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Abstract

If X is a complete metric space, then the collection of all non-empty
compact subsets of X is denoted H(X). The Hausdor{f metric h provides a
way to measure distances between the elements of H(X) and generates the
complete metric space (H(X),h). Circles and lines are defined in H{R™)
and their geometric structure is explored. We find that under certain
conditions, lines in H(R") are actually rays. This surprising situation
leads to further results concerning where points exist on Hausdorff lines.

1 Introduction

Euclidean geometry is a familiar topic. All mathematicians know what circles,
lines, spheres, etc. look like in Euclidean space. It is well known how these geo-
metric objects behave and interact. The goal of this paper is to explore simple
geometric structures in a space known as H(R™). The Euclidean metric d can
be used to define the Hausdorff metric on the space H(R™). The resulting geom-
etry turns out to be interesting in many respects. Primarily, this is so because
we find situations that occur in the geometry of H(R"™) which are contrary to
what happens Euclidean space.

Before constructing a geometry on H(R"™), several basic topological con-
cepts are introduced. In Section 3, we define circles and lines and begin our
exploration of the geometry of H{R") with an example. This seemingly simple
example produces an unexpected situation that motivates the rest of our work.
In Section 5, results are given that describe the existence of points on Hausdorff
lines. We focus on situations in which Hausdorff lines are actually rays with
reference to examples that illustrate the results of our theorems.

As stated above, we start by providing a solid background for the topic we
are studying.

*This work was partially supported by National Science Foundation grant DMS-0137264.



2 Background

2.1 Metric Topology

The concepts and arguments presented here rely on a basic understanding of
the concepts of topology and metric spaces. The most important definitions
are those of topology, compactness, metric, and boundary; the rest are here for
completeness. All come from [4].

Definition 1. A topology on a set X is a collection T of subsets of X having
the following properties:

1. § and X are in T.
2. The union of the elements of any subcollection of T is in T .
8. The intersecltion of the elements of any finile subcollection of T is in T .

The simplest topology on a set X, known as the indiscrete topology, is
7 = {0,X}. The reader can easily verify that 7 satisfies all three necessary
conditions. Another example is the discrele lopology, which consists of the col-
lection of all subsets of a set X.

A topological space is the ordered pair (X,7) consisting of the set X and
a specific topology 7 on X. The elements of 7 are called open sets. The next
definition will give us an easier way to describe the open sets of a topology.

Definition 2. If X is a set, a basis for a topology on X is a collection B of
subsets of X (called basis elements) such that

1. For each x € X, there is at least one basis element B containing x.

2. If x© belongs to the intersection of two basis elements By and B, then there
is a basis element Bs containing x such that Bs C B1 N Bs.

A set U C X is open in 7 if for each x € U, there is a B € B such that
x € B C U. The collection of all such open sets makes up the topology T
generated by the basis B. It is usually more convenient to speak of a basis
that generates a topology than to consider the topology itself. For example,
a basis for the discrete topology on X is the collection of all singleton sets.
That is, B = {{z} | # € X}. From this basis we can construct any subset
of X. Clearly, for every € X there is at least one B € B containing .
The second requirement for a basis is also satisfied, for if x € By N Ba, then
T <€ {l‘} C Bi N Bs.

One particular topology that will be mentioned is the order topology, which
requires the definition of an ordered set.

Definition 3. A relation C on a set A is called an order relation (or a simple
order, or a linear order) if it has the following properties:

1. (Comparability) For every x and y in A for which x # vy, either xCy or
yCux.



2. (Noun-reflexivity) For no x in A does the relation xCx hold.
3. (Transitivity) If 2Cy and yCz, then zCz.

If a set X has an order relation, it is called an ordered set.

An example of an ordered set is the set of all positive integers Z, with the
standard < relation. The reader may check that (Z,, <} satisfies all three of the
conditions listed above. Another ordered set is the set of real numbers (R, <).

Definition 4. Let X be a set with a simple order relation <; assume X has
more than one element. Let B be the collection of dll sets of the following types:

1. All open intervals (a,b) = {z |a <z < b} in X.

2. If there exists a smallest element ag of X, all intervals of the form [ag,b) =
{z |ag <z < b}.

3. If there exists a largest element by of X, all intervals of the form (a,bo] =
{z|a<z<by}.

The collection B is a basis for a topology on X, which is called the order topol-
0gy.

We will not verify that B is a basis. For a proof, see [4]. From this definition,
a topology can easily be generated for ordered sets such as R. The order topology
on R turns out to be equivalent to the metric topology on R. The definition of
the metric topology and a metric space comes after that of a metric itself.

Definition 5. A metric on a set X is a function
d: X xX —R
having the following properties:
1. d{z,y) > 0 for all x,y € X; equality holds if and only if x = y.
2. d(z,y) =d(y,x) for all z,y € X.
3. (Triangle inequality) d(z,y) + d(y, z) > d(x, z), for all z,y,z € X.

Most readers are familiar with the Fuclidean metric, which we will use to
define the Hausdorff metric.

Definition 6. Given x = (21,....,%5) andy = (Y1, ..., Yn) i R™ the Fuclidean
metric d on R™ is given by

1
dx,y) = [(&1 —1)* + -z —ya) )2
Given a set X and a metric d on X, we can construct sets of the form
Ne(z) ={y | d(z,y) <r}.

This is the set of all points y whose distance to z is less than r. The set N,.(x) is
referred to as the open neighborhood or Euclidean ball of radius r centered
at x. Note that in general, a neighborhood of x is an open set containing x.



Definition 7. If d is a metric on the set X, then the collection of all open
netghborhoods N.(x), for x € X and r > 0, is a basis for the metric topology
nduced by d.

It can be easily verified that the metric topology satisfies all of the conditions
of definition 1. If a topological space X has a metric d that induces the topology
of X, it is called a metric space and is denoted (X,d). An example of a
metric space is (R, d), which is the real line with the topology generated by the
Euclidean metric. Its basic open sets are of the form (a,b), for a,b € R. This
topology of this space is equivalent to the order topology on R.

Note that it is possible that two metrics may generate the same topology on
a particular space. The standard bounded metric d on R is given by

d(z,y) = min{d(x,y), 1}.

The topology induced by d is the same as that induced by the Euclidean metric
d. Tor a detailed proof of this claim, see [4]. The next definition is the most
subtle, yet perhaps the most important.

Definition 8. Given a sel X with lopology T, an open covering of X is a
collection A of open sets of X such that U A=X. AsetY C X is said to be

AcA
compact if every open covering A of Y contains a finite subcollection that also

covers Y.

The open interval (0,1) in R is not compact. The set {(,1—1)|neZ;}
is an open cover of (0, 1) that does not have a finite subcover. By including the
end points of the interval, we obtain the closed interval [0, 1], which is compact.
In fact, every closed and bounded interval in R is compact [3]. Note that a set
B C X is closed if and only if (X — B) is open.

Heine-Borel Theorem. A subset of Fuclidean space R™ is compact if and only
if it is closed and bounded.

Informally, this means that a set X C R™ is compact if and only if (R — X))
is open and X can be enclosed in a large enough n-sphere.

There are only three more concepts to introduce and they are all closely
related. If X is a topological space, then the interior of a set A C X is the
union of all open sets contained in A. This set is denoted A° or int A and it is
the largest open set contained in A. Note that il A is open, then A = A° since
A is contained in itself.

The closure ol a set A C X is the intersection of all closed sets containing
A. The closure of A is the smallest closed set containing A and is denoted A.

If A is closed, then A = A. For any A C X, one has the relationship
A°CACA. (1)
If A C X, then the boundary of A is

A =AN(X — A).



A useful result states that if A C X and z € X, then x € A if and only if every
neighborhood of z intersects both A and (X — A) [4]. The next lemma gives
two more well known topological properties related to the boundary of a set.

Lemma 1. If AC X, then A°NOA=0 and A= A° UDA.

Informally, the boundary of a set can be thought of a the collection of all
of its edges. For instance, the boundary of Ny((0,0)) in R? is the unit circle.
To illustrate these concepts, consider the set A = (0, 1] in R. The following are
true.

e A=10,1]
o A°=(0,1)
e 0A=1{0,1}

Notice that (0,1) C (0,1] C [0, 1], illustrating (1).

All of these concepts will be used extensively in the discussions and results
that follow. We begin by defining the Hausdorff metric, which generates a.
topology on the collection of all non-empty compact subsets of R™.

2.2 The Hausdorff Metric

Denote the collection of all non-empty compact subsets of R™ by H(R™). This
collection forms a metric space (H(R™), h) where h is the Hausdorff metric. We
define h in terms of the Euclidean metric d [1].

Definition 9. Let A and B be elements in H(R™).
o [fx € R™, the distance from x to B is

d(z, B) = %ig{d(at, b)}.

e The “distance” from A to B is

d(A,B) = I;léij({d(l?, B)}.

Note that this “distance” does not satisfy all of the necessary conditions
to be classified as a metric, since it is possible to have d(A, B) # d(B, A).
Figure 1 is an example ol this situation. The set A is the disk centered
at (—2,0) of radius (,0) and B is the disk centered at 1 of radius 1. So
d(A, B) = 3 and d(B, A) = 4, as shown by the bold segments.

e The Hausdorfl distance, h(A, B), between A and B is

h(A, B) = maz{d(A, B),d(B, A)}.



Figure 1: For the sets A and B, d(A, B) # d(B, A).

When using the Hausdorff metric h on H(R™), we can be assured that for
any non-empty compact sets A and B the Hausdorff distance h(A, B) is defined.
That is, for any A, B € H(R™) with z € A, a minimum value is always achieved
on the set {d(x,b) | b € B}. This is equivalent to the following theorem from
[4]:

Theorem 1. Let X be a metric space with metric d; let A C X be nonempty.
If A is compact, d(z, A) = d(x,a) for some a € A.

The proof of Theorem 1 depends on the Extreme Value Theorem of topology
[4].

Extreme Value Theorem. Let f : X — Y be continuous, where Y is an
ordered set in the order topology. If X is compact, then there exist points ¢ and
d in X such that f(c) < f(x) < f(d) for every x € X.

Proof of Theorem 1. Suppose x € X and A is compact. Define f: A — R by
fla) = d(a, {z}).

It is straightforward to show that f is a continuous function on A. Let
aj,as € A and € > 0. Then f(a1) = d(a1,{z}) = d(a1,2). Using the triangle
inequality of d, we have f(a1) = d(a1,z) < d(ay,a2) + d(as,z). Noting that
d(az,x) = f(as), we have

flar) < d(ay, az) + f(az). (2)
Rearranging (2}, we see that

fla1) = flaz) < d(ag, az). (3)



From 3 we can conclude that |f(a1) — f(az)| < d(a1, az2) since the relationship
holds for all ay,aq € A. If d(ay,az) < € then |f(a1) — f(az2)| < e. Therefore, f
is continuous on A.

Since A is compact, the Extreme Value Theorem guarantees that there is
some ¢ € A such that f(c) < f(a) for every a« € A. Now, for any y € A,
fly) = d(y,{z}) = d(x,{y}). Thus, d(z,{c}) < d(z, {a}) for any a € A. Since
d(z,{c}) = d(x, ¢) and d(z, {a}) = d{(x, a) we can conclude that d(z,c) < d(z,a)
for every a € A. Therefore d(z,c) = min{d(z,a) | a € A} = d(z, A). u

Thus, we achieve a minimum value in the set {d(z,b) | b € B} so that d(z, B)
is always defined. We now prove that h is a metric on H(R"™).
Theorem 2. The function h as defined above is a metric on H(R™).
Proof. Let A, B,C € H(R").

1. h(A, B) = max{d(A4, B),d(B,A)} = h(B, A).

2. We now show that h(A,B) > 0 and that h(A4,B) = 0 if and only if
A = B. Forany a € A and b € B,d(a,b) > 0. Thus, d(a,B) =
min{d(a,b) | b € B} > 0 for any a € A which implies that d(A4,B) =
max{d(a,B) | a € A} > 0 also. Similarly, d(B,A) > 0. Therefore
h(A, B) = max{d(A, B),d(B, A)} > 0.

Suppose h(A,B) = 0. Then d(A, B) = d(B, A) = 0 which implies that
d(a,B) = 0 for every a € A and d(b, A) = 0 for every b € B. Now, for
every o € A there exists a b € B such that d(a,b) = 0. Thus, ¢ = b and
A C B. Similarly, B C A. Now suppose A = B. Then d(a,B) = 0 for
every a € A which implies d(A, B) = 0. Similarly, d(B, A) = 0 so that
h(A,B) =0.

3. (Triangle Inequality) We first show that d(A, C) < d(A4, B) + d(B,C) for
arbitrary sets A, B, and C in H(R™). Choose a € A,b € B, and ¢ € C.
Then the triangle inequality for d guarantees that

d(a,c) < d(a,b) 4+ d(b,c).

Choose ¢’ € C such that d(b, ¢’} = d(b,C). Then,

d(a,c') < d(a,b) + d(b,C).
Since d(a,C) < d(a, '},

d(a,C) < d(a,b) + d(b,C).
Now, choose b’ € B such that d(a,b’) = d(a, B). Then,

d(a,C) < d(a,B) + d(¥',C).
Since d(¥',C) < d(B,C),

d(a,C) < d(a,B) + d(B,C).



Choose o’ € A such that d(a/,C) = d(A, C). Then,
d(A,C) < d(d', B) + d(B, C).
Since d(a’, B) < d(A, B), we have the final result that

d(A,C) < d(A, B) + d(B,C). (4)

The Hausforff distance from A to C is h(A, C') = max{d(A,C),d(C, A)}.
Applying (4) we see that

h(A,C) < max{d(A, B)+d(B,C),d(C,B) + d(B, A)}
h(A,C) < max{d(A,B),d(B, A)} + max{d(B,C),d(C, B)}
h(A,C) < h(A,B)+h(B,C).

3 Geometric Structures in H(R")

With a way to measure distance between the points of H(R™), we can define
two basic geometric structures: circles and lines. We first give the definitions
of lines and circles in H(R™), after which we will look at a specific example of
a Hausdorff line. This example will motivate the rest of our discussion and will
lead to the discovery of some surprising results.

Before beginning our discussion of geometric structures in H(R"™), we give a
definition.

Definition 10. For B € H(R"™) and r > 0, define the set N.(B) as follows:
N.(B)y = ] N.(b).
beB

Figure 3 illustrates this definition. The set B is the square shown in black
and N, (B) is all of the shaded region. Note that N,.(B) does not include the
boundary of the shaded region because N,.(B) is open.

3.1 Circles

If B € H(R™), we denote by C,(B) the circle of radius r > 0 centered at the
point B. Since C,(B) is simply the set of all points in H(R™) that are exactly
a distance r from B:

C(B) = {A € H(R") | h(A, B) = r}.

A general description for circles in H(R™) is given by a theorem from [2].



Figure 2: The shaded region is the set N, (B).

Theorem 3. (Circle Theorem) Let B be a non-empty compact subset of R™.
Then A € C.(B) if and only if A is a non-empty compact subset of R™ and

1 AC N
bEB

2. ANN.(b) #0 for each b € B.
8. Al leasl one of the following is salisfied:

(a) ANON.(B) #0, or
(b) there exist b€ B and a € AN AIN,(b) with AN N,.(b) = 0.

We will now introduce a set that is important in the results of the sections
to come. Aller delining the set we will siate a theorem without proofl. This
theorem will give a better sense of the importance of the set. A formal proof
can be found in [2].

Definition 11. For B € H(R™) and r > 0, define the set B +r as follows:
B+r={zeR"|d(x,b) <r for someb e B}.

In Figure 3, A is the circle of radius 2 centered at the origin and A + % is all
of the shaded region, including its boundary. If x € (A + %), then there exists
an element a, € A so that d(z,a;) < % The following results will give the
reader a better sense of the importance of sets of the form B + r. Theorem 4
and Lemma 2 come from [2] and are presented without proof.



Figure 3: A+ 1

Theorem 4. Let B € H(R™) and r > 0. The set B + r is the largest element
in H(R™) that is a distance r from B.

One might ask in what sense is B 4 r the largest set that is a distance r from
B. The answer may become more clear after we state a lemma.

Lemma 2. Tet B € H(R™) and r > 0. Then B+1r = U N.(b).
beB

Lemma 2, together with condition 1 of the Circle Theorem tell us that if
A,B € H(R™) and A is a distance r from B, then A must be a subset of B +r.
It is in this sense that B + r is the largest set a distance r from B.

Our next lemma is used implicitly throughout our discussion. It comes from
[2] and is stated without proof.

Lemma 3. If A € H(R™) and r,s > 0, then (A+7r)+s=A+ (r+s).

3.2 Lines

Just as one can define circles with the Hausdorff metric, one can also define
lines. The concept of a Hausdorff line is taken from that of Euclidean lines. If
the Euclidean line ﬁ is defined by two points a,b € R™ and ¢ € R" so that
c€ (E, then one of the following is always true:

(i) d(a,b) = d(a,c)+ d(c,b)
(ii) d(a,c) =d(a,b)+ d(b,c)
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(iii) d(c,b) = d(c,a) + d(a,b)

If (i) is true we say that c is “between” a and b. Similarly, (ii) implies that ¢
lies to the “right” of b and (iii) implies that ¢ lies to the “left” of a. This idea
is used to define lines in H(R™) [2].

Definition 12. (Hausdorff Line) Let A # B € H(R™). The Hausdorff line AB
defined by A and B is the set of all points C € H(R™) that satisfy one of the
triangle equalities:

(I) h(A,B) = h(A,C) + h(C, B),
(IT) h(A,C) = h(A, B) + h(B,C),
(ITT) h(C,B) = h(C, A) + h(A, B).

We often use the same terminology described above to specify which triangle

equality a point C € AD satisfies. If C satisfies (I), then C' lies “between” A
and B, if C satisfies (II), then C lies to the “right” of B, and if C satisfies (III),
then C lies to the “left” of A. We will now consider an example.

3.3 An Example of a Hausdorff Line

+ h(A,B}=2

Figure 4: The set A is the unit disk and B is the square with vertices at (2,2), (-2,2), (-2,-2), and
(2,-2). The Hausdorff distance from A to B is h(A, B) = 2 and can be measured along the shaded
segment.

Fuclidean lines are well understood, but Hausdorff lines present a new chal-
lenge since they can behave in very unintuitive ways. To illustrate this point
we will consider an example. Let 4 be the unit disk and let B be the square
with vertices at (2,2),(—2,2),(—2,-2), and (2,—2). These sets are shown in
Figure 4. The Hausdorff distance from A to B is h(A, B) = 2 and is indicated
by the shaded segment. Can we find a set C' not equal to A or B for each of the

11



h(C.B}=1

Figure 5: Since h(A4, C) + h(C, B) = h(A, B), C lies between A and B.

h(B,C)=27(3/2}) - 2

C 2

B 1

1 na,c=24372)

Figure 6: Since h(A, B) + (B, C) = h(A,C), C lies to the right of B.

cases in definition 127 As we will see, there are simple sets satisfying (I) and
(II). Condition (III), however, presents a greater challenge.

Condition I. Let C be a disk centered at the origin with radius 2 that
does not include the box with vertices at (1,1),(1,—1),(—1,1), and (—1,—1).
In Figure 5, C is the black region. The distance h(A, ) is measured from (0, 1)
to the outer boundary of C at (0,2), so h(A,C) = 1. The distance h(C, B) is
measured from any point on the inner boundary of C perpendicular to B, so
R{C, B) = 1. In Figure 5, we have measured h(C, B) from (1,—1) to (1,—2). In
this case, C is between A and B on AB because h(A, B) = h(A,C) + h(C, B).

Condition II. Let C be a circle centered at the origin with radius 22 (see
Figure 6). Then h{A, C) is measured from the origin to any point on C. Thus,

12



| w

1

h(B,0)=1 h(A,C)=3

Figure 7: The set C formed by the union of all four line segments lies to the right of B.

h(A,C) = 2v/2. We measure h(B,C) from the center of any of the four sides of

B perpendicular to C, so h(B, C) = 2v/2—2. Since h(A, B)+h(B,C) = h(A,C),
—

C lies Lo the right of B on AB.

Another point that lies to the right of B on AB is C = {(z.y) | x =
3orx=-3,y€e[-22}U{(z,y) |y=30ory=—-3,x € [-2,2]}. This set is
simply the union of the four line segments shown in Figure 7. Here we have
h(A,C) = 3, which can be measured from the origin to C along any axis. The
distance h(B, C) is measured from any point on C perpendicular to B, so that
h(B,C) = 1. Condition (IT) is once again satisfied.

Condition IIT. When trying to find a point C' satisfying (IIT), one quickly
realizes that this case is not as simple as the other two. In fact, there are no

points C' € H(R?) that lie to the left of A on the Hausdorff line AB.

Proposition 1. Lel A be lhe unil disk cenlered al the origin and lel B be
the square with vertices at (2,2), (2,—2), (=2,2), and (—2,—2). There does
—
not exist a point C € H(R?) that lies on the Hausdorff line AB such that
h{(C,B) = h(C, A) + h(A, B).
The proof makes use of the following lemma.

Lemma 4. Let pg denote the origin. If B is the square with vertices at (2,2),
(2,-2), (=2,2), and (—2,—2), then Nsy4(po) C Nst2(B).

Proof. Let x € N,y4(po). Let b be the point at which the line poZ intersects B.
We show that the distance from z to B is always less than s + 2, which implies
that & € Ngyo2(B).

If &’ lies between po and x on poz, then

d(po, ) = d(po, ') + d(V/, ).

13



Rearranging, we have
d(bt',z) = d(po, ) — d(po, V).
Since d(pg,z) < s+ 4,
dd',z) < s+ 4 —d(po, V).
Furthermore, d(pg, b’) > 2. Thus,
(', z) < s+ 2.

So d(z, B) < s+ 2.

Now suppose that z lies between pg and b’ on poz. The distance from z to b’
will not necessarily be less than s+ 2 in this situation, but clearly it will always
be true that d(z, B} < 2. Thus, d(z,B) < s+ 2.

There are two more cases to consider. If z € B, then d(x, B) = 0. If z = py,
then d(x, B) = 2. Therefore, in all cases d(z, B} < s + 2. a

Proof of Proposition 1. Suppose there exists a set C such that h(C,B) =
h(C, A)+h(A, B). Let h{(C, A) = s. Since h{A, B) = 2, we know h(C, B) = s+2.
It follows that C € Cs(A) and C € Cspo(B). We will use the Circle Theorem
to show h(C, A) > s, which contradicts the fact that C € C5(A).

The last condition of Theorem 3 implies that either C'N ANgy2(B) # 0 or
there exist b € B and ¢ € C'N 3 (Ns12(b)) such that C N Ngya(b) = 0.

Suppose ¢ € C N INg12(B). The set Nyp2(B) is open since it is the union
of the open sets Nyy2(b). Therefore, Nyy2(B) equals its interior and is disjoint
from its boundary. So, ¢ ¢ Nsi12(B) which by Lemma 4 implies that ¢ ¢
Nsta(po). Thus,

d(po,c) > s+ 4. (5)

If a € A, then
d(po,¢) < d(po, a) + d(a,c).

From (5), we see that
s +4 < d(po,a) +d(a,c) (6)

Since A is the closed unit disk centered at pg, d(pg,a) < 1. So (6) becomes
s+4<1+d(a,c).

Simplifying, we have d{(a,c) > s+3 > s forany a € A. So ¢ ¢ U N;(a), which

acA
contradicts the second statement of Theorem 3.

Therefore, there exist by € B and ¢y € C N §(Ns12(by)) such that C' N
N,ya(bg) = . We will show that this implies that there is some ag € A such
that d(ag,c) > s for every ¢ € C. Thus, h(4,C) > s.

Choose ag such that d(bg, ag) = d(bo, A). For any ¢ € C the triangle inequal-
ity of the metric d gives

d(bo, C) S d(bo, ao) + d(ao, C).

14



Rearranging this expression gives
d(ao, C) 2 d(bo, C) — d(bo, ao).

Now, ¢ € 8(N5+2(b0)) S0 d(bo,CO) =5+ 2. Since C'N NS+2(bO) = (Z), d(bo, C) >
5+ 2 for any other ¢ € C. We can then say that

d(ag,c) > s+ 2 — d(bg, ag).

The distance d(B, A) is measured from one of the vertices of B, so d(B,A) =
2v/2 — 1. Thus, d(bg, A) = d(by, ap) < 2v/2 — 1. Therefore,

d(ag,c) > s +2—(2v2—1),
which simplifies to give
d(ag,c) > s+ (3 —2V2).

Since 3 > 2v/2, d(ag,c) > s for any ¢ € C. Thus, d(ay,C) > s. Since d(A,C)
is the maximum of the distances d(a, C) for all a € A, d(A,C) > d(ag,C) > s.
Furthermore, h(A,C) > d(A,C) > s, so C ¢ Cy(A), contrary to assumption.
Thus, there is no set C' € H(R?) such that h(C, B) = h(C, A) + h(A, B). a

The example given in this section is surprising because it conflicts with our
geometric intuition. That is, we do not expect that there may be places on
a line where points do not exist. Lines in Eugldean space always have (a_)full
continuum of points. Given the Euclidean line ab, we can find points ¢ € ab at
any distance from a or b. This is not true for the Hausdorff line in the example
we have just seen. This example opens up numerous questions concerning the
existence of points on an arbitrary Hausdorff line and we will begin to answer
some of these questions in Section 5. Before that, however, we will discuss
another interesting property of the example given in this section.

4 Measuring Distance From Interior Points

As we will see in Lemma 6, if A, B € H(R™), we know that there exist a € A
and b € OB so that d(A, B) = d(a,b). Note that it is always true that b € 9B,
but it is not always the case that a € dA. In the example in Section 3.3, d(A4, B)
was measured from the origin. It would be interesting and possible useful to
know when this occurs. Judging from this particular case, we might conclude
that the distance is measured from an interior point because B “surrounds” A.
However, it is not necessary that B completely enclose A. For example, if we
took B to be the set {(2,0},(0,2),(-2,0),(0,—2)} and A to be the unit disk,
then d(A, B) would still be measured from the origin and yet B clearly does not
enclose A. The main idea here is that all of the points on 04 must be closer
to B than the points of A°. Theorem 5 completely describes the circumstances
under which we measure d(A, B) from a point on the interior of A.

We will need the following result, which is Lemma 1 of [2]. The proof is
straightforward and therefore has been omitted.
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Lemma 5. Let B € H(R™) and r > 0. Then
ON,(B) = <U ON,(b) — NT(B)> )
beB

Theorem 5. Let A,B € H(R™) and let d(0A,B) = m. Then d(A,B) =
d(ag, B) for some ag € A® if and only if

(i) A= (B+m)#0, or
(ii) A° = (B+m) =10 and A°NON,,(B) # 0.

If A>—(B+m) # 0, then d(A, B) can only be measured form a point in A°. If
A° —(B+m) =0 and A° N ON,,(B) # 0, then d(A, B) can be measured from
both a point in A° and a point in OA.

Proof. Let A, B € H(R™) and let d(9A, B) = m. We prove the forward impli-
cation first, so assume d(4, B) = d(ap, B) for some ag € A°. If o’ € A, then
a’ € A because A is closed. For every a’ € 9A, we have d(da’, B) < d(A, B).
Since d(A, B) = d(ag, B), we know that d(ag, B) > d(a’, B) for every o’ € JA.
Furthermore, d(0A, B) = m implies that there exists an element a’ € A such
that d(a’, B) = m. So d(ag, B) > m. We consider two cases.

Case 1. If d(ag, B) > m, then for every b € B, d(ag,b) > m. So a & Ny (b)
for every b € B. Thus, ag ¢ U Np(b) = B4+ m. Therefore, ag € A° — (B+m).

beB
This proves (i).

Case 2. If d(ag, B} # m, then d(ag, B) = m. So for every a € A°, we have
d(a, B) < m. This implies that for every a € A° there exists b € B such that
a € Npu(b). Soif a € A°, then a € | | Npu(h). Thus, A° — (B +m) = 0. This

bCB
proves the first half of (ii). )

Now, d(ag, B) = m implies that for at least one b € B, it holds that d(ag, b) =
m. S0 ag € ON,,(b) for at least one b € B. Therefore, ag € U ON,,(b). Since

beB
d(ap, B) = m, we also know that for every b € B, d(ag,b) > m. Thus, for

every b € B, ag ¢ N,,(b). This implies ag ¢ N,,(B). By lemma 5, we have
ag € ON,(B). Hence, ag € A° N IN,,(B). This completes the proof of (ii).

We now prove the reverse implication. The two cases are considered separately.

Case 1. Assume A° — (B+m) # (. Notice that for every a € A° — (B +m),
it must be true that d{a, B) > m. This is so because d(a, B) < m implies
a € B+ m. Choose ag € A such that d{ag, B) = d(4, B). Then d(ag, B) > m.
We will show that ag € A°. This will also imply that if (i) is true, then d(A, B)
can only be measured from a point in A°.
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Suppose ag ¢ A°. For an arbitrary set X, we know X = X°UOX [4]. Since
Ais closed, A = A. Thus, A = A° UJA. Since ap ¢ A° and ap € A, it must
be true that ay € dA. Now, d(ag, B) < d(JA4, B), so d(ag, B) < m. This is a

contradiction since d(ag, B) > m. So, ag € A® and d{ag, B) = d(A4, B).

Case 2. Assume A° — (B4 m) = 0 and A° NIN,,(B) # 0. Let ap €
A° M ON,(B). Then ag € ON,,(b) for some b € B but ag ¢ N, (b) for every
b e B. So d(ag, B) = m. We now show that d(A, B) = m. Since ay € A° and
d(ap, B) = m, this will prove the desired result.

As stated above, A = A° U JA. So for all « € A, we have either a € A° or
a € 0A. Tt a € DA, then d(a,B) < d(BA,B) =m. If a € A°, thena € B+ m
because A° — (B +m) = (. This again implies that d{a, B) < m. Thus, for
every a € A, d(a, B) < m. So d(A, B) = m ounly if there is some a € A such that
d(a, B) = m. But we know that ap € A and d(ag, B) =m, so d(A, B) =m.

Now, d(ag, B) = d(A, B) with ap € A°. We show that d(a’, B) = d(A, B)
for some o’ € JA. Choose ¢’ € JA so that d(a/, B) = d(0A, B) = m. Since
d(A, B) = m, we know d(a’, B) = d(A, B). Thus, if (ii) is true, then d(A, B)
can be measured from both a point in A° and a point in JA. |

The sets A and B in Figure 4 satisfy condition (i) of Theorem 5. Note that
m = d(8A, B) = 1. In this case, d(A, B) = d((0,0), B) and (0,0) € A°—(B+m).

d(A.B)=d(p,B}=di{q.B)=2

B

Figure 8: The distance d(A, B) can be measured from either p = (0,2) € 84 or ¢ = (0,0) € A°.

Figure 8 shows two sets that satisfy condition (ii) of Theorem 5. The set A
is the rectangle with vertices at (1,2),(1, —2),(—1,2), and (=1, —2) along with
the area that it encloses. The set B is {(x,y) |z =2 o0orz = =2,y € [-2,2]}.
Here, d(A, B) = d(p, B) = d(q, B) where ¢ € A° and p € 9A. The point ¢ is in
A° N ON,,(B).

For A,B € H(R"), Theorem 5 allows us to determine the location of the
point from which we measure d(4, B) and d(B, A). We now return to the
discussion of the existence of points on Hausdorff lines.
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5 Existence of Points on Hausdorff Lines

The sets A and B from Section 3.3 form a line AB that is much different
from what we might expect. This is because there are no sets C € H(R™)
satisfying condition (III) of definition 12. That is, there are no points of H{R™)
on the Hausdorff line A(_B) that lie to the “left” of A. This example leads us
naturally to consider which properties of A and B determine that h(C,B) =
h(C,A) + h(A, B) can not be satisfied for C € H(R™). This section contains
results concerning the existence of such points on Hausdorff lines.

5.1 Points Satisfying h(A,C) + h(C, B) = h(A, B)

We begin our discussion of the existence of points on Hausdorff lines by looking
at the segment AB. Theorem 6 will show that for arbitrary points 4, B €
H(R™), AB will contain a continuum of points. That is, there will not be any
holes in AB. The proof of Theorem 6 relies on Lemmas 6 and 7. Lemma 6
comes from [2] and is stated without proof.

Lemma 6. Let A, and B be elements of H(R™). If d(B,A) > 0, then there
exist ag € OA and by € B so that d(by, ag) = d(B, A), d(by, A) > d(b, A) for all
b e B, and d(by,ag) < d(by,a) for all a € A.

Lemma 7. Let A,B € H(R") with d(B,A) =r > 0. If0 < s < r, then
d(B,A+s)=r—s.

Proof. Let A, B € H(R™) with d(B,A) =7 >0. Let seé Rsothat 0 < s <7 =
d(B, A). By Lemma 6 there are elements by € B and ag € 8A so that d(bg, ag) =
d(B,A) = r, d(by, A) > d(b, A) for all b € B, and d(bg,ap) < d(bg,a) for all
ac A Let ¢ € cm so that d(ag,co) = s. Then d(by, ag) = d(bg, co) + d{co, ap)
implies d(by, cp) =7 — 3. We will now show that d(B, A + s) = d(bg, cp).

First we show that d(bg, A + s) = er(nAi?- ){d(bo,c)} =7 — 5. Suppose there

isac € (A+ s) so that d(by, ') < d(bg,co) =r — s. Since ¢’ € (A + s), there is
an element o’ € A so that d(¢/,a’) < s. Then

d(by,a’) < d(bg, ') +d(c,a'y < (r—s)+s=r.

However, we know that r = d(bg,ap) < d(bg,a) for any « € A. This is a
contradiction. Therefore, d(bg, A + s) = d(bg,¢o). To complete the proof, we
need to show that d(bg, A + s) is the maximum such distance.

Now we show that if b € B, then d(b, A+ s) < d(bg, A+ s). Let b € B.
Recall that r = d(bg, 4) > d(b, A). By Lemma 6, there is an a € A so that
d({b}, A) = d(b,A) = d(b,a) < r. Let ¢ be the point at which the ray ab
intersects Ng(a). Now, d(c,a) = s, so ¢ € (A + s). Since a, ¢, and b lie on a
Euclidean line with ¢ between a and b, we have

d(b,¢) = d(b,a) — d(a,c) <r —s.
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This shows that d(b, A + s} = r(nAin ){d(b,c)} <r—s=d(by, A+ s). |
cE(A+s

Finally, we need a lemma that tells us about the boundary of the intersection
of elements of H(R").

Lemma 8. Let X, Y € H(R™). Then (X NY)=(0X NY)U(X NJY).

Proof: Let X,Y € H(R™). Let 2 € (X NY). Since X NY € H(R™), we know
z€(XNY). Soze X and z €Y. Suppose z ¢ 0X NY. Since z € Y, we must
have z ¢ 0X. Since z € X, we must have z € X°. So there is a 6 > 0 so that
Ns(z) € X. To show z € X N JY, we need to show z € Y. Let ¢ > 0. Choose
€' so that 0 < € < min{e,6}. Then N (z) C X. Since z € (X NY), there is
an element w € N (z) so that w ¢ (X NY). Since w € N (z) C X, we must
have w ¢ Y. So N (z) C N(z) contains an element in ¥ and an element not
in Y. Thus, z € 3Y. This shows z € X NJY. A similar argument shows that
if z¢ XNJY, then z € X NY. Therefore, (X NY) C (BXNY)U(XNIY).

Now let z € (X NY)U(X NIJY). Suppose z € (8XNY). Then z € XNY.
Let € > 0. Since z € X, there is an element w € N.(z) so that w ¢ X. Thus,
w ¢ X NY. Siilarly, if z € (X N JY), every neighborhood of z will contain
an element of X NY and an element not in X NY. Thus, z € (X NY) and
HXNY)=0XNY)U(XNAJY) as desired. |

The next theorem shows that there are points at any distance along AB.

Theorem 6. Let A # B € H(R") with d(B,A) > d(A,B). Let r = h(A, B).
Let s e Rwith 0 < s < r, and let t = r —s. If C is a compact subset of
(A+s)N (B +1t) containing O ((A+ s) N (B +1t)), then C satisfies

h(A, B) = h(A,C) + h(C, B). (7)

Proof: Let A # B € H(R™) with r = d(B, A) > d(A,B). Let s € R so that
0<s<randlett =r—s. First we will show 8 ((A+s)N(B+1)) #0. Todo
this we consider two cases:

I s>r—d(A, B)
ITo0<s<r—d(A,B).
Case I: Assume s > r — d(A, B). Let a1 € A and by € B so that d(a1,b1) =
-

d(A, B). Let y; € byay so that d(b;,y1) = t. Since s > r — d(A, B), we have
d(A,B) > r —s=t. Thus, d(aj,b1) = d(A, B) > t. So y; € bya; and

d(yl,al) = d(bl,al) — d(bl,yl) = d(A,B) -1 S r—t=s. (8)

Thus, y; € (A+ ). Now we will show d(y;, B) = t. Suppose there exists ¥’ € B
so that d(y1,b") < t. Then

d(al, b/) < d(al, yl) + d(yl, b/) (9)
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Now (8) and (9) combine to show d(a1,b’) < (d(A,B) —t)+t = d(A4,B), a
contradiction to d(A, B) = d(ay, b1)}. Therefore, d(y1, B) =t and, consequently,
y1 € O(B + s). By lemma 8, we have y1 € 3 ((A+35) N (B +1t)).

Case II: Assume 0 < s < 7 — d(A, B). We consider two subcases: (A + s) C
(B+t)and (A+s) € (B+t). If (A+s) C (B+1t),then C = (A+s). In
this case, lemma 7 shows d(B,C) =1 — s = t. Now assume (A + s) C (B +t).
Since s < r —d(A, B), we have s+ d(A, B) < r = s+¢. Thus, d(4, B) < t. Let
a € A. Then there is a b € B so that d(a,b) = d(A, B) < d(A,B) <t. Let ¢, =
t—d{a,b) If z € N_(a), then d(z,b) < d(z,a)+d(a,b) < (t—d(a,b))+d(a,b) = t.
Therefore, z € (B+t) and A C (B+1)°. Now let € ((A+s)— (B+1t)). Then
z € (A+ ). So there is an element a, € A with d(z,a,) = d(z, A) < s. Let
S=Ta; N (B+t).

Note that Ne, (az) C (B +1t) so S is not empty. Since S is the intersection of
two compact sets, S is compact. Let y, € S so that d(z,y,) = d(z,5). Since

x ¢ (B +t), we know that y, # z. Now we show that y, € d(B +t). Since

ys € S, we have y, € (B +1¢). Let ¢ > 0. Now, for any y € S, we have
d(z,y) > d(z,yz). So no y # y, in Ty, can be in S. Therefore, if y € Ty,
with 0 < d{y,,y) < ¢, then y ¢ (B +t). Therefore, every neighborhood of y,
contains a point in B + ¢t and a point not in B + ¢t. Thus, y, € (B +t). Also,
d(yz, az) < d(z,az;) < 5. Soy, € OB +1t)N(A+35) C I((A+s)N(B+1)).
Therefore, 3 ((A + s) N (B +t)) is not empty.

Let C € H(R™) sothat C C (A+s)N(B+t) and C contains 9 ((A + s) N (B +1)).
We will show h(A4,C) = s and h(B,C) = t. Since C C (A+s)N(B+1t),
we know d(C,A) < s and d(C,B) < t. Now, C contains an element ¢ €
O((A+s)N(B+1t)), and d(c, A) = s, d(¢, B) = t. Thus, we have d(C, A) = s
and d(C, B) = t. It remains to show d(A,C) < s and d(B,C) < t.

Let a € A. Then there is an element b € B with d(a,b) < d(A4,B) < r.

If d(a,b) < s, then b € (A4 s) N (B +t). If this is the case, let © = b.
If d(a,b) > s, then let x € ab so that d(a,z) = s. So x € (A + s). Also,
d{a,z) + d{z,b) = d(a,b), so d{z,b) = d(a,b) — d(a,z) < r —s = t. Thus,
x € (A+5)N(B+t). By lemma 6, there is an element x, € 8 ((A +s) N (B + 1))
so that d(a,x,) = d(a, (A + s) N (B +1t)). So d(a,z,) < d{a,z) < s. Thus, we
see that d(A4,0((A+s)N(B+1))) <s.

To show d(B, ) < t, we argue in a similar manner. Let b € B. Then there is
an element a € A with d(b,a) < d(B,A) <r. If d(b,a) <t, then a € C. In this
case, let y = a. If d(b,a) > t, then let y € ba so that d(b,y) =t. Soy € (B +1).
Also, d(b,y) + d(y,a) = d(b,a), so d(y,a) = d(a,b) — d(b,y) <r —t=s. Thus,

y € (A+s)N(B+t). By lemma 6, there is an element y, € 9 ((A + s) N (B +t))
so that d(b,yp) = d(b, (A+s)N (B +1t)). So d(b,y) < d(b,y) <t. Thus, we see
that d(B, 8 ((A+ s) N (B +1t))) < t, which completes our proof. [ |

_This result guarantees that for any A, B € H(R™), there will never be holes
in AB.
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5.2 Rays In H(R")

Theorem 6 states that for any two points A, B € H(R"™), there is a full continuum
ol points between A and B. However, we know that in general there is not always
a [ull continuum of points salislying to the lelt of A or to the right of B, as
evidenced by the example in Section 3.3. In this section we will see that if
A,B € H(R™) and AB does not contain a continuum of points for each of the

triangle equalities, then 1(4_3) must be a ray. That is, 1(4_3) will never be a segment.

Our first step in exploring rays in H(R"™) is to generalize the result obtained
in Section 3.3. We proved that if A is the unit disk centered al the origin and B
is the square with vertices (2, 2), (2, —2), (=2, 2), and (—2, —2), then there does
not exist C' € H(R"™) such that

h(B,C) = h(B, A) + h(A, ). (10)

The results of this section will show that there are two conditions that together
imply that (10) can not be satisfied. Theorem 7 will show that one of these
conditions is d(A4, B) > d(B, A). Before stating this theorem, we present two
lemmas. The proof of Lemma 10 requires Lemma 9 from [2], which is stated
here without proof.

Lemma 9. Let A € H(R") and s > 0. If x € (A + ), then d(z, A) = s.
Lemma 10. If B € H(R™) and r > 0, then (B +r) C ON.(B).

Proof. Let « € (B +r). We will show that z € <U ON,(b) — NT(B)>. By
beB
Lemma 5, this will show & € ON,(B). Lemma 9 guarantees that d(z, B) = r.

Therefore, there is a b, € B such that d(z,b,) = r. So € IN,(b;), which
implies = € U ON,(b).

beB
We now show that ¢ N,.(B). Suppose x € N.(B). Then z € N,(b) for

some b € B. Let e =7 —d(x,b). If y € N.(z), then
d(b,y) < d(b, ) + d(z,y).
Since d(z,y) < e,
d(b,y) < d(b,z) +e.

Now,
d(b,z) +e=d(b,z) + (r — d(x,b)) = r.
Therefore,
d(b,y) < r.

Y
So y € B + r which implies N.(z) C B + r. Since N.(z) is a neighborhood of
x which does not intersect R™ — (B + r), it follows that « ¢ 3(B + r). This
contradiction proves that « ¢ N,.(B).



Thus, z € <U ON,(b) — NT(B)>, so x € ON,(B). [

bc B

In general, it is not true that (B +r) = ON,(B). That is, it will not always
be the case that ON,.(B) C 9(B + r). For example, consider Figure 8. Notice
that, ONa(B) contains the set {(x,y) | « = 0, y € [-2,2]}. However, {(z,y) |
z=0,y€(-2,2)} C(B+2)° s0 {(z,y) |lz=0,y € (-2,2)} ¢ HB+2).

Theorem 7. Let A,B,C € H(R™) such that h(C,B) = h(C,A) + h(A, B),
h(C,A) = s, and h{(A,B) =r. If d(A, B) > d(B, A), then C N Nyy5(b) # 0 for
each b € B.

Proof. Assume d(A, B) > d(B,A). Let h(A,B) = r and h(C, A) = s. Thus,
hC,B)=r+s. Let b€ B. For any ¢ € A and any ¢ € C,

d(b,¢) < d(b,a) + d(a,c). (11)

Choose o’ € A such that d(b,a’) = d(b, A). Since d(b,A) < d(B,A) and
d(B,A) < r, it follows that d(b,a’) < r. Combing this fact with (11), we
conclude

d(b,c) <r+d(d,c). (12)

Since h(A,C) = s, we know d(A,C) < s. It follows that if a € A, then
d(a,C) < s. Choose ¢’ € C such that d(a’,¢’) = d(a’,C). Then d(da’,c') < s.
From this fact and (12) it follows that

d(b,c'y <7 +s. (13)
Therefore, ¢’ € N1 s(b), which implies that C'N N,y 4(b) # 0. [ |

This result is important because it implies that if d(A, B) > d(B, A), then
condition 3(b) of the circle theorem will not be satisfied. Therefore, if d(A, B) >
d(B, A) and there is a C' € H(R™) such that C' € C,;(B), then it must be true
that C' N AN, s(B) # 0. This condition is part 3(a) of the Circle Theorem.
To determine if there are no points C' on the Hausdorff line 1(4_3) satisfying
h{(C,B) = h{C, A) + h(A, B), we need to find the additional conditions under
which C N IN,1s(B) = 0. The next theorem tells us when this occurs.

Theorem 8. Let A, B,C € H(R"™) withr = d(A,B) > d(B,A). If h(A,C) =s
and (A+ s) C Nyys(B), then h(C,B) #r +s.

Proof. Let A, B,C € H(R™) with = d(A, B) > d(B, A). Assume h(A,C) = s.
Suppose h(B,C) =r+s,s0 C € Cry5(B). Since d(A, B) > d(B, A), Theorem 7
states that for all b € B, CN N,y 5(b) # 0. So 3(b) of the Circle Theorem is not
satisfied for C € Cr45(B). Therefore, we must have CNON,4s(B) # 0. Let ¢ €
CNON,44(B). Then Lemma 1 tells us ¢ ¢ N,y5(B). Since (A+s) C N,45(B).
we have ¢ ¢ (A + s). However, h(A,C) = s implies C € Cs(A). Therefore,
condition 1 of the Circle Theorem states that C' C U Ns(a). By Lemma 2,
acA
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C C(A+s). But c € C and ¢ ¢ (A + s), which is a contradiction. Thus,
hMB,C) #1r+s. [ |

Given a Hausdorff line AB , the result of Theorem 8 tells us when a set
C € H(R™) does not satisfy h{C, B) = h(C, A) + h(A, B). However, this result
only holds when h(A, C) = s. We generalize this result in the following corollary.

Corollary 1. Let A,B,e H(R™) with r = d(A,B) > d(B,A). If (A+s) C
Nyis(B) for all s > 0, then there are no sets C' € H(R™) such that h(C, A) +
h(A, B) = h(C, B).

Corollary 1 applies to the example in Section 3.3, thus verifying the result
of Proposition 1.

This is result is useful, but it is does not tell us when (A + s} C N,44(B)
will be true for all s > 0. Lemma 12 gives conditions under which this occurs.
Before proving it, we state and prove the following lemma.

Lemma 11. Let B € H(R™), x € R™, and t > 0. Suppose x € (B +t). If
b€ B and x € ON,(b), then b € OB.

Proof. Assume = € 9(B +t). Lemma 10 and Lemma 5 together imply that for
every b € B, « ¢ N (b). Lemma 10 also guarantees that z € dN,(b) for some
b € B. Suppose b ¢ 9B, or equivalently, b € B°. Since b € B°, there is an € > 0
such that N.(b) C B°. Choose b’ € bz N N, (0) such that b # b'. Then:

d(b,z) = d(b,b") + d(b', z).

Rearranging, we have
d(b', x) = d(b,x) — d(b, V).

Since z € IN(b), d(b,x) = t. Thus,

d(',z) =t —d(b,b'). (14)
Now, 0 < d(b,t’) < e. Together with (14), this implies d(b', z) < {. Therelore,
x € N¢(b'). Thus, the assumption that b € B° was false and b € 9B. a

Lemma 12. Let A,B € H(R"™) and s > 0. If d(0A,B) < d(A,B) = r and
(A+5)° = Ng(A), then (A+ s) C N,4+(B).

Proof. Let A, B € H(R™) withr = d(A, B) > d(0A, B). Let s > 0and z € A+s.
Then either x € &(A+s) orz € (A+5)°. Suppose z € (A+s). Thend(z, A) = s
by Lemma 9. Thus, d(z,a,) = s for some a, € A, so x € ONs(a,). Lemma 11
then tells us that a, € 9A. Therefore, d{a,, B) < d(8A,B) < r. If we choose
ba, € B such that d(a,,b,,) = d(az, B), then d{x,b,,) < d(x,a;)+ d(az, ba,) <
r + s. Therefore, & € N,ys(by, ), which implies that x € N,1,(B).

Now suppose = € (A+3s)°. Then x € N {ag) for some ay € A, so d(z, ag) < s.
Let by, € B such that d(ao,bs,) = d(ag, B) < d(A,B) = r. Then, d(z,b,,) <
d(z,a0) + d(ag, by,) <7+ 8,30 € Nypps(ba,). Thus, © € Ny45(B). [ |
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Figure 9: There exists C € H(R™) satisfying(10) even though d(A, B) > d(B, A) and d(A, B) =
d(ag, B) for some ag € A°.

Corollary 2. Let A, B € H(R™) with r = d(A, B) > d(B,A). If d(0A,B) <r
and (A+35)° = Ny(A) for all s > 0, then there are no sets C € H(R™) satisfying
h(B,C)=h(B,A) + h(A,C).

Notice that Corollary 2 applies to the example in Section 3.3 where A was
the unit disk centered at the origin and B was the square with vertices at (2, 2),
(2,-2), (—2,2), and (-2, -2).

The condition that d{(0A, B) < d(A, B) implies that if d(a, B) = d(A, B) for
some a € A, then a € A°. In this situation d(A, B) can only be measured from
a point on the interior of A. The result of Corollary 2 does not hold if d(A, B) is
measured from both a point in 04 and a point in A°. When this occurs, there
may be sets C' € H(R™) satisfying (10).

Figure 9 will illustrate this point. The set D is the unit disk centered at the
origin and B is the circle of radius 2 centered at the origin. Let A = DU{(4,0)}
and C = AU {(4 + 5,0)} for some s > 0. Then d(A4, B) = 2 can be measured
from either (0,0) € A° or (4,0) € JA. Since d(B, A) =1, we have h(A, B) = 2.
Now, d(A,C) = 0 since A C C and d(C, A) = d((4,0),(4 + s,0)) = s. So
h{A,C) = s. The distance d(B,C) is measure from any point on B to the
boundary of D, so d(B,C) = 1. We measure d(C, B) from (4 + 5,0) along the
x-axis to B, so d(C,B) = 2 + s. Therefore, h(B,C) = 2 4+ s, which implies
h(C,B) = h(C,A) + h{A, B). The condition that d(A, B) > d(B, A) was met
here and d(A, B) was measured from a point on the interior of A. However,
we were able to find a set C € H(R™) that satisfied (10). This is because
d(A, B) = d(8A, B). Therefore, Corollary 2 will not hold unless we require that
d(BA, B) < d(A, B).

Theorem 8 gives conditions for when there are no sets at some distance
s > 0 from A that lie on the Hausdorff line AB satisfying (10). In addition,
Corollary 1 only describes situations in which there are no points on a Hausdorff
line satisfying (10). The corollary tells us when a Hausdorff line “stops” at A.
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It only applies to situations when
(A+s) € Neys(B) (15)

for all s > 0. One may ask if it is possible for (15) to hold for some values of s
and not for others. If so, we may be able to find points on AB satisfying (10)
with h{C, A) = s for some, but not all, values of s. The results below show that
this is, in fact, the case. Aller stating a lenuna, we will look at an example.

A={al,a2}
={b1.b2} o Ry
e ™

Figure 10: Shown here are the sets A = {ai,a2} and B = {b1,b2}. The set C = A + s satisfies
(10).

Lemma 13. If A € H(R") and s > 0, then h(A + s, A) = s.

Proof. Let A € H(R™) and s > 0. If a € A, then a € A+ s. Therefore,
d(A,A+5s) =0. If x € A+ s, then d(z,a,) < s for some a, € A. Thus,
d(z, A) < s. Now, if x € (A + s), then by Lemma 9 we know d(z, A) = s.
Therefore, d(A + s, A) = s. It follows that h(A + s, 4) = s. |

Consider the sets shown in Figure 10. The (wo point sets A and B are
A = {a1,a2} and B = {b;,b2}. Note that b, = (0,2}, bo = (0,—2), and
a1 = (0,0). The point as is located so that d(as, B) = d(az,b2) > d(a;, B) = 2.
Thus, d(A, B) > 2. Furthermore, d(by, A) = d(b2, A) = 2, which implies r =
h(A,B) = d(A,B) > d(B,A). The distance r is shown by the thin segment

25



Figure 11: There are no sets C € H(R™) satisfying (10).

bias. The distance s is shown by the bold segment asc, where ¢ € lTa; so that
d(by,c) = r+s. The value of s was chosen so that b;c would lie completely above
the z-axis. We then have ¢ € (4 + 8) N IN,15(B), so the results of Corollary 1
do not apply.

The set (B + r + s) is the lighter shaded region along with its boundary,
while (A + s) is the darker shaded region with its boundary. Let C = A + s.
By Lemma 13, h{A,C) =s. Now, C = (A+s) C(B+7r+3s),s0if y € C, then
d(y, B) <r+ s. Since d(c, B) = r + s, we have d(C, B) = r + s. Furthermore,
Ng{az) C Nyys(by) and Ng(a1) C Npys(ba), so d(B,C) < r + s. We conclude
that h(C, B) =r + s. Thus, h(C, B) = h(C, A) + h(A, B).

Figure 11 illusirates ithe same sets A and B. However, this timne we have
chosen s to be much larger than in Figure 10. In particular, s was chosen so
that bjc intersects the z-axis and ¢ is below the z-axis. Notice that in this
case, (A + 8) C N,y45(B). Therefore, Theorem 8 states that there are no sets
C € H(R™) that satisfy (10). In addition, taking s’ > s will give the same
result. So we see that AB is really a ray even though (A + s) C N,4s(B) does
not hold for all s > 0. The results that follow describe this situation.

Lemma 14. If A, B e H(R"), ACB, and 0 < s <t, then (A+s) C (B+1t).
Proof. Let A,B € H(R™) with A C B. Let s,t € R so that 0 < s < ¢ and
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let z € (A + s). Then there exists y € A C B so that d(x,y) < s < t. Thus,
x € (B+t)and (A+s) C (B+1t), as desired. [ |

Lemma 15. If A, B € H(R™), AC B, and 0 < s < t, then Ns(A) C Ni(B).

Proof. Let A,B € H(R") with A C B. Let s,t € R so that 0 < s < t and
let x € N;(A). Then there exists a, € A C B such that 2 € N(a;). Thus,
d(z,a;) < s <t and & € Nylaz). Since a, € B, we have Ny(a,) € N;(B).
Therefore, x € Ny(B) and N (A) C Ny(B). |

Theorem 9. Let A, B € H(R™) with r = h(A, B). If (A+ sp) C Ny4s,(B) for
some so > 0, then (A+8) C Nyys(B) for all s > sq.

Proof. Let A, B € H(R") and assume (A + sg) C Ny45,(B) for some sy > 0.
Let r = h(A, B). Let s > 50 and choose z € A+ 5. Lemma 14 tells us that
(A4 s0) € (A+s). We also know N,4,,(B) € Nypis(B) by Lemma 15. If
x € (A+ sg), then & € Ny, (B) € Nyts(B). Suppose z € (A+s) — (A+ sp).
Then there exists a, € A such that so < d(z,a;) < s. Let y € Ta, so that
d(az,y) = so. Note that such an element exists because d(z,a;) > sg. Now,
d(az,y) + d{y,x) = d(a,,z) < s implies d{z,y) < (s — d(az,y)). Thus,

d{z,y) < (s — sp). (16)

Since d(az,y) = so, we know y € A + s9. Therefore, y € Nyy5,(B). So there
exists b, € B such that y € Ny44,(by), which implies

d(y, by) < (r+ so). (17)
The triangle inequality tells us

Together with (16) and (17), (18) implies that d(z,b,) < 7 + s. Therefore,
z € Nrys(by), so z € Ny o(B). Thus, we see that in all cases x € A+ s implies
z € Nyyo(B). u

Corollary 1 gave conditions that implied a Hausdorff line was actually a
ray. If A,B € H(R"™) so that r = d(A,B) > d(B,A) and (A + s) C N,+(B)
for all s > 0, then the Hausdorff line 14_3) is equivalent to the ray A_B> There
are no points on E to the left of A. Theorems & and 9 together show that
another situation may occur when a Hausdorff line is a ray. They imply that if
A, B € H(R™) so that d(A, B) > d(B, A) and (A+ s) C N,4,(B) for some, but
not all values of ¢ > 0, then the line may extend to the lelt of A some distance
before terminating. There will be a value s, = inf{s € R | (A+s) C N,4+(B)}
such that there are no sets on 14_B> a distance greater than s. Lo the lefi, of A.

Our focus thus far has been on determining when a Hausdorff line fails to
have a full continuum of points. That is, we have described situations in which
Hausdorff lines are incomplete in a sense. The next section approaches Hausdorff
lines from the other direction and shows when such lines are complete.
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5.3 When h(C,B) = h(C,A) + h(A, B) Is Satisfied
Theorerm 8 tells us that (10), with A(A,C) = s, is not be satistied if
1. d(A, B) > d(B, A), and
9. (A+5) C Nyyo(B).

Theorem 10 will show that if 1 does not hold for A, B € H(R™), then for each
s >0, we can find a set C € H(R™) such that h(A4,C) = s and (10) is satisfied.
In addition, Theorem 11 proves that if 2 is not true for sets A, B € H(R™), then
for each s > 0 there are infinitely many sets h(A4,C) = s and (10) is satisfied.

Theorem 10. Let A, B € H(R"™) with r = d(B, A) > d(A, B). For each s >0
there is a set C € H(R™) such that h(A, C) = s and h(C, B) = h(C, A)+h(A, B).

Proof. Let A, B € H(R™) with r = d(B,A) > d(A, B). Let s > 0. Choose by €
B and ag € A such that d(bg,ag) = d(B,A) =71. Let C = (A+ s) — Ny14(bo).

Claim 1. C € C,(A4).

We will show that this is true by proving that all three conditions of the
Circle Theorem (Theorem 3) are satisfied.

1. Clearly, C C (A + s). By Lemma 2 we have that C C U Ng(a).
a€cA

2. Let a € A. If a & N, 14(bo), then a € C. So C N Ny(a) # 0. Suppose
(AN
a € Nyis(bg). Choose y € bpa such that y € IN,1s(by). Then d(by,y) =
d(bOa a/) + d(a/7 y)a 50

d(bo, a) = d(bo, y) — d(a,y). (19)
We also have d(by, a) > d(bg, A) = d(B, A). Thus,
d(bo,a) > 7. (20)
Substituting (19) into (20), we find that
d(a,y) < d(bo,y) — .
Since y € ON,4:(by), we also know that d(bg,y) = r + s. Therefore,
dla,y) < (r+s)—r.

Then d(a,y) < s, so y € Ng(a). Note that by Lemma 2 this also implies
y € A+ s. Since y € IN,4s(bg), we know y ¢ N,ys(bg). Therefore,
y € ((A+8) — Noys(bo)) = C. We conclude that C'N Ny(a) # 0.

28



3. We will now prove that 3(b) of the Circle Theorem is satisfied. Let xzp €
M such that d(ag, zg) = s and d(by, x9) = r + s. Then 2y € IN;(ag) C
Ng(ap) CA+s,80 g € A+ 5. Also, 25 € ON45(bo) and zg & Ny4s(Dg).
This shows that 29 € ((A + ) — Nrys(bg)) = C. Tt follows that z¢ €
cn 8N5(a0).

We prove that Ne(ag) C Nyys(bg), so that C N Ng(ag) = 0. Let = €
Ng(ap). Then d(x,ap) < s. Furthermore, d(z,bg) < d(z,ag) + d(ap, bg).
Since d(ag,bo) = r, we have d(x,by) < r+ s. Thus, © € N,4,(by) and
Ng(ap) € Nyis(bg). Tt follows that if z € Ns(ag), then z € Ny s(bg). This
implies z ¢ C. Therefore, C N Ny(ag) = 0.

Since all three conditions of the Circle Theorem are satisfied, C' € C;(A). O
Claim 2. C € Cr445(B).

Once again, we prove C € Cr44(B) by showing that all of the conditions of
the Circle Theorem hold.

1. From condition 1 of the Circle Theorem and Lemma 2, we know A C B+r.
By Lemma 14 we then know that (A + s) C (B + r + s). Therefore,
C C(B+r+s). Lemma 2 then guarantees that C C U Nrys(h).

beB

2. Let b € B. Then d(b, A) < d(B,A) = r. Choose a, € A so that d(b, A) =
d(b,ap). Then,
d(b,ap) <. (21)

By part 2 of Claim 1, we know C' N Ng(ap) # 0. Let ¢ € CN Ng(ap). Then

d(c,ap) < s. (22)

Using the triangle inequality, we have
d(b, ¢} < d(b,ap) + d(ap, c). (23)
From (21), (22), and (23) it follows that d(b,c) < r + s. Thus, ¢ €

C N Ny s(b), so CN Ny s(b) # 0.

3. We will prove that 3(b} of the Circle Theorem holds. Notice that in part

3 of Claim 1 we chose zg € M such that d(ap,zq) = s and d{bg,xzg) =
r+s. We also argued that z¢ € C and xg € ON,1s(bp). It follows that
2o € CNAN, 5(bg). Since by definition C' N N1 s(bg) = @, condition 3(b)

is satisfied.

We conclude that C' € Cy44(B). O

Since C € C;(A4) and C € Cr;:(B), it follows that h(C,A) = s and
h{C,B) = r + s. Therefore, h(C, B) = h(C, A) + h(A, B) as desired. [ |

We will need the next two lemmas to prove Theorem 11.
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d(A,B)

.

d{A+s,B) = d(A,B) + s

Figure 12: d(A+s,B) =d(A,B) + s

Lemma 16. Let A, B € H(R™). If s > 0, then d(A+ s,B) < d(A, B) + s.

Proof. Let A,B € H(R™) with d(A,B) = r and let s € R with s > 0. Let
x € A+s. Then there is an element a € A so that d(z,a) < s. Since d(A, B) = r,
there is an element b € B with d(a,b) < r. Then

d{z,b) < d{z,a) + d{a,b) <71+ s.

Therefore, d(z, B) < r+ s for every t € A+ s. Thus, d(A+s.B)<r+s. B

If A,B € H(R™) and s > 0, then it is possible to have either d(A + s, B) =
d(A,B) + s or d(A + s,B) < d(A, B) + s. Figure 12 shows sets A and B for
which d(A + s, B) = d(A, B) 4+ s. For the sets C and D in Figure 13, however,

d(C +r,D) = d(C, D) because both distances are measured from the center of
C. Therefore, d(C + r, D} < d(C,D) + r.

Lemma 17. Let B € H(R™) and r > 0. If x € ON.(B), then d(z,B) =r.
Proof. Let B € H(R™) and r > 0. Let x € 9N, (B). By Lemma 5 we know that

x € <U ON(b) — NT(B)>. Since « ¢ N,.(B), we know that for every b € B,

beB
d(xz,b) > r. (24)
Furthermore, = € U ON,(b) implies that for some b, € B, it holds that = €
beB
ON;(by). Thus,
d(x,b:) = 7. (25)
It follows from (24) and (25) that d(z, B} =r. u
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d{C+r,D) = d(C,D) < d(C,D) +r

Figure 13: d(C +r, D) < d(C,D) +r

Theorem 11. Let A, B € H(R™) with h{(A,B) =r. If (A+3)NON,,«(B) #0
for some s > 0, then there are infinitely many sets C' € H(R™) such that:

1. h(A,C)=s, and
2. h(C,B) = h(C, A) + h(A, B).

Proof. Let A, B € H(R"™) with h(A, B) = r. Assume (A + s) N ON,1.(B) # 0
for some s > 0. Let € (A + 5) NIN,15(B). We will first show d(x, A) = s.
Since z € (A + s), we know d(z, A) = d(z,a;) < s for some a,; € A. Suppose
d(z,az) < s. Then for all b € B, we have d(x,b) < d(z,a;) + d(az,b). Thus,

d(z,b) < s+ d(ag,b).

Now, d(a,, B) < d(A, B) < h(A, B) = r implies that there is an element b,, € B
such that d{ay, b,,) < r. Therefore,

d(x, by, ) <1+ 5.

This implies that d(z, B) < r+s. However, Lemma 17 states that d(z, B) = r+
3. We conclude that the assumption that d(z, A) < s was false, so d(z, A) = s.

Let t € R™ such that 0 <t < s. Let C = (A+t)U{z}. Since A C C, we
know that d(A,C) =0. Let c € C. If c € (A+1), then d(c, A) <t < s. lfc =z,
then d(c, A) = s. Therefore, d(C, A) = h(C, A) = s, which verifies 1.

We will now compute h(B,C). If ¢ € (A +t), then Lemma 16 tells us that
d(c, B) <r+t <r+s. Ifc =z, then ¢ € IN,44(B). This implies d(c, B) = r+s.
So d(C,B) = r+s. Let b € B. Since d(B,A) < h{A,B) = r, there is an
element @ € A C C such that d(b,a) < r. Therefore, d(B,C) < r < r +s,
so h(B,C) = r + s. It is easily verified that 2 holds. Since there are infinitely
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many values that ¢t may assume on the interval [0, s, there are infinitely many
sets C € H(R™) that satisfy both 1 and 2. [ |

Corollary 3. Let A, B € H(R™) with h{A,By=7r. If (A+s)NIN,;+(B) #0
for all s > 0, then for each s > 0 there are infinitely many sets C € H(R™) such
that:

1. h(A,C) =s, and
2. h(C,B) = h(C,A) + h(A,B).

If we have sets A, B € H(R™) satisfying the conditions of Corollary 3, then
E contains a full range of points to the left o[ A. That is, al any distance Lo
the left of A, there are infinitely many points in H(R™) on AB. The same is
true of the sets A and B satisfy the conditions of Theorem 10.

6 Conclusion

A seemingly simple example of a Hausdorff line (that of Section 3.3) gave a
surprising and counterintuitive result. We never expected that there would be
situations in which the triangle equalities could not always be satisfied for lines
in H(R™). The results we have given thus far give a good picture of the types
of lines to be found in H(R™). Specifically, there are three situations that my
occur for an arbitrary Hausdorff line, as opposed to the single case for Euclidean
lines. For points A, B € H(R™), it may be true that

—
1. AB contains a complete continuum of points.

— . . . —_— —_— . — .
2. AB is equivalent o either AB or BA. Thal is, AB is actually a ray that
stops at A or B.

3. 14_B> is a ray, bul extends beyond both A and B.

While nearly all questions have been answered concerning where points exist
on an arbitrary Hausdorff line, there is still direction for further research. For
example, the intersection properties of lines in H(R™) have not been completely
determined. One may also try to formulate a concept of continuity for Hausdorff
lines. Whatever direction one may take, it is clear that it will require creative
thinking and hard work. For the geometry of H(R") is unlike anything we had
expected.
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