

we can see that the number in the square braces, like the 3 i8,[3], indicates the position
on the \base string", in this case Sg, to which the new string should be attached.
We begin by making some observations about endpoints and threwe will introduce

a counting technique for speci ¢ kinds of adjoinments of stings.

6.1 Endpoints

In this section we will discuss some interesting propertie®f endpoints. These properties
will be useful in the following section. We begin, naturally, with the de nition of an

endpoint.

De nition 6.1. If a con guration X de nes setsA and B, then we say that the point

a2 A is an end point if there is a uniqueb’2 B such thata m ",

Theorem 6.1. Let X be a con guration de ning sets A and B where C satis es ACB.

If there existsc 2 [a]c \ [blc for somea2 A and someb?2 B, then cis unique.

11



Proof. Suppose there existx 2 [a]c \ [blc and that ¢ is not unique. Then, there exists
2 [a)c \ [blc such that c6 c® Sincec®?2 [a]c we know that c®m a thus dg (a; ) = t
and similarly, c®2 [blc soc®m b and de (b;® = s. Further, since ¢ 2 [a]c \ [0c, the
same reasoning gives thatls (a;¢) = t and dg (b; 9 = swheres+t = de (a;h). Therefore
we conclude thatc and c® are at the same location on a Euclidean line sa = ¢® which is

a contradiction, therefore ¢ must be unique. O

The following are two consequences of the previous theorem.

Corollary 2. Let X be a con guration de ning sets A and B where C satis es ACB.

If a2 A is an endpoint, thenj[alcj=1.

Proof. Supposea 2 A is an endpoint. We knowj[a]cj & 0 becausea m b’ for exactly one
’2 B sincea is an endpoint. Therefore, there existsc 2 [a]c \ [IYlc and c is unique by

Theorem 6.1 so it must be true thatj[a]cj = 1. O

Corollary 3. Let X be a con guration de ning sets A and B where C satis es ACB

andc2 U forany U2 . If c2 [a]c for somea2 A, then a is not an endpoint.

Proof. Supposec 2 [a]c and a is an endpoint, then there is a uniquek’ 2 B such that
am . This means that ¢ 2 [a]c \ [Yc and sincec is unique by Theorem 6.1, there is

no other c®2 [a]c such that c® 62U, but this means ¢ 62U which is a contradiction. [

Corollary 4. Let X be a con guration de ning sets A and B where C satis es ACB.

If a2 A is an endpoint andc 2 [a]c, then c 62U for any U 2

Proof. Supposea 2 A is an endpoint andc 2 [a]c. If ¢ 2 U then there must exist
c® 2 [a]c such that c® 62U. However, by Corollary 2 we know that j[a]cj = 1 so ¢ = ¢°

and c®2 U which is a contradiction. O

We will see that Corollary 4 will be important for our countin g technique in the
following subsection. We conclude the current subsection ith a proposition based on

some observations made by the author.

Conjecture 1. Let X be a nite con guration de ning sets A and B where C satis es
ACB. If [alc 2 ga(U) and [bc 2 gs (V) for some U;V 2 and there existsc 2
[alc \ [blc, then c2 W for someW 2

At this point, the author can only suggest that the proof of th is conjecture must rely
on the fact that the con guration is nite. For example, in Fi gure 5, the setsA and B
are the unions of the indicated line segments and single pois, and C, the remaining
thin lines and singles points. Both falc 2 da(U) and [blc 2 og (V) for some U;V 2 ;
we can also see that, 2 [ai]c \ []c. However,c, 62N for any W 2 because C ¢,

is not a compact set.
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Figure 5: x must be a nite con guration.
bo
X1i—ap—Xo2

Figure 6: The conguration X .

6.2 Multiplicative Property of Con gurations

In [4] it is observed that if two con gurations X; and X, with h(A1;B2) = h(A2;B2) = r
where #(X 1) = k and #( X,) = | for somek;| 2 N are more thanr units apart (that is,
neither con guration shares any adjacencies), then forX = X;[ X, we have #(X) =
#( X1)#( X2). With this in mind, consider the next de nition.

De nition 6.2. Let A;B 2 H (R") satisfy the PFAEL conditions. If X; = A;[ B; and
X2 = Ay [ By such that for all a; 2 Ay, a; BB for any b} 2 B, and for all by 2 By,

by B a) for any a9 2 A, then we say thatX; and X, are disjoint con gurations.
Now we will look more closely at the multiplicative property of disjoint con gurations.

Theorem 6.2. Let X = X1 [ X2 [f ap;bpg be a nite con guration, where the sets X;
and X, are disjoint con gurations, ap, m by wherehy is an endpoint, ag m b for a unique
B 2 X; and ag m B for a unique B 2 X4, and ap fy for any othery 2 (X f ©f;q).
Also let X%= X9[ X9 where X9 = X [f a;;bmg and X9 = X, [f ay;bg are disjoint
con gurations, a; m by, whereb, is an endpoint, a, m b, whereb;, is an endpoint, a; m b
for the unique B 2 X, from above witha; fy; for any y; 2 (X1 f ©)g), and a, m
for the unique B 2 X, from above witha, By, for any y, 2 (X, f ©Bg). Then,

#(X) = #( X = #( XD X):
See Figures 6 and 7 for pictoral description ofX and X °, respectively.

Proof. De ne con gurations X and X ®as above and let and °correspond toX and
X Orespectively. Also let 1 and , correspond toX; and X, repsectively.
ConsiderW? = (U\ {)[ (U\ ) foranyU2 and W% =(UX ;)] (UN ,)for

any U°2 0 BecauseX and X °contain both of the disjoint con gurations X i and X,

13



Xr—a—b b, —a,—— X2

Figure 7: The con guration ~ X °.

it must be true that W? = W®. Therefore, we must look at setsW 2 and W°%2 0

where
8
%fclg if c; 2 U;c 62U
W= W7[ —Efczg if c, 2 U;c, 62U
“focg fg2U,2U
and
8
?‘dlg if di 2 U% e, 6200
H 0. 0
WO: WO?[ _ felg if 612U,d1 62U
%fdl;elg if di;e; 2 U°
T if di;ep 6200
for

Co Mmag and ¢cg m by
c1 mag and ¢ m b
¢, mag and c’m b2
do ma; and dp mby
dy ma; and d; mb
€ Mmay and eg mby
et may and e; mb)
wherecg;c1;¢, 2 C and do; dq;ep;e1 2 CO If we let W = fWg and WO= fW% then
W= and W°= ¢
Therefore, since we know that showing #(X ) = #( X 9 is the same as showing | =

i §, we can also show thatjwj = jw9. However, since both of these sets contain

W? = W® it is su cient to show that
1. ¢ 62V forany V 2W i do; e 62V°for any VP2 WO
2.2V foranyV2W i d;2VOforany VP2 w?O

3.2V foranyV2W i e 2 VOforany VO2w?°

14



Figure 8: The conguration Sy Si[i1]

For the rst condition we notice that cp; dp; €y are all endpoints and thus by Corollary
4,02V forany V 2 , and do; ey 62V°for any V22 O Therefore, the rst condition
is satis ed.

For the second condition, note rst that ¢y 2 [ag]c but cp 62V for any V 2 W. This
means that if ¢; 2 V then there must exist ac, 2 [f]c such that c; 62V. However,
c2 2 C\ C,. Similarly, we note that do 2 [a;]2 but do 62V°for any V2 W9 thus if
dy 2 VOthere must exist a cd 2 []co such that ¢ 62v° Here, 3 2 CO\ C,. We know
that C, CandC, COthusC\ C,= C° C,soc;2 Cifandonlyif &2 CC

The proof for the third condition is similar.

Therefore, jWj = jWY and we can conclude that #(X ) = #( X 9. Further, since X ?
and X 9 are disjoint con gurations, we know that #( X 9 = #( X J#( X9), thus

#X) =#( XY =#( XDH(XD):
O

Using the multiplicative property of disjoint con guratio ns we can always calculate
the number of elements at each location between two sets makg up speci c types of
con gurations consisting of 1-strings adjoined to m-strings wherem 2 is arbitrary.

This calculation is explained in Theorem 6.3.
Theorem 6.3. Let S, be a string, m 2 be arbitrary, and let 1 i, io
ik 1 Ik m. Further, let X = Sy f Sy[i1]; Safiz); i Salik 1]; Silik]g where each
X2 Sm  Sifi ]\ Sm is not adjacent to anyy 2 S,  Si[i ]\ Sy for any 2 m
and 2 m such that 6 . Then,

HX)=#( S, )#(Si, i1+3)  #(Si, iy 1+3)#( Sm i +2):

Proof. Supposek =1, then we have S,  Si[i1] as illustrated in Figure 8.

By Theorem 6.2, we also know that #(Sm  Sili1]) = #( Si, 142 )#( Sm i,+2) =
#( Si,+1)#( Sm i,+2) as illustrated in Figure 9.

Suppose true fork = |, that is, for S= Sy f Sqifi1]; Safiz]; 5 Salik 1]; Salik]g, it is
true that

#(S)=#( Sm t Silia]; Salizl; 5 Salli 1l Salin]g) = #( Siva WH( Si; i1+3)#(Si i) 1+3)#( Smoij+2):
If we supposek = | + 1, then we must consider the con guration

S%°= Sm f Sifia]; Sulizli i Salii 1]; Salit]; Safir+r Jo:

15



Si1 T T — —Sm i+

Figure 9: The conguraton Sm  Si[i1] after using the multiplicative property

0 0
Si— — 1 T S

Figure 10: The conguration  S®with S? and S9

If iy = ij+1, then since we already haveS; adjoined at the i}h location, adjoining
another S; to the if" = i, location does not increase the number of elements at each

location from the #( S), that is, #( S) = #( S9. Therefore, we have
#(S)=#( Sm f Silia];Sali2l; s Salit 1]; Salii]lg)
:#( Si1+1)#( Siz i1+3):::#( Si| i 1+3)#( Sm i|+2)
:#( Si1+l )#( Siz i1+3):::#( Si| ip 1+3 )#( S3)#( Sm i|+2)
:#( Si1+l )#( Siz i1+3):::#( Si| ip 1+3 )#( Si|+1 i1+3 )#( Sm i1+1 +2)
=#( SO):#( Sm f Safi1]; Safi2l; i Saliv 1]; Salir]; Safii+119):
If i} <i+1, then consider the con gurations
ST= S, 1 f Sifial;SilizliziSafi 1l SalifJlgand SP= Sy i,

We see that this is the same as the con gurationS® the union of the disjoint con gura-
tions SO[f 1; 1gand SY[f »; »gas illustrated in Figure 10.
By Theorem 6.2 we obtain our original con guration S°in Figure 11 and so we know

that

#(SY=#( Sm f Sl SulizlizSalii 1l Sulii]; salire 1)
=#( SY[f 1 19 SI[f 2 20)
=#( S+« T Sifial;Saliol s Salit 1) Salin]@)#( Smoiya +2)
=#( S+ (S, i1+3)#(Si, 1)) 12 )#(Smoip. +2)

=#( S« (S, i,+3)#(S 1 +3)#(Sm iy +2)

I

Figure 11: The conguration  S°
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Using this technique we can actually nd #( S) for any
S=Sn f S,[i1];S,li2l;=5S  Lfik 1I:S [ikle:

Speci cally, if we take advantage of the counting techniquefrom [4] we see that nding
#( S) for such an S involves adding together the #'s of other con gurations as in the

followng example.

Example 6.1. According to the counting technique in [4], if we have a con gration
S=Ss f Sy[3];S2[4]g, then

Se f S2[31;S2[4l0= Se T Si[3];S2[4lg+ Se f S2[4]g
=S¢ f S1[3];S1[4lg+ Se T Si[3lg+ Se f Si[4lg+ Se:
Therefore it is always possible to calculate#( S) because it simpli es into strings, or
adjoinments of strings that can be calculated as described iTheorem 6.3.

Finally, from [6] we know that #( Sy,) = Fm 1 WereFy, 1 isthem 1%t Fibonacci
number. Therefore we conclude this paper with a connection etween any general string
adjoinment,

S=Syn f S, [i1];S,li2;5S  Llik 11:'S [ik]g
and the Fibonacci numbers.
Theorem 6.4. If S= Sy, f S, [i1];S,li2];:5S  Llik 1;S [iklg, then #( S) is going

to be a sum of products of Fibonacci numbers.

Proof. Using the counting technique from [4], as illustrated in Example 6.1, we see that

any con guration
S=Sm f S,[i];S,li2l=5S Llik 1S [iklg
can be written as a sum of #(S9's where S is of the form
SO=S f Si[li];Saflo];znSall 1] Sall e

By Theorem 6.3 we know that for all such strings S°, #( SY is equal to a product of
#(Sj)swherej 2fli+1;1,+3;:::51 I 1 +3; | +2g. Since we know from [6]
that #( ;) = Fj 1 whereFj 1 is thej 1% Fibonacci number, we can conclude that

for every con guration S, #( S) is the sum of products of Fibonacci numbers. O
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7 Conclusion

We have noted in this paper that there is no con guration X such that #( X) =19. We
have also seen that for any general string adjoinmensS, #( S) is a sum of products of
Fibonacci numbers. This leads to two very important questions. First, is it possible to
nd a relationship for the #( L) for any general adjoinment L of strings to loops (see
[4] for more about loops) that is similar to the #( S)? Secondly, if there is a general
way to nd the number of any nite con guration constructed f rom loops and strings (as
introduced in Section 6 for strings, and not yet determined br loops), is it possible to use
this information to prove that there is no nite con guratio n X such that #( X) = 19?
This nal question might be answered with regard to a general string adjoinment by
showing that not all sums of products of Fibonacci numbers ca result from a string
adjoinment, that is, by showing that the converse of Theorem6.4 is false. If answering
these two questions is tractable, then proving that converge of Theorem 6.4 is false for
speci c intigers might be an appropraite strategy to address whether or not there exist

any other intergers k for which no con guration X exists with #( X) = k.

References

[1] M. A. Armstrong, Basic Topology, Springer-Verlag, 1983.

[2] Christopher Bay, Amber Lembcke, and Steven Schlicker. WWen Lines Go Bad in
Hyperspace,demonstratio Mathematica, Volume 38: 689-701, (2005).

[3] Thomas A. Garrity, All the Mathematics You Missed: But Need to Know for Graduate
Schoo| Cambridge University Press, 2002.

[4] Kristina Lund, Patrick Sigmon, Steven Schlicker, The Prime 19 is missing in the
Hausdor Metric Geometry! , GVSU REU 2004.

[5] Kristina  Lund, Patrick  Sigmon, Final  Report, available  online:
http://faculty.gvsu.edu/schlicks/FinalReport2004.pd f, GVSU REU 2004.

[6] Kristina Lund, Patrick Sigmon, and Steven Schlicker, The Occurence of the Fibonacci

and Lucas Numbers in the Geometry oH (R"), submitted to the Fibonacci Quarterly.
[7] Patrick Sigmon, Hausdor Segments and Shell ComponentsGVSU REU 2004.

[8] Alex Zupan, Weekly Report GVSU REU 2005.

18



