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1 Introduction

If X is a complete metric space, the collection of all non-empty compact subsets
of X forms a complete metric space, (H(X),h), where h is the Hausdorff metric
introduced by Felix Hausdorff in the early 20th century. as a way to measure the
distance between compact sets. The Hausdorff metric has many applications.
The metric is used in image matching and visual recognition by robots [4] and
in computer-aided surgery. In these situations the Hausdorff distance is used
to compare what is seen with pre-programmed or recognized patterns — the
smaller the distance the better the match. The Hausdorff metric is also used
to find the roots of derivatives of polynomials [8], perform approximations with
polynomials [7], and to develop algorithms to compute the distance between
polygons [2]. The United States military has used the Hausdorff distance in
target recognition procedures [6] and it plays an important role in the study of

fractal geometry as well [1].

*Supported by NSF REU grant DMS-9820221
TSupported by NSF REU grant DMS-0137264
fSupported by NSF REU grant DMS-0137264
8Supported by NSF REU grants DMS-9820221 and DMS-0137264



Although the Hausdorff metric has many applications, the geometry of the
space H(R™) is less well known. In this paper we discuss the structure of funda-
mental geometric shapes in H(R™) using the Hausdorff metric as our measure

of distance between sets.

2 The Hausdorff Metric

Let (X, d) be a complete metric space. Let H(X) be the space of all non-empty
compact subsets of X. A distance function, called the Hausdorff metric, on

H(X) is defined as follows:

Definition 1. Let (X, d) be a complete metric space. Let A and B be elements
in H(X).

o I[fx e X, the “distance” from x to B is
d(z,B) = gél]gl{d(l’, b)}.
o The “distance” from A to B is

d(A,B) = r;leazc{d(:c,B)}.

e The Hausdorff distance, h(A, B), between A and B is
h(A,B) =d(A,B) Vd(B,A),

where d(A, B) V d(B, A) = max{d(A, B),d(B, A)}.

As an example of the above definition, let A be the circle of radius 3 centered
at the origin and B the disk of radius 1 centered at the origin in R? (see figure
1). In this example, d(A, B) can be measured from the point a to the point b
in figure 1. To find d(B, A), however, we must measure from the origin to a
point on A. Thus, d(A4, B) = 2 while d(B, A) = 3. We see that the function

d in definition 1 is not a distance function, since dA, B) can be different than



Figure 1: Left: d(A, B) is not equal to d(B, A).

d(B, A). This is why we need to use the maximum of d(A < B) and d(B, A) to
define a metric on H(X).

It is well known that h defines a metric on H(X). In fact, (H(X),h) is
a complete metric space [1, 3]. This space (H(X),h) is an important one in
the sense that it is the space in which fractals live. In the sections that follow
we describe some properties of the Hausdorff metric and discuss some of the

geometry of the space H(R").

3 Circles and Neighborhoods in H(R")

We begin our tour of the geometry of H(R™) with a discussion of circles in
the space. First, we need to review some relevant topological definitions and
notation. To differentiate between points in R™ and points in H(R"), we will

use lowercase letters to denote the former and uppercase letters for the latter.
Definition 2. Let (X,d) be a metric space. Let r > 0.

1. The open r-neighborhood around an element b € X is the set

Ny(b) ={z € X : d(x,b) < r}.

2. The boundary of the r-neighborhood around an element b € X is the set

ON,(b) ={z € X : d(z,b) = r}.



Recall from elementary analysis that in H(R™), the closure of N,.(b) is the
closed r-neighborhood of B, i.e.

N, (b) = {x € R : d(z,b) < r}.

We will use a different notation for neighborhoods in H(R™). Let r be a
positive real number and let B be a element of H(R™). Let C,(B) denote the
circle of radius r centered at the point B and D,(B) denote the open disk of

radius r centered at the point B. In other words,
C.(B)={A e HR"): h(A,B)=r}

and

D, (B) = {A € H(R") : h(A, B) < r}.

Our goal in this section is to describe circles and disks centered at points B in
H(R™).

The simplest case is when B = {b}, a single element set. Suppose A is in
C-(B). Let a € A. If d(a,b) > r, then d(A, B) = max,ca{d(z, B)} > r. Thus,
h(A,B) > r. Therefore, for each a € A, d(a,b) < r. In addition, to have
h(A, B) = r, there must be a point @ € A so that d(a,b) = r. Therefore, C,(B)
is the collection of compact subsets of R™ that are entirely contained within the
Euclidean ball, N,.(b), of radius r centered at b and that intersect this ball at
one or more points. Also, D,.(B) is the collection of compact subsets of R™ that
are entirely contained within N,.(b) that do not intersect the boundary of this
ball.

The general case describing elements in C,(B) is given by the following the-

orem.

Theorem 1. Let B be a non-empty compact subset of R™. Then A € C.(B) if

and only if A is a non-empty compact subset of R™ and

(a) AC UW

beB

(b) ANN,.(b) # 0 for each b € B.



(¢) Either AN (U Nr(b)> # (0 or there exists b € B with AN ON,.(b) # 0

beB
and AN N, (b) = 0.

To prove theorem 1 we will use the following lemma.

Lemma 1. 9 (U N,.(b)) = (U oN, () - | Nr(b)> :

beB beB beB

Proof of Lemma 1: Let z € 9 <U Nr(b)> . Then x € 9 (Upep Nr(b)). So

beB
for any € > 0, the open neighborhood N,(z) contains a point in U N,.(b) and
beB
a point not in U N,.(b). The second condition shows that = ¢ U N, (b).

beB beB
Since B is compact, the open cover {N,(b) : binB} has a finite subcover

{N,(b1), Ny(b2), ..., Ny(by,)}. For each k € Z*, we know that Ny (x) intersects
at least one of N,.(b1), Ny-(b2), ..., Ny-(by,). There must be at least one neighbor-
hood, N;(b;) that intersects infinitely many of the N1 (x). Then z € ON,(b;),

which implies « € U ON,.(b).
beB

Now suppose x € <U ON,(b) — U N,.(b)> . Then there is a b € B so that
beB beB
x € ON,(b). So for any € > 0, the neighborhood N.(z) contains a point in

N, (b) C U N,.(b) and a point not in N,.(b). More specifically, each N, (z) must

beB
contain a point not in U N,.(b). If not, then N(x) C U N,.(b). However,
beB beB
this implies =z € U N, (b), which contradicts our assumption. Therefore, for
beB
any € > 0, we have N.(z) contains a point in U N,(b) and a point not in
beB
U Ne(b). Soz €0 (U N,.(b)>. [ |
beB beB

Proof of theorem 1: We prove the forward implication first. Suppose A € C,.(B).
By definition, A is a compact subset of R™. Since we are assuming h(A, B) = r,
we know that d(A, B) < r and d(B, A) < r, with equality in at least one of the

cases.



Now we prove condition (a). Let a € A. Then

r = h(A, B) > d(A, B) > d(a, B)

implies that there is a b € B so that d(a,b) < r. Therefore, a € N,(b) C

U N-(0).
beB _
To prove condition (b), suppose there is a b € B so that AN N,(b) = 0.

Then, for any a € A, d(a,b) = d(b,a) > r. Since A is compact, there is an

a’ € A so that d(b,a’) = mig{d(b, a)}. So d(b, A) > r. Therefore, h(A, B) >
ac

d(B,A) > d(b, A) > r, a contradiction. This proves (b).

Next we show that A N U aN,«(b)> # (. Suppose d(A,B) = r. Then
beB
there is an a € A so that d(a, B) = r. It follows that there is a b, € B so that

d(a,b,) = r. Therefore, a € ON,(b,). If d(B, A) = r. Then there is a b € B so
that d(b, A) = r. It follows that there is an element a, € A so that d(b, ap) = 7.
Therefore, a, € ON,(b).

Now assume

An <U oN,(b) - | N,.(b)> = 0.

beB beB

In other words, for every z € AN U ON,(b), there is a y, € B so that = €
beB
N, (y.). We will show that these conditions imply that d(A, B) < r. Suppose

a € A so that there is a b, € B with d(a,b,) = r. Then a € ON,(b,). But
then a € N, (y,) and d(a,y,) < r. So for each a € A, there is a b € B so that
d(a,b) < r. This implies d(a, B) < r for each a € A. Thus d(A, B) < r. Since
h(A, B) = r, it must therefore be the case that d(B, A) = r. Now we want to
show that there exists b € B and a € ANAN,.(b) so that ANN,.(b) = . Assume
to the contrary that whenever a € ANIN,.(b), it is also true that ANN,.(b) # 0.
We will show that this assumption implies d(B, A) < r. Suppose b € B so that
there is an element a, € A with d(b,ap) = r. Then a; € ON,.(b). If ANN,.(b) # 0,
then there is an element o’ € AN N, (b) with d(b,a’) < r. Again, this shows
that for every b € B, there is an a € A so that d(b,a) < r, or that d(B, A) < r.

This contradiction verifies (c).



N
oS / A K >
PN NS @y T
bl /bz bl b2 }

I N S

Figure 2: Left: d(B, A) > r. Right: d(A, B) < r and d(B, A) < r.

Now we prove the reverse implication. Assume A € H(R™) so that A satisfies
conditions (a), (b), and (c). Let a € A. Condition (a) implies that there is a
b € B so that d(a,b) < r. Therefore, d(a, B) < r for each a € A. Consequently,
d(A,B) < r. Now let b € B. Condition (b) implies that there is an a € A so
that d(b,a) < r. Therefore, d(B,A) < r. Since d(A,B) < r and d(B,A) < r,
we have h(A4, B) <r.

To obtain equality, we use the conditions in (c). In either case in (c), we have

that AN <U aNT(b)> # (. Suppose a € AN (U ON,.(b) — U Nr(b)>. Then

beB beB beB
there is an element b, € B so that a € ON,(b,) or d(a,b,) = r. In addition,

a ¢ U N, (b). In this case, d(a,b) > r for all b € B with equality if b = b,.
beB
Therefore, d(A, B) = r and h(A, B) = r. In the other case, there is an element

b € B so that a € ON,.(b) and AN N,.(b) = 0. We then have d(b,z) > r for all
x € A, with equality if x = a. So d(B,A) =r and h(B, A) = r. |

It will be helpful to look at a few examples to illustrate the conditions in
theorem 1. Condition (a) is certainly reasonable, since each point of A must be
within 7 units of some point in B. To illustrate the necessity of conditions (b)
and (c), consider the case where B = {b1,by} is a two element set in R?. In
figure 2, Euclidean circles of radius r are drawn around the points in B. Sets A
are shaded. Note that condition (b) of theorem 1 is not satisfied in the example
on the left. In this case, d(bz, A) > r, so h(A, B) > d(B, A) > r. In the example
on the right, the second part of condition (c) is not satisfied. In this case, both
d(A, B) and d(B, A) are less than r, which means h(A4, B) < r.

Now consider the examples in figure 3. On the left, the first part of condition
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Figure 3: The shaded sets are a distance r from B.

(c) is satisfied. While d(B, A) < r in this example, we do have d(A4,B) =r. In
the example on the right, the second part of condition (c) is satisfied. In this
situation, d(B, A) = r, while d(A, B) < r. In both cases, h(A, B) =r.
Informally, this characterization indicates that, to be a distance r from a
non-empty compact set B, a set A must contain points that are within r units
of any point in B. If we collect all such points together, we should obtain the

largest set that is r units from B, as the next theorem demonstrates.

Definition 3. For B € H(R") and s > 0, define the set B + s as
B+s={xe€R":d(x,b) <s for someb € B}.

Theorem 2. Let B € H(R™) and let s be a positive real number. The set B+ s

is the largest element in H(R™) that is a distance s from B.

Proof: First we show that B + s is in H(R").
Since B € H(R"™), we know that B is closed and bounded. Let M be a
bound for B. Thus, |b| = d(b,0) < M for all b € B. Let € B + s. Then there

is an element b, € B so that d(z,b,) <s. So
d(z,0) < d(x,by) + d(bg,0) < s+ M.

Thus, B + s is bounded by M + s.

Next we demonstrate that B 4 s is closed. Let x be a limit point of B + s.
So there is a sequence {z,,} in B + s that converges to x. For each z,, there is
a point b,, € B so that d(zm,bn) < s. Since the sequence {b,,} is a bounded

sequence (B is bounded), it has a convergent subsequence {a;}. Since B is



closed, b = llim a; is an element of B. Now, let ¢ > 0 and choose N > 0 so that

— 00

m,l > N implies d(z,x,,) < § and d(b,a;) < §. Then for t > N, we have

d(z,b) < d(z,z¢) + d(xe,ar) + d(a, b) < e+ s.

This shows that d(z,b) < s and « € B + s. Therefore, B + s is compact.

Now we show that h(B, B+s) = s. Note that B C B+s, so d(B, B+s) = 0.
For each © € B+s, there is a b, € B so that d(x,b,) < s. Therefore, d(z, B) < s
for all © € B. This shows d(B + s, B) < s and, consequently, h(B, B + s) < s.
To obtain equality, we only need to find an element not in B that is exactly a
distance s from B. Let b € B with |b| a maximum. Let z = (1 + Ti\)b' Then
d(x,b) = |x — b| = s, so x is the point on the line through the origin and b that
is s units farther from the origin than b. Since |z| > |b|, we see that z ¢ B.

To show that d(x, B) = s, we must demonstrate that there is no element in B

closer to = than b. Let ¢ € B. A variation of the triangle inequality gives us
[z = b = || = [b] < [a] —[c] <]z —c].

Since d(z,¢) > d(x,b) = s for all ¢ € B, we must have h(B, B+ s) = s.

Finally, we show that B+s is the largest element of H(R™) that is a Hausdorff
distance s from B. Let C € H(R") with h(B,C) = s. Let ¢ € C. The fact
that h(B,C) = s implies that there is an element b € B so that d(b,s) < s.
Therefore, c € B+ s. So C C B + s. |

Now that we have found the largest set a distance s from a given point B in
H(R™), can we find a smallest set C' that is a distance s from B in H(R™)? Let
B € H(R") and let s be greater than 0. Cover B + s with open neighborhoods
N (b), for each b € B + s. By theorem 2, B + s is compact, so there is a finite
subcover {Nr (b1), Nz (b2),..., Nz (bg)} of {N.(b) : b € B} that covers B + s.
For each 4, choose a point ¢; € Nz (b;) N (B + s). If none of these points ¢; lies
on 9(B + s), choose another point ¢i41 on this boundary. Then, by theorem 1,
the set {c1,ca,...,cp1} is a distance s from B. Therefore, for any non-empty

compact set B and any s > 0, there is a finite set C' with h(B,C) = s. By the



Well Ordering Principle there will be a set with the smallest number of elements
that is a distance s from B. Note, however, that this set will not necessarily be
unique, since we may be able to choose our sets in other ways.

As an example, let B be the unit disk in R? and let s = 2. The set
{N1((3,0)), N1((—3%,0)), N1((0, 3)), N1((0, —3))} is an open cover of B. Choose
points (%,O)7 (—%,O)7 (O,%), (O,—%) from these balls. Since none of these points
intersects B 4 2, add the point (3,0) to this list. Then the set

C={(3.0),(~5.0).0.3),(0,-3). (3.0}

27
lies on C3(B). Note that the set {(0,0),(3,0)} also lies on Ca(B).

4 Miscellaneous Results about the Hausdorff Dis-

tance

In this section we present a few important results that describe the relationships
between the Hausdorff distance in H(R™) and the Euclidean distance in R™.

Many subsequent results will rely on the lemmas in this section.

Lemma 2. Let A, and B be elements of H(R™). If d(B,A) > 0, then there
exist ag € 0A and by € B so that d(bo,a0) = d(B, A), d(bo, A) > d(b, A) for all
a € A, and d(by, ag) < d(bg,a) for all a € A.

Proof: Assume r = d(B, A) > 0. Since d(B,A) = maxpea{d(b, A)}, there is
an element by € B so that d(by, A) = d(B, A) and d(bg, A) > d(b, A) for any
b € B. Also, d(bp, A) = mingea{d(bo,a)} implies that there is an ag € A so
that d(B, A) = d(bg, A) = d(bg, ag) < d(bg,a) for any a € A. Now we will show
that ag € JA. Note that since A is closed, 0A C A.

We proceed by contradiction. Suppose ag ¢ 0A. Then there is an € > 0

so that Nc(ap) € A. Let © = ag + = bo—do_ that is z is the point on the

2 |bo—ao|’

Euclidean line segment between ag and by a distance § from ag. Notice that

x € Ne(ag) C A and

ebofao €
bo — ERTDN by —ap| (1 - =— ) <1
0 <a0+2|bo—a0|)‘ o ao'( 2|bo—a0|) '

10

d(bo, l‘) =




This implies that d(by, A) < r, which is a contradiction. |

Note that we cannot conclude that by € OB in lemma 2 as the example in

figure 1 illustrates.

Lemma 3. Let A,B € H(R") with d(B,A) =r > 0. If0 < s < r, then
d(B,A+s)=r—s.

Proof: By lemma 2 there are elements by € B and ag € A so that d(bg, ag) =
d(B,A) = r, d(by, A) > d(b, A) for all b € B, and d(by,a0) < d(bg,a) for all
ac A

Consider the case where 0 < s < r = d(B,A). Let ¢y be the point of
intersection of N,(ag) and the ray chS. By construction, we have d(bg, ag) =
d(bo, co)+d(co, ag) or that d(bg, co) = r—s. Now we will show that d(B, A+s) =
d(bo, co)-

First we show that d(bg, A+ s) = mingc a4s{d(bo, )} = r — s. Suppose there
isa ¢ e A+ s so that d(bg,¢) < d(bo,co) = r — s. Since ¢ € A + s, there is an
element @ € A so that d(¢,a) < s. Then

d(bo, @) < d(bg, &) + d(G,a) < (r—s) + s =r.

However, we know that r = d(bo,a9) < d(bo,a) for any a € A. This is a
contradiction. Therefore, d(bg, A + s) = d(bo,cp). To complete the proof, we
need to show that d(bg, A + s) is the maximum such distance.

Now we show that if b € B, then d(b, A+ s) < d(bg, A+ s). Let b € B.
Recall that r = d(bg, A) > d(b, A). By lemma 2, there is an a € A so that
d({b}, A) = d(b,A) = d(b,a) < r. Let ¢ be the point at which the ray ab
intersects Ng(a). Now d(c,a) = s, so ¢ € A+ s. Since a,c¢, and b lie on a

Euclidean line with ¢ between a and b, we have
d(b,c) = d(b,a) — d(a,c) <r —s.

This shows that d(b, A+ s) = mincca1s{d(b,¢c)} <r —s=d(by, A+ s). |

The example in figure 4 shows that there is no corresponding lemma for

d(A + s, B).

11



Figure 4: Left: d(A + s, B) is not easily related to d(A, B) and s.

Lemma 4. Let A€ H(R") and s > 0. If x € 0(A+s), then d(x, A) = s.

Proof: Let © € (A + s). By theorem 2, we know that A + s is closed. So
x € A+ s. Therefore, there is an element a € A so that d(z,a) < s. So
d(z, A) < s.

Suppose there is an a € A so that d(z,a) = s’ < s. If 2/ € Ny_y (), then
d(z',a) < d(z',z) +d(z,a) < (s—§')+ s =s.

Thus, 2’ € A+ s. This shows that Ns;_s (z) C A+ s, contradicting the fact that
x € J(A+ s). Therefore, d(xz, A) > s. This gives us d(z, A) = s. |
The extension of a set by a radius r > 0 also gives us an alternative way to

view condition 1 of Theorem 1.

Lemma 5. Let B be a set in H(R™). Then

U N®)=B+r
beB

Proof: Let B € H(R™),r > 0,and = € U,cp N,.(b). Then there exists by € B
such that = € N,.(bo) and d(z,by) < r. Therefore, z € B+ r and UbeBm -
B+r.

Now let « € B+ r. Then 3by € B such that d(x,by) < r. But this means

that x € N,.(bo) and so x € |y g Nr(b). Therefore B + 1 C | J,c g N (D). |

12



5 Lines

In this section we will present definitions, examples, and theorems about lines

in H(R™). We will use the following notation for lines and rays in R™.

o ab= {a+t(b—a) :t > 0} is the Euclidean ray from the point a to the

point b.

o ab = {a+t(b—a):t € R} is the Euclidean line determined by the points

a and b.

e ab= {ta+(1—1)b:0 <t < 1} is the Euclidean segment between a and b.

A line connecting two ponts a and b in R™ can be thought of as the set of
all points ¢ € R™ so that at least one of the equalities d(a, b) = d(a, c) + d(c, b),
d(a,c) = d(a,b) + d(b,c), or d(c,b) = d(c,a) + d(a,b) is satisfied, where d is the
Euclidean distance on R™. We will use this notion of lines in R™ to define lines

in H(R™).

Definition 4. Let A, B be distinct elements of H(R™). The line determined by
A and B is the set of elements C € H(R™) so that at least one of

1. h(A, B) = h(A,C) + h(C, B),

2. h(A,C) = h(A, B) + h(B, C),

3. h(C,B) = h(C, A) + h(A, B)
is satisfied.

We will call the lines in H(R"™) Hausdorff lines.
As an example, we present a complete characterization of the points in

H(R™) that lie on a Hausdorff line joining single point sets.

Theorem 3. Let a,b € R". Let A= {a},B = {b} and C € H(R"™). Then C
lies on the Hausdorff line defined by A and B if and only if there exist r,s € R
such that:

13



1. CC(A+r)n (B+s)

2. There exists ¢y € C such that co € I(A+r) N é)(BJrs)ﬁ((E> and cg satisfies

one of the following:

e d(a,b) =d(a,cp) + d(co,b)
e d(a,co) = d(a,b) + d(b,co)

e d(co,b) =d(co,a)+ d(a,b)
Proof: Let a,b € R™. Let A= {a}, B = {b} and C' € H(R").

=: Suppose C is on the Hausdorff line defined by A and B. Let r = h(A, C) and
s = h(C, B). Then Vc € C, we have d(c,a) < r and d(c,b) < s. Furthermore,
we have C € C4(r) and C € Cp(r). Therefore, by condition 1 of theorem 1, we
must have C' C N,.(a) and C' C N,(b). By lemma 5, we know that N,(a) = A+r
and N,(b) = B + s so that we have C C (A +7) N (B + s). From condition
3 of Theorem 1, we know that either C' N 9 (U,c 4 Nr(a)) # 0 or there is an
element ag € A such that C intersects only the boundary of N, (ap). Since A
= {a}, in either case, we will obtain C N dN,(a) # 0. Similarily, we must
have C' N ON,(b) # . Suppose no point in C' is in IN,(a) N INs(b). Let
¢1 € CNINy(a) and ca € C N ON4(b). Then, d(c1,a) =r and d(cz,b) = s. We

know ¢; € B+ s = Ns(b) = ON4(b) U Ns(b). Because ¢; is not in ONs(b), we

must have ¢; € Ng(b). Therefore, d(c1,b) < s. Similarily, d(ca,a) < r. But this

implies that
o h(A,B) = d(a,b) < d(a,c1) + d(c1,b) < 7 + s = h(A,C) + h(B,C)
o h(A,C) =d(a,c1) < d(a,b) +d(b,c1) < d(a,b) + s = h(A, B) + h(B,C)
o h(C,B) = d(cy,b) < d(cz, a) + d(a,b) < r + d(a,b) = h(C, A) + h(A, B).

This contradicts the fact that C' is on the Hausdorff line defined by A and B.
Therefore there must be an element ¢ € C such that ¢y € 9N, (a) N INs(b).
By lemma 5, this is equivalent to ¢y € d(A + ) NI(B + s). Thus, h(A,C) =
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Figure 5: Let A=a and B = b. On the right we see that the only sets that satisfy h(A, B) =
h(A,C) + h(C, B) are single element sets since A + r and B + s intersect in only one point in
R™ for all r,s > 0. When we look for sets satisfying h(A,C) = h(A, B) + h(B,C) or h(C,B) =
h(C, A) + h(A, B), we have a greater variety of sets C that satisfy the conditions of Theorem 3 as

the example on the right shows.
r=d(a,co), h(B,C) = s =d(b,cp), and h(A, B) = d(a,b). Because C is on the
Hausdorff line defined by A and B we have one of the following true:

e d(a,b) =h(A,B) =h(A,C)+ h(B,C) =d(a,co) + d(co, b)

e d(a,co) = h(A,C)=h(A,B)+ h(B,C) = d(a,b) + d(b, co)

e d(co,b) =h(C,B) =h(C,A) + h(A, B) = d(co,a) + d(a,b)

>
which implies that ¢y is on ab. Therefore, we have shown that C satisfies

conditions 1 and 2.

<: Assume C satisfies conditions 1 and 2. Since C satisfies condition 1, we know
Ve € C, d(c,a) < rand d(c,b) < s. Because C satisfies condition 2, d(cp,a) =r
and d(cp,b) = s. So we can conclude d(cop,a) = h(C, A) and d(co,b) = h(C, B).

Since C'is on E)), one of the following is true:
1. d(a,b) = d(a,co) + d(co,b) & h(A, B) = h(A,C) + h(C, B)
2. d(a,cp) = d(a,b) + d(b,co) < h(A,C) = h(A, B) + h(B,C)
3. d(cg,b) = d(co,a) + d(a,b) < h(B,C) = h(C, A) + h(A, B)
Therefore, C lies on the Hausdorff line defined by A and B. ]

Figure 5 gives examples of sets C' lying on the Hausdorff line defined by A

and B. Two interesting results of this classification are:
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Figure 6: The closed disk C lies on the Hausdorff line defined by F = {f} and G = {g}, but not
on the Hausdorff line defined A = {a} and B = {b}.

e Although we may have a,b, f,g € R™ collinear in Euclidean space, the
Hausdorff lines defined by A = {a}, B = {b}, F' = {f}, and G = {g} are
the same if and only if {a,b} = {f, g} (see Figure 6).

e If we restrict ourselves to the subspace of H(R™) consisting of single el-
ement sets, then we can see that the Hausdorff line through the points
A = {a} and B = {b} contains exactly those sets C = {c}, where the
point ¢ € R™ lies on the Euclidean line E)). In this way, the standard Eu-

clidean lines in R™ are embedded in the geometry of geometry of H(R"™).

Now that we have a characterization of Hausdorff lines defined by single point
sets, we turn our attention to the question of how such lines might intersect. In
Euclidean space, we know that distinct lines are either parallel or intersect in
exactly one point. For our purposes, we will consider two lines in H(R"™) to be
parallel if the lines have no points in common. The next theorems tell us how

distinct lines defined by single point sets relate to each other.

> > > >
Theorem 4. Let a,b, f,g € R™ such that ab || fg and ab, fg are coplanar.
Let p be the point where the perpendicular to qu) at f intersects E)). Then if we
let A= {a},B={b},F ={f},G ={g} € H(R™), we will have AB I FG if

and only if for some relabeling of a,b, f, g we have p € ab.

Proof: Let a,b, f, g € R™ such that ab I E are coplanar and af Nbg = (). Let
P, q € R™ be the points where the perpendicular to <f—g> at f and the perpendicular
to % at g intersect %. Let m,n € R™ be the points where the perpendicular to

g g >
ab at a and the perpendicular to ab at b intersect fg. Also, let A = {a},B =

16



Figure 7: Condition for parallel lines

{b}’vF = {f}a G = {g}

<: Suppose that p is on ab. That is, d(a,b) = d(a,p) + d(p,b) (see Figure 7).
Suppose we also have C' € 14_B> N ltj—)G Then from Theorem 3 we must have
r,s,t,u > 0sothat C C (A+r)N(B+s)N(F+1t)N(G+u) and there exist
o, c1 € C with ¢g € 8(14—}—7“)ﬂé?(B—i—s)ﬂ(a)> and ¢; € 8(F+t)ﬂa(G+u)ﬂ<f_>g.
Therefore we have d(cg,a) = r,d(co,b) = s,d(c1, f) =t, and d(c1, g) = u.

Case 1: Suppose either d(a, b) = d(a, co)+d(co,b) or d(f,g) = d(f,c1)+d(c1, g).
Without loss of generality, we will consider the case when d(a,b) = d(a,cy) +
d(co,b). Since C C (A+r)N(B+s) and ¢; € C, we must have d(a,cq) < r =
d(a,co) and d(b,c1) < s =d(b,co). So,

d(a,b) < d(a,c1)+ d(c1,b) < d(a,co) + d(co,b) = d(a,b).
Obviously, d(a,b) = d(a,b) so we must have
d(a,b) =d(a,c1) + d(cq1,b).
> d g nd
But this would imply that we have ¢; € ab N fg which contradicts ab || fg.

Case 2: Now suppose d(a, ¢p) = d(a,b)+d(b,co) and d(f,c1) = d(f,g)+d(g,c1)
or d(cp,b) = d(co,a) + d(a,b) and d(e1,g) = d(eq, f) + d(f,g). Without loss of
generality, we shall assume the former. Let w € jf—g) so that cow L (fq) and
let v = d(w,cp). Since ab # E we know v > 0. We also know that since
C C B+ s and ¢; € C, we must have d(b,c1) < s = d(b,cy). Suppose we have
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Figure 8: Case 2

d(g,c1) = d(g,w) + d(w, c1). Then we would have

d(b,c1)? = d(b,n)* + (d(n,w) + d(w,c1))?
> d(b,n)* + d(n,w)?
=~2 4 d(b, co)? > d(b, ).
This would imply d(b,c1) > d(b,co), a contradiction. A similar argument
shows d(w, ¢1) = d(w, g) + d(g, ¢1) implies d(b, c1) > d(b, cp) as well. Therefore
we must have d(g,w) = d(g,c1) + d(c1,w). (See figure 8) Consider the right

triangle with vertices g, w and ¢y and hypotenuse gcg. From the Pythagorean

Theorem, we have

d(g, o) = d(g,w)* +~°
= (d(g, 1) + d(c1,w)* ++°
=d(g, 1) + 2(d(c1,w))(d(g, c1)) + d(c1, w)* +4° > d(g, c1)*.

This gives us d(g, co) > d(g,c1) = u, which implies ¢ ¢ G+wu. Since ¢y € C, this
contradicts C C G + u.

Case 3: Suppose d(a,c) = d(a,b) + d(b,co) and d(c1,9) = d(ca, f) + d(f,9)
or d(cp,b) = d(co,a) + d(a,b) and d(f,c1) = d(f,g) + d(g,c1). Without loss of
«— R nd > —
generality, we shall assume the former. Because fp L fg and fg || ab, we must
have E il E. Therefore, f,p and cg form a right triangle with hypotenuse
feco. Similiarily, since ?;L) 1 E we know b, n, and ¢; form a right triangle with

hypotenuse bc;. Since we know that d(b,c1) < d(b,co) and the length of a leg
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Figure 9: case 3

of any right triangle is less than the length of the hypotenuse, we have

d(f7 CO) > d(CO;p) = d(CQ, b) + d(b,p)
Z d(CQ, b) Z d(Cl, b)
= d(na f) + d(f’ Cl) 2 d(fa Cl)'

> d(n,c)

This implies that ¢t = d(f,c1) < d(f, co) which contradicts ¢y € F + ¢.
We can conclude that there can be no set C' in ﬁ N F<—)G and therefore

AB || FG.

<: Suppose that we have AB I FG in H(R™) with p ¢ ab for all relabelings
of a,b, f,g. Without loss of generality, suppose that m,n satisfy d(m,g) =
d(m, f) + d(f,g) and d(n,g) = d(n, f) + d(f,g) with d(f,n) > 0 while p,q
satisfy d(a,p) = d(a,b) + d(b,p) and d(a,q) = d(a,b) + d(b, q) with d(b,p) > 0.
Let v = d(b,n) = d(f,p) and o = d(n, f) = d(p,b) and consider the quantity

2 2
1. Since « is strictly positive, it follows that the denominator is nonzero

and therefore this quantity is real. Therefore we can find some 5 > 0 such

that 22~ < 3. Let ¢1 be a point on E such that d(c1,g9) = d(cq, f) +d(f,9)

2c

and d(c1, f) = e+ B. Similarily, let ¢y be a point on @b such that d(a,co) =
d(a,b) + d(b, co) and d(cg,b) = o+ [ (see Figure 10). Then

d(clan):d(claf)id(fan):a+670‘:ﬂ'

The same argument shows d(cg, p) = (3 as well. Therefore, by the Pythagorean

theorem we have
d(b,e1)? = d(b,n)* + d(n,1)* = 7> +
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a b p q (o)

Figure 10: d(n, f) = d(p,b) = a and d(p, f) = d(n,b) = v. We choose cg, ¢1 so that d(c1, f) =
d(co,b) = o+ .

and
d(fa CO)2 = d(fap)Q + d(pa CO)2 = 72 + 62'

Using these facts, we have

<p
7’ —a? <203

7 <o’ +2a8
72+ﬁ2§(a+ﬁ)2
d(b,c1)? < d(b,co)?.

Because d(b, ¢1),d(b,co) > 0, we can conclude that d(b,c1) < d(b,cp). A similar
argument will show that d(f,co) < d(f,c1). We may also repeat the above
process to show that d(a,c1) < d(a,co) and d(g,c1) < d(g, co). Consider the set
C ={co,c1}. Let r = d(a,co),s = d(b,co),t = d(f,c1), and u = d(g,c1). Then
since d(a,c¢) <1 Ve € C and d(b,c) < s Ve € C we have C € (A+r)N (B + s).
We also have ¢y € C such that ¢g € 8(A+7’)08(B+s)ﬂ<£. Therefore, C € AB
by our previous theorem. Since d(f,c) <t and d(g,¢) < u Ve € C with ¢; € C
such that ¢; € (F +t)NI(G +u)N (]Tq), we also must have C' € FG. Thus,
Ce AB N ﬁ and AB is not parallel F('—)G, a contradiction (In fact, any subset
of (A+r)N(B+s)N(F+t)N(G+ u) that contains ¢y, ¢; will be in AB ﬂ}(7—)G)
Therefore, we must have either the perpendicular to ‘EJ at a or b intersecting
fg or the perpendicular to % at f or ¢ intersecting ab. |

Note that when AB is not parallel to ﬁ , the intersection of the extensions

A+r, B+s, F4+u, and G 4+t will be a convex set. Consequently, we can find
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Figure 11: Here we have d(a,b) # d(a,p) + d(p,b) and d(f, g) # d(f,p) + d(p,g) (Case 1).

infinitely many sets in ABNFC. Because of this, our definition of lines will not
give us an incidence geometry. (For a discussion of incidence geometries and
their properties see [5].)

We have now seen examples of distinct Hausdorff lines that parallel and dis-
tinct Hausdorff lines that intersect in infinitely many points. The next theorem

shows us that these are not the only possibilities.

Theorem 5. Let a,b, f,g,p € R™ such that b N % =p. Let A= {a},B =
{0}, F = {f} and G = {g} in H(R™). Then ABNFG = {p} if only if after
some relabeling of a, b, f, g we have d(a,b) = d(a,p)+d(p,b) and either d(f,g) =
d(f,p) +d(p, g) or d(g,p) < d(b,p) where d(g,p) < d(f,p).

Proof: Let a,b, f,g,p € R™ such that b N qu) =p. Let A={a},B={b},F =
{f} and G = {g} in H(R™) and let § = ZLgpb. Without loss of generality,

suppose d(g,p) < d(f,p).

=: Suppose that be can find no labeling a, b, f, g such that d(a,b) = d(a,p) +
d(p,b) and either d(f,g) = d(f,p) + d(p,g) or d(g,p) < d(b,p).

Case 1: Suppose that d(a,b) # d(a,p) + d(p,b) and d(f,g) # d(f,p) + d(p, g).
Without loss of generality, we shall assume d(f,p) = d(f,g) + d(g,p) with g #
p and d(a,p) = d(a,b) + d(b,p) with b # p. Let ¢y be a point on @b such
that d(b,co) = d(b,p) + d(p,co). Then let ¢; be the point on <f_g> such that
d(p,c1) = d(p,co) and d(g, c1) = d(g,p) +d(p,c1). (See Figure F:sin2) Consider
Acoper. Since d(p,c1) = d(p,cp), we must have m Zpcicg = m Lpegey. It

we look at Ageicp, we have m Zgege; > m Zgeieg and therefore d(g,c1) >
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Figure 12: Here we have d(a,b) = d(a,p) +d(p,b), d(f, g) # d(f,p) +d(p, g), and d(g, p) cos(8) <
d(b,p) < d(g,p) (Case 2).

d(g,co). Similarily, if we consider triangles fcico, beicy, and acicg, we show
that d(f,c1) > d(f,co), d(a,co) > d(a,c1), and d(b,co) > d(b,c1). Let C =
{co,c1} and let r = d(a,co), s = d(b,cp), t = d(f,c1), and u = d(g,c1). Then
CC(A+r)N(B+s) and we have ¢y € C with ¢y € 0(A+R)ﬂ8(B+S)ﬂ<£
so that by Theorem C' C (F 4+ t¢) N (G + u) and we have ¢; € C with ¢; €
OF +t)NIG+u)N % so that again by Theorem we have C' # {p} such
that C' € AB N ﬁ (Since we can repeat the above with any cp, ¢; that satisfy
d(b,co) = d(b,p) + d(p, o), d(p,c1) = d(p,co) and d(g,c1) = d(g,p) + d(p,c1),
we actually have infinitely many C € AB N F<'_G>)

Case 2: Suppose that we have d(a,b) = d(a,p) + d(p,b), d(f,g) # d(f,p) +
d(p, g) and d(g,p)cos(8) < d(b,p) < d(g,p). Without loss of generality, assume
that d(f,p) = d(f, g) + d(g,p) with d(g,p) # 0 (see Figure 12 . Let 8 = d(b, p),
v =d(g,p), a« = %ﬁﬁ)‘” and § = %W. Notice that since v >
B > vcos(f), both « and § have strictly negative numerators and stricly negative

denominators, and therefore, a, § € RT. We also know that

2y(Beos(0) —v) < 2v(B—7)
<(v+B)B-7)
_ ﬁQ _ 72-

Since 3% — 42 < 0, this implies W > 1 and

_ 2By(Bceos(f) — )
- 52 _72

> 3.

(07
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Therefore, we can choose cg € R™ on @b such that o = d(p,co) = d(p,b) +
d(b,cp). Let ¢ € R™ be the point on % such that d(p,c1) = 6 and d(g,¢1) =
d(g,p) + d(p,c1). Let r = d(a,cp), s =d(b,co), t =d(f,c1), u=d(g,c1) and let

C = {cp,c1}. Algebra will show that with our given choice of « and §, we have
(o — B)% = 62 + 3% + 235 cos(6).
But then by the law of cosines, we have
d(b,co)® = (a — )2
= 0% 4 3% + 236 cos()
=d(b, 1)
So d(b,c1) = d(b,co) = s and C C B + s. We also have
mZacgcy = mZbcger
= mZbcicy
< mZacicg.

Therefore d(a,c1) < d(a,co) and C C A+ r. Since C C (A+r)N (B + s) and
we have ¢y € C' such that ¢g € d(A+r)NI(B+s)N %, we must have C' € AB.
Again, we can show by algebra that

(6 +7)% = a® + 7% — 2ay cos(6).
It follows from the law of cosines that
dg,c1)? = (a— B> = 6%+ B2 + 265 cos(6) = d(g,co)®.
Thus d(g,co) = d(g,c1) = u and C C G + u. We also have

mZacico = mZgcicy
= mZbCOCl
<mZfeye.

This implies d(f,c1) < d(f,co) = t and hence, C C F + t. Therefore we have
CC (F+t)n(G+u) with ¢; € C such that ¢; € é?(F—i—?f)ﬂé?(G—i—u)ﬂjf_g>
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and so C' € FG. We can conclude that AB N FG # {p}. (Note that since
co,c1 € (A+r)N(B+s)N(F+1t)N(G+ u), an intersection of convex sets,
we must have ¢ge; C (A+7r)N (B +8)N(F +t) N (G + w). Thus if we choose
C" ={co} U{c1} UY where Y is a nonempty, compact subset of ¢ocy we will
have C' € AB N ﬁ Since we can choose infinitely such C’, we again have an

— =
infinite number of points on AB N F'G).

Case 2: Suppose that we have d(a,b) = d(a,p) + d(p,b), d(f,g) # d(f,p) +
d(p,g) and d(b,p) < d(g,p)cos(f). Without loss of generality, assume that

(
d(f,p) = d(f,g) + d(g,p) with d(g,p) # 0. Let 3 = d(b,p), v = d(g,p), and let
co be the point on ab such that d(p,co) =28 =d(p,b)+d(b, o). Let C = {p, co}
and take r = d(a, cp), s = d(b, o), t = d(u,p), and u = d(g,p). Then d(b, cy) =
B = d(b,p) so that C C B+s. Furthermore, d(a, co) = d(a,p)+d(a,co) > d(a,p)
so that C C A+ r. Since C C (A +r) N (B + s) and there exists ¢y € C' such
that co € 0(A+7r)NI(B+s)N E)), we must have C' € AB. We also have

d(g,co)® =~* + 457 — 48 cos(0)
<% 4487 42
=7 = d(g,p)*.
This implies d(g,co) < d(g,p) and C C (G + ). Furthermore, since d(g, co) <
d(g,p) gives us mZgepcy < mZgegp, we can conclude that
m/ fpco = mZgpcy
< mZgcop
<mZfeop

which implies that d(f, co) < d(f,p) and C C (F+t). Since C C (F+t)N(G+u)
with p € C such that p € I(F +¢t) NG +u) N E we must have C' € FG.
Therefore we have found C # {p} such that C € AB N FG. (Note that again,

. . . > < . . . > <>
since pcg is also in AB N F'G, we have an infinite number of sets in ABN F'G.)

<: Suppose we have d(a,b) = d(a,p) + d(p, b).
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Figure 13: The case when d(a,b) = d(a, p) + d(p,b) and d(f, g) = d(f,p) + d(p, g) implying we

have a single point interesection of distinct Hausdorff lines.

Case 1: Suppose that we also have d(f, g) = d(f,p)+d(p,g) (see 13). Let C be
a point in 1(4—>B ﬂF('—G). Then we can find cg, c; € C such that ¢j is on E)), c1 is on
<f—g> and for any ¢ € C, we must have d(a, ¢) < d(a, cg),d(b,c) < d(b,cp),d(f,c) <
d(f,c1) and d(g,c) < d(g,c1).

Case la: Suppose that either d(a, co) = d(a,b)+d(a, co) or d(co,b) = d(co, a)+
d(a,b) and either d(f,c1) = d(f,g) + d(g,c1) or d(c1,9) = d(c1, f) + d(f,g).
Without loss of generality, we shall assume d(a,co) = d(a,b) + d(b,cp) and
d(f,c1) = d(f,g) + d(g,c1). Consider the quadrilateral formed by ¢, b, g and
¢1 with diagonals be; and gég. We know that d(b,e1) < d(b,cp). Since longer
sides are opposite larger angles in any Euclidean triangle, we have m Zbcyc; <

m /bcicg. This implies that
m Zgcoc; < m Zbegg + m ZLgegeq
=m Zbcycy
< m Zbcicy
<mZgcerb+ m Zbeicg
=m Zgcicg.
But Zgcpc; is opposite ger in triangle gepe; while Zgeicg is opposite geg. We
can conclude that d(g,c1) < d(g,co) which contradicts the fact that d(g,c1) >
d(g,c) < Ve € C. Therefore, we cannot have d(a,co) = d(a,b) + d(b,co) and
d(f,c1) =d(f,g) +d(g,c1).
Case 1b: Suppose that either d(a,b) = d(a,co) + d(co,b) or d(f,g) =
d(f,c1) + d(c1,g). Without loss of generality, we shall assume the former. Let
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Figure 14: Here we have d(a, b) = d(a, p)+d(p, b), d(f,g) # d(f,p)+d(p, g) and d(g,p) < d(b,p).
Choosing co, ¢1 € C satisfying d(a,co) = d(a,b) + d(b, co) and d(f,c1) = d(f, g) + d(g, c1) leads to

a contradiction.

¢ be any point in C. We know that d(a,c’) < d(a,cy) and d(b, ') < d(b, co).
This implies that

d(a,b) <d(a,c) +d(c,b) < d(a,co) + d(co,b) = d(a,b).

So, d(a,b) = d(a,c") 4+ d(d,b) and ¢’ is on ab. But ¢; € C which implies that
c € ab N (f_g) Therefore, ¢; = p and we have d(f,g) = d(f,c1) + d(c1,g9). We
can then use a similar argument to show that ¢ € E]), Ve € C so that we must

> ad
have C' € ab N fg. It follows that C' = {p} and we are done.

Case 2:

Suppose that we have d(a,b) = d(a,p) + d(p,b), d(f,g) # d(f,p) + d(p,g)
and d(g,p) < d(b, p). Without loss of generality, we shall assume that p satisfies
d(f,p) = d(f,q) + d(g,p) with d(g,p) £ 0. Let C € H(R") be in AB N FG.
Then we can find cg,c; € C such that ¢y is on E)), c1 is on <f—g> and for any
¢ € C, we must have d(a,c) < d(a,co),d(b,c) < d(b,cp),d(f,c) < d(f,c1) and
d(g,c) < d(g,c1). Let 8 =d(b,p), v = d(g,p), @ = d(p,co), and § = d(p, c1).

Case 2a: Suppose that ¢y satisfies d(f,g) = d(f,c1) + d(c1,g). Since ¢ € C,
we must have d(f,co) < d(f,c1) and d(g,co) < d(g,c1). It follows that

d(fag) < d(fa CO) + d(Co,g) < d(fa Cl) + d(clag) - d(fa g)

> > >
So, d(f,g) = d(f,co) + d(co,g) and ¢g is on fg. But this implies ¢y € ab N fg.
Therefore, ¢g = p and p satisfies d(f,g) = d(f,p) + d(p,g), a contradiction.
Hence we cannot have d(f,g) = d(f,c1) + d(c1,9).
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Figure 15: Again we have d(a, b) = d(a, p)+d(p, b), d(f, g) # d(f, p)+d(p, g) and d(g,p) < d(b,p).
Choosing co, ¢1/inC satisfying d(a,co) = d(a,b) + d(b, co) and d(c1, g) = d(c1, f) + d(f, g) leads to

a contradiction as well.

Case 2b: Suppose we have d(f,c1) = d(f,g) + d(g,c1) and d(a,b) # d(a,co) +
d(co,b). Without loss of generality, we shall assume d(a, ¢,) = d(a, b) + d(b, co)
with d(b, cp) # 0 (See Figure 14). Since ¢; € C, we must have d(b, ¢1) < d(b, cp).
Therefore,

mJspcoc; = mZbeoge; < mlbeicg < mZpeicg.
This implies that
d= d(pa Cl) < d(pa CO) = Q.

We also have

(Oé - ﬁ)Q = d(b7 CO)2
> d(b, c1)? (1)
=2 +0% 4208

and
(y+0)* =d(g,c1)?

> d(g7 CO)2 (2)
= o 4+ 7% - 2ay.
After simplifying 1 and 2 we have

276 + 2ary cos(8) > o — 62 > 2a8 + 26 cos(6)

and thus
¥+ aycos(0) > af + 65 cos(H).

It follows from 8 = d(b,p) > d(g,p) = v that

B(6 4+ acos(0)) > v(6 + acos(9)) > B(a + dcos(6)).
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But this implies
d + acos(f) > o+ dcos(h)

0 —dcos(f) > a— acos(d)
0(1 —cos(0)) > a(l — cos(h))
e
which contradicts the fact that o > 6. We can conclude that we cannot have
o, c1 that satisfy d(f,c1) = d(f,g) + d(g,c1) and d(a,c,) = d(a,b) + d(b, co)
with d(b, co) # 0.

Case 2c: Suppose we have d(c1,g) = d(c1, f) +d(f, c1) and d(a,b) # d(a,co) +
d(co,b). Without loss of generality, we shall assume d(a, ¢,) = d(a, b) + d(b, co)
with d(b,co) # 0 (See Figure 15). Since d(b,c1) < d(b,cp), we must have

mZbcoc; < mZbeicg. But then we would have
m/ feicg > mZbeicy > mZbcye; > mZ fepey

which implies that d(f,co) > d(f,c1), a contradiction. Therefore, we cannot

have d(c1,9) = d(e1, f) + d(f,c1) and d(a,b) # d(a, co) + d(co, b).

Case 2d: Suppose ¢ satisfies d(a,b) = d(a,co) + d(co,b). Let ¢ be any point
in C. We know that d(a,c’) < d(a,cp) and d(b, ") < d(b, cp). This implies that

d(a,b) <d(a,c) +d(c,b) < d(a,co) + d(co,b) = d(a,b).

So, d(a,b) = d(a,c')+d(c',b) = d(a,co)+d(co,b) and ¢’ = ¢y. But ¢; € C which
implies that ¢; = ¢g and ¢y € ‘EJ N % Therefore, c=co=cy =pforallce C

and we have C' = {p}. |

The previous two theorems illustrate the fact that there are three possibilities
for the intersections of two distinct lines defined by single point sets in H(R"™): no

intersection, a single point intersection, or infinitely many points of intersection.
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6 Conclusions

The geometry of H(R™) is a very rich one. There are many questions that

remain to be answered. Among these are the following:

e As we saw, the standard Euclidean geometry is embedded in the geometry
of H(R™) as the single element sets. However, the geometry of H(R™)
is not itself an incidence geometry. Are there subspaces of H(R™) that
form incidence geometries other than Euclidean geometry? For example,
consider the subspace B(R™) of all closed n-balls in R™. We have been able
to classify all elements in B(R™) that lie on lines defined in this subspace.
However, a simple example shows that this subspace does not yield an
incidence geometry. Let {e1, e, ..., ey} be the standard basis for R™. Let
A be the closed ball of radius 3 centered at 8¢y, B the closed ball of radius
1 centered at 3e;, F the closed ball of radius 3 centered at 8es, and G the
closed ball of radius 1 centered at 3es. Then any closed ball of radius less
than 1 centered at the origin is on both AB and FC. Ts it possible to find
other subspaces that will give us an incidence geometry? If so, what kind

of parallel lines will we obtain in such a geometry?

e In the previous section, we completely determined the intersection proper-
ties of lines defined by single element sets in H(R?). To obtain a complete
classificiation of the intersections of lines defined by single element sets in
H(R™), we must determine the outcomes of intersections of single point

sets whose points lie on skew-parallel lines in R™.

e What other subspaces of H(R") have interesting structures? For example,
what, if anything, can we say about the geometry of H(S™) or H(T"),

where S™ is the n-sphere and T™ is the n-torus?

e Is it possible to define induced geometries on interesting quotient spaces of
H(R™). For example, if A and B are elements in H(R"), say that A ~ B
if there exist r,s > 0 so that A +r = B+ s. It is not difficult to show

that ~ defines an equivalence relation on H(R™). Is there a well-defined
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quotient space geometry? If so, what type of geometry do we obtain? Are

there other quotient spaces that yield interesting geometries?

e For certain subclasses of elements in H(R™), we are able to show that
there are infinitely many points on the lines determined by these types of
elements. A big question that remains is whether the same can be said

for the line determined by any two arbitrary elements of H(R"™).

e What analytic properties, if any, do lines in H(R"™) posess? For example,
does it make sense to talk about “continuous” lines in H(R™)? One pos-
sible way to define “continuity” is, given distinct points A and B, C on
the line AB and any € > 0, can we always find points D # C so that D
is on AB and h(C,D) < €? FOr our lines defined by single point sets,
we can always do this. Let A = {a} and B = {b} in R", with a # b, let
Ce AB and let ¢ > (0. From theorem 1 we know that there is a point cg
on E that is determined by C. If ¢y € ab, choose a point dy on ab that
is within € of ¢y. Then D = {dp} is on AB and h(C,D) < €. If co ¢ ab,
then D = C + 5 is on AB and h(C, D) < e. In either case, given any C
on AB , we can find elements on AB as close to C as we want. A question
that remains is whether lines defined by any pair of elements in H(R"™)
are continuous in this sense. Is this version of continuity useful? Is there

a similar notion of connectedness?

As you can see, there are many questions yet to be answered in this rich

geometry.
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