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1 Introduction

The Hausdorff metric is a rigorous way of measuring the “distance” between the nonempty closed and
bounded subsets of a metric space (X,d). By applying this metric to even the most familiar of metric
spaces (R",dg), we discover a broad array of geometric properties about the resulting metric space
H(R™). We will study some of the interesting properties of metric segments in H(R™), as well as
formulate a notion of “angle” in the Hausdorff metric geometry. To that end, we begin by providing
several topological terms we will need to define the Hausdorff metric. We take these topological terms
from [2].

2 The Hausdorff Metric

Definition 1. A metric on a set X is a function
d: XxX-—>R

having the following properties:

o d(z,y) =d(y,z) for all z,y € X.

o d(z,y) >0 for all x,y € X; equality holds if and only if x = y.

o d(z,y) +d(y,z) > d(x,z) for all z,y,z € X.

A set X with a metric d defined on it is called a metric space, and is denoted (X, d).

Definition 2. Let (X,d) be a metric space. A subset A of X is said to be bounded if there is some
number M > 0 such that d(ay,a2) < M for every pair a;,as of points of A.

As a simple example, let us consider the unit disc D; in R?, with distance defined by the Euclidean
metric dg. Then given points p; = (z1,%1) and ps = (22, y2) such that p;,ps € D1, we may use Figure
1 as a visual guide and find dg(p;,p2) = \/(372 —1)? + (y2 — y1)? < 2. Hence, the unit disk is bounded
in R? with the Euclidean metric.

Figure 1: The unit disc Dq, a bounded subset of R2.



Definition 3. Consider a metric space (X,d). The r-ball about the point p is b(p,r) = {g € X : d(p,q) <
r}.

Definition 4. Let (X,d) be a metriz space. A set S C (X, d) is open if, for every point p € S, there
exists r > 0 such that b(p,r) C S.

A classic example of an open set is the aptly named open interval I = (0,1) in R together with
the Euclidean metric. Using Figure 2 as a visual guide, let us pick a point a € I. Then let r =
min{dg(a,0),dg(a,1)}. With r thus defined, it is clear that b(a,r) C I. Since a was arbitrary, I is open.

While we have not shown it here, it should be mentioned that r-balls are always open sets.
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Figure 2: The open unit interval in R as an example of an open set.

Definition 5. Let A be a subset of R™ and let x be a point in R™. We say that x is a limit point of A
if every open set containing x intersects A at some point other than x itself.

Definition 6. Let A’ be the set of all limit points of A. If A’ C A, then A is closed.

In keeping with our example of an open set above, we shall show that the closed interval I = [0,1] C R
is indeed a closed set. If a is a point such that @ < 0, then the r-ball b(a,r) with r < |a| is an open set
about a which does not intersect I. Similarly, if a’ > 1, then the r-ball b(a',7) with 7 < a’ — 1 is an open
set about a which does not intersect I. Thus, no point in R — I can be a limit point of I, so I is closed.
Figure 3 gives a visual to accompany our example.
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Figure 3: The closed unit interval in R as an example of a closed set.

Definition 7. A subset Y of a metric space (X, d) is compact if every open covering A of Y contains
a finite subcollection that also covers Y. Here an open covering A is a collection of open subsets of X
such that the union of the elements of A contains Y.

The compact subsets of R™ can be described particulary easily with the Heine-Borel Theorem. For
a complete statement of the theorem see [6].

Theorem 1 (Heine-Borel Theorem). In Euclidean space, compact subsets of R" are precisely those
sets which are closed and bounded.

Before defining the Hausdorff metric, we need the Extreme Value Theorem, which we take from [2].

Theorem 2 (Extreme Value Theorem). Let f: X — R be a continuous function. If X is compact,
then there ezist points ¢ and d in X such that f(c) < f(z) < f(d) for every x € X. That is, f attains
its mazimal and minimal values when defined on a compact domain.

We may now proceed with the definition of the Hausdorff metric. Let 7 (R™) be the set of nonempty
closed and bounded subsets of R”. We will define the Hausdorff metric kA on this set H(R"), and so
create the metric space (H(R™),h). To prevent confusion, we will refer elements in H(R") and denote
them with upper case letters A, B, .... We reserve the word points to be singletons in R”, and we shall
denote them with lower case letters a,b,....

Definition 8. Let A and B be elements in H(R"™) and let a € A and b € B.
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Figure 4: Distance from a point to an element.

o Ifx € R, the “distance” from z to B is

As Figure 4 shows, we may think of finding the distance from a point x to a compact set B as
finding the distance from z to each point b € B, and then selecting the minimum distance. Note
that since B is compact, this minimum is guaranteed to exist by Theorem 2.

e The “distance” from A to B is

d(A,B) = r;leaic{d(a:, B)}.
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Figure 5: Distance from an element to an element.

The second step in our definition calls for us to take the maximum of d(z, B) over all € A,
as shown in Figure 5. Again, this maximum exists by virtue of Theorem 2. As Figure 5 shows,
d(A, B) need not be symmetric with respect to A and B. This leads to the third and final step in
our definition.

e The Hausdorff distance, h(A, B), between A and B is
h(A, B) = max{d(A, B),d(B, A)}.
Now we prove that the Hausdorff distance satisfies the three conditions given in the definition of a
metric.
Theorem 3. The Hausdorff distance h : H(R™) x H(R™) — R is a metric.

Proof. We address each of the three criteria for a metric space.
1. h(A,B) = h(B, A)
By definition, h(A, B) = max{d(A, B),d(B,A)} = max{d(B,A),d(A,B)} = h(B, A).

2. h(A, B) > 0 with equality if and only if A = B.



First let us show h(A,B) > 0. Since h(A4,B) = max{d(B,A),d(A, B)}, it suffices to show
d(A, B) > 0. Now

d(A, B) = max{d(z, B)}

T€EA
= max{min{dp(z,b)}}.

But we know that dg(z,b) > 0 for any z,b € R, and so d(A, B) > 0. Hence, h(A4, B) > 0 as well.

Next we show h(A,B) = 0 if and only if A = B. Suppose A = B, then for any z € A we
have £ € B as well. Then d(z,B) = minyep{dg(z,b)} = dg(z,z) = 0 for all x € A. Similarly
d(y,A) = 0 for all y € B. Then d(A,B) = max,ea{d(z,B)} = 0. Similarly, d(B,A) = 0. Thus,
h(A, B) = max{d(A, B),d(B,A)} = max{0,0} = 0.

Now we must show that if h(A, B) = 0, then A = B. We shall prove the contrapositive. Suppose
A # B. Then either there exists ag € A such that ag ¢ B or there exists by € B such that by ¢ A.
Without loss of generality, assume that there exists ap € A such that ap ¢ B. Then d(ag,B) =
minyep dg(ag,b). Let us choose by such that dg(ag,b1) = d(ag,B). We know that such a by exists
by Theorem 2. Note that, by the definition of a metric, dg(ao,b1) > 0. Furthermore, since ay # by
then dg(ag,b1) # 0. Hence d(ap, B) > 0. Thus, d(A4, B) = maxgzca{d(z, B)} > d(ap,B) > 0 and so
h(A, B) = max{d(A, B),d(B,A)} > 0, as desired.

3. h(A,C) < h(A, B) + h(B,C)

Figure 6: Proving Triangle Inequality in Hausdorff Metric.

We know that either h(A,C) = d(A,C) or h(A,C) = d(C, A). Let us suppose first that h(A4,C) =
d(A,C) = r. Choose ag € A so that d(ag,C) = r. Then since dg(ap,c¢) : C — R is a continuous
function defined on a compact space, Theorem 2 tells us there exists ¢g € C such that dg(ag,co) =
min.cc{dg(agp,c)}. Hence, there exists a ¢y € C such that dg(ag,co) =r.

Next, note that there exists by € B such that h(A, B) > dg(ap,b1). To see this, suppose that there
existed no such b;. Then dg(ag,b) > h(A, B) for all b € B. This would imply d(ag, B) > h(A4,B) >
d(A, B), which would violate the inequality d(A, B) > d(ag, B). Similarly, there exists ¢; € C' such that
h(B,C) > dgr (b, c1), for if not, then d(by,C) > d(B,C), which would be a contradiction. See Figure 6
for a visual. Finally, let us note that dg(ap,co) < dg(ag,c1). Then by combining the inequalities and
applying the triangle inequality for the Euclidean metric, we find

h(A,C) = dE(a(),C()) < dE(ao,Cl) < dE(a(),bl) + dE(bl,Cl) < h(A,B) + h(B,C)

If, on the other hand, h(A4,C) = d(C, A), the proof is completely analogous. Hence, h(A4,C) <
h(A,B) + h(B,(C), and so h(A, B) is a metric. O



3 Configurations, Betweenness, and Adjacencies in the Haus-
dorff Metric Geometry

In order to study the structure of such geometric constructions as lines in the Hausdorff metric geometry,
we would do well to first revisit several concepts from Euclidean space for which our understanding is
more intuitive than rigorous.

In Euclidean geometry we have a familiar notion of betweenness. If a,b,¢c € R” and dg(a,b) = r,
dr(a,c) = s, and dg(b,c) = t, then ¢ is between a and b if r = t + s, as shown in Figure 7. We adapt
this idea to define betweenness in H(R™).
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Figure 7 A point ¢ between points a and b in Euclidean space.

Definition 9. Let A # B € H(R™). The set C € H(R") lies between A and B if
h(A, B) = h(A,C) + h(C, B).

If we so desire, we can expand upon the preceding definition and say that C lies to the right of A if
h(B,C) = h(B,A) + h(A,C) and C lies to the left of B if h(C, A) = h(C, B) + h(B, A).

Given this definition, we use our intuition from Euclidean space to define the Hausdorff segment with
endpoints A and B, denoted as S(A, B), as the collection of all compact sets between A and B. In R,
we take it for granted that if dg(a,b) = r, then there is exactly one point ¢ such that ¢ lies between a
and b at a distance s from a and r — s from b. In the Hausdorff metric geometry, however, for certain
elements A and B such that h(A, B) = r, we will find that there are multiple elements C4, ..., C), that lie
between A and B and such that h(A,C;) = s and h(Cj, B) = r —s. In such cases we say that C1,...,C,
all lie at the same location between A and B. In some cases, there may even be infinitely many element
at the same location between A and B. To more easily give examples of multiple elements at the same
location, we introduce the notion of an extension.

Definition 10. The extension (A)s of an element A by a positive length s is {x € R* | dg(x,a) < s for
some a € A}.

Let us note that if a € A, then a € (A); as well, since dg(a,a) < s for any s > 0. Now we apply this
idea to identify an element on S(A4, B) at a distance s from A and r — s from b where r = h(A, B).

Theorem 4. Let A,B € H(R"), h(A,B) =1 and let M(s) = (A)s N (B),—s for each s € (0,7). Then
h(A,M(s)) =s and h(M(s),B) =r —s. Thus, M(s) lies on the metric segment S(A, B).

Bogdewicz proves Theorem 4 in [7]. If, however, we consider some element C' which contains a
point ¢y which is not in M (s), then this point must either lie outside of (4), or (B),_s. Without loss
of generality, let us assume ¢ € (A)s. Then d(cp, A) > s, and so C' cannot lie between A and B at
a distance s from A. Using the similar result for B, this tells us that any element C at a particular
distance s from A on the segment S(A4, B) must satisfy C' C (4); N (B),—s. We shall sometimes refer to
(A)s N (B)r—s as the largest element at its location between A and B because any other element at the
same location is a subset of (A); N (B)r_s.

For an example of (A); N (B),_s, let us consider the example shown in Figure 8. If A is the solid
disk on the left, and B is the circle on the right, then for some choice of s, the set C' marks the largest
element at its location between A and B. Any other element between A and B at a distance s from A
must be a subset of C' shown in the picture.

It turns out that for the specific example in Figure 8, there exist infinitely many elements between
A and B at the same location as C. We see this through the following theorem, which is proved in [8].
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Figure 8: The set ¢ = (A)s N (B),—s marks the largest element at its location between A and B.

Theorem 5. Let A # B € H(R™) and let r = h(A,B). Let s € R with 0 < s < r,. If C" is a compact
subset of C = (A)sN(B)r—s containing O((A)s N(B)r—s), then C' lies between A and B with h(A,C) = s
and h(B,C) =r —s.

Going back to the example in Figure 8 once more, we can quickly note that there are infinitely many
compact subsets of C' which include 9(C). For example, the sets {{c} U 9(C)}, where ¢ is any point in
the interior of C, all lie between A and B at the same location as C' itself.

Since our explorations will pay particular attention to those sets A and B, for which S(A, B) has
finitely many elements at each location, it is useful to define several necessary, though not sufficient,
conditions for this outcome.

Theorem 6. Given compact sets A and B, in order for S(A, B) to have finitely many elements at each
location, it is necessary that h(A, B) = d(b,A) =d(a,B) =7 for alla € A and b € B.

We refer to the above conditions as the PFAEL or Possibly Finite at Each Location conditions. For
a proof of Theorem 6, see [3].

Definition 11. A finite configuration is a set X = AU B where A and B are finite sets and A and B
satisfy the PFAEL conditions.

It is entirely possible to have infinite configurations (so that A and B are infinite point sets) which
satisfy the PFAEL conditions. We can even construct infinite configurations for which the number of
elements at every location between A and B is finite. However, for reasons which will later become clear,
we will focus our attention on finite configurations for the time being.

Before we move on to address exactly how we count the number of elements at each location between
A and B when the number is indeed finite, we provide a visual of a finite configuration in Figure 9, in
which A = {a1,a2,a3} and B = {by, b2,b3}. Clearly, h(A, B) = d(b;, A) = d(a;, B) for i =1,2,3.

4 #(X) for a Configuration

In the case of a finite configuration satisfying the PFAEL conditions, let a € A and b € B, with
dp(a,b) = h(A, B). The extensions {a}s and {b},_, can only intersect at a single point, just as in the
Euclidean case, since extensions of single point elements in the Haudorff metric geometry are equivalent
to extensions of points in the Euclidean metric. With A and B being finite point sets, this implies that
the intersection of (A)s and (B),_s is a finite point set. Let us say that C = (4); N (B),_s. If |C] =1,
then the number of subsets of C is 2%, since we may choose to include or exclude every point in C'. Thus,
the number of elements at a particular locations between A and B is less than or equal to 2¢, so finite
configurations do indeed have a finite number of elements at each location between A and B.

While we have now shown that the number of elements at each location between A and B is finite
when X is a finite configuration satisfying the PFAEL conditions, there remains the possibility that



Figure 9: An example of a finite configuration, in which A and B are both 3 point sets.

Figure 10: For finite configurations, extensions (A), and (B),_, intersect at only finitely many points.

we could have different numbers of elements at different locations between A and B. This problem is
addressed in [3], where the authors prove that, except at the endelements A and B themselves, the
number of elements at each location between A and B is a constant. Thus, this number is a property of
the configuration X alone, and so we shall denote it by #(X).

For an example of calculating #(X), let us consider the configuration shown in Figure 10. Here,
A ={ay,a2}, B = {b1,b2}, and C = {x1,x2,23}. With only 8 subsets of C' to consider, we can check
each subset in turn and verify that only the sets C' and {z,z3} satisfy the betweenness criteria. Hence,
for the configuration in Figure 10, #(X) = 2. We will see several more efficient methods for determining
#(X) in the next section.

5 Counting Techniques

Given a finite configuration X, we can in theory calculate #(X) by the brute force approach outlined
at the end of the previous section. To make more clear which subsets of C' which will lie between A and
B, we give the following two definitions.

Definition 12. Let A, B € H(R"™) satisfy the PFAEL conditions and let a € A and b € B. The point a
is said to be adjacent to b, denoted a < b, if and only if dgp(a,b) = h(A, B). The adjacency set [a]c, is
defined as the set {c € C : ¢ = a.} We will let [A]c denote the set Usecalalc.

Definition 13. Let A, B € H(R") satisfy the PFAEL conditions. Define the functions ga : C — A and
g : C — B by ga(c) = a when ¢ € [a]c and qp(c) = b when ¢ € [blc. Then qa(c) is the element of
a € A that is adjacent to c.

The following theorem shows g4 and ¢p are well-defined and surjective. For a proof of the theorem,
see [3].

Theorem 7. Let A,B € H(R") satisfy the PFAEL conditions and let C = (A)s N (B),—s, where
r=h(A,B) and 0 <s <r.



1. For all ¢ € C we have d(c,A) = s and d(c,B) =1 — s.

2. If C" C C, then h(A,C) < h(A,C").

3. Let C' C C lie between A and B. If ag € A then [aglc # 0. If by € B, then [bo]cr # 0.
4

Given c € C, there ezists exactly one a € A such that ¢ € [a]c and ezxactly one b € B such that
(XS [b]c

Proposition 1. Let U be a subset of C, and C' = C — U. If for all a € qa(U) there exists ¢ € [a]cr
and for all b € qp(U) there exists ¢ € [blcr, then C' lies between A and B at the same location as C.
Furthermore, only those C' which satisfy the restrictions above lie between A and B.

Proof. We shall begin with the forward direction of the proof. First, let a & ga(U), if such an a
exists. Then a is a point for which no adjacent points ¢ € U have have been removed in creating C'.
Let h(A,B) = r and let h(A,C) = s, where 0 < s < r. Then there must exist a ¢, € C’ such that
dg(a,cq,) = s. First we consider the case in which U = @, so C' = C'. The certainly for all a € g4 (U) there
exists ¢ € [a]cr and for all b € gp(U) there exists ¢ € [b]¢r, since C' here is the largest element between
A and B. If U # ), the consider a point a’' € g4(U). By assumption, there exists a point ¢, € [a]cr, SO
that dg(a’, cer) = s. At this point, we may see that d(A,C’) = s. Since every point ¢ € C' lies between
some a € A and b € B, it remains true that d(C', A) = s as well. Hence, h(A4,C’) = s. Through an
entirely similar argument, we may show that when C' has the assumed form, h(B,C’) =r —s. Then C’
lies between A and B, as desired.

To prove the second half of our if and only if statement, we proceed by contradiction. Suppose that
there exists a C' C C which lies between A and B, and for which either there exists a € g4 (U) such that
[a]c = B or there exists b € qg(U) for which [b]¢r = . Without loss of generality, we address the former
case. Since [a]cr = 0, then a is adjacent to no points in C’. There cannot exist any points in ¢ € C' for
which dg(a,c) < s since C' C C, and so we must conclude that d(a,C) > s. Hence, h(A,C) > s as well.
Let us now apply part 2 of Theorem 7 to say that h(B,C") > h(B,C). Then

h(A,C") + h(B,C") > h(A,C) + h(B,C) =s+ (r —s) =r = h(A, B),
so C' cannot possibly lie between A and B. This completes the proof. O

We may understand this proof as stating that in order for C' C C to lie between A and B, then the
removal of points to create C' cannot isolate any points in A or B. Let us consider the implications in
the context of the next example.

o aq ° a1 o a1
by °by by °by by °by
C3 C4 Cq
[ a2 [ J az [ J az

Figure 11: Subsets of C = {c1,c2,c3,ca} satisfy betweenness when they do not “isolate a point” a € A or b € B.

Let X be the finite configuration given in the left picture of Figure 11, so that A = {a1, a2} and
B = {by,bs} and the largest element between A and B is C' = {c1,¢a,c3,¢4}. Then if we remove the
point ¢z to create C' = {e1, c2,¢4}, as in the middle figure, we see that for each point a € A and b € B,
there remains a ¢ € C' such that dg(a,c) = s and dg(b,c) = r —s. Hence, C’ does indeed lie between
A and B.

If, on the other hand, we consider the subset C" = {¢1, ¢2} shown in the right picture of Figure 11, we
see immediately that the point as has been isolated. Since there exists no ¢ € C" such that dg(as,c) = s,
then d(ay,C") > s. In fact, d(as, C") = h(A,C") > h(A, B), and so C" cannot lie between A and B.



5.1 String Configurations

We now possess the tools to calculate #(X) for some simple classes of finite configurations. We therefore
define two commonly occuring classes of finite configurations, namely string and polygonal configurations,
which will occur frequently through the remainder of this paper. The definition for string configuration
comes from [3].

Definition 14. Let | be a positive integer. The l-string configuration Sy is the set of points {1,2,...,l}
on the real line, with A and B in H(R"™) defined as follows: A is the set of odd points in S; and B is the
set of even points in S;.

With this construction, the I-string is indeed a finite configuration, since d(a, B) = d(b, A) = h(A, B)
for all @ € A and b € B. This can been seen quite intuitively in Figure 12.

[ ) O o O [ )

Figure 12: A sample string configuration, Ss.

It turns out that we can calculate #(S;) quite easily for an arbitrary I € N. We will derive a closed
form for #(S;) using an argument based on the dicussion of string configurations in [5]. First let us
consider a few bases cases. Let A = {a} and B = {b} form the string configuration S,. There is only
one point ¢ € C, where C' is the largest element at its location between A and B as usual. Then we can
clearly note that only C itself lies at its location between A and B, so #(S2) = 1.

Next consider the case in which A = {a1,a2} and B = {b}, as shown in Figure 13.

a . 2
aq b ap

Figure 13: The Ss3 string configuration.

If C = {c1, 0}, then we may quickly observe that removing either point from the set will isolate some
point, preventing betweenness. Specifically, removing ¢; will isolate a; and removing c» will isolate as.
Hence, the only subset of C which satisfies betweenness is C' itself, so #(S3) = 1.

We are now set to consider the general string configuration. Let S; be defined by the sets A =
{a1,...,a;} and B = {b1,...,b;}, where i + j =[. Then C is the [ — 1 point set {c1,...,¢—1}. Now let
C' be a subset of C'. We see immediately that in order for C' to lie between A and B, C' must contain
the points ¢; and ¢;_;. We now consider two cases: either c; € C' or ¢ &€ C'.

If co € C’, then the number of such C' satisfying betweenness is the same as the number satisfying
betweenness for the string S;_1, since we have effectively just shortened the string by 1. If, on the other
hand, ¢; ¢ C, then c3 must be in C' in order to satisfy betweenness. The number of such C’ is equal to
#(S;_2). Thus, we find that #(S;) = #(Si—1) + #(S;—2). This is a Fibonacci-type relationship. Given
the initial data for S, and S3 we find that

#(S1) = Fi1,

where Fj is the [-th Fibonacci number.

5.2 Polygonal Configurations

For the second of our common finite configurations, we take the definition of a polygonal configuration
from [5].
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Figure 14: Example of the polygonal configuration Py

Definition 15. Let A and B consist of the vertices of reqular m-gons with m € N, in which the m-gons
share the same center point and initially are stacked such that the vertices correspond. Then B is rotated

i

2 radians with respect to A about the center point. Let Py, be the configuration AU B.

At this point, we could show that #(P,,) = Lo, where Lo, is the 2m-th Lucas number. Readers
eager to see such a proof should may read [5]. The proof can be done much more elegantly once we
have developed the Looping Algorithm, however, so we defer the proof for now.

5.3 Adjoining a point to an existing configuration

For a particular finite configuration X, we now know that the elements C' which lie between A and B
are those which do not isolate any points a € A or b € B. For larger configurations, it requires quite a
bit of work to find #(X). We would like to present a recursive algorithm for finding #(X) in order to
simplify the calculations for certain configurations.

Theorem 8. Let X be a finite configuration defined by sets A and B. Define a new configuration X'
by adjoining a point y to X at the point a. Furthermore, assume a is adjacent to k points by, ba, ... by
in X, none of which are endpoints. Then #(X") = #(X) + #(X — {a}).

// X \\\
// \\
b
by S
b .

% \\ obk,
\\ \ / //
N Oa 7
ey

Figure 15: Adjoining a point to a pre-existing configuration X.

We model our proof on the one given in [5].

Proof. First, let us clarify that when we say b; is not an endpoint, we mean that its adjacency to the
point a is not its only adjacency. In general, we will say that a point in a finite configuration is an
endpoint if it has only one adjacency.

Now let X be a finite configuration defined by the sets A and B, and create a new configuration X’
by adjoining the point y to the point a, as shown in Figure 15. Furthermore, let @ in turn be adjacent to
the points b1, ba, . .., by, none of which are endpoints in X. Let h(A, B) = r, and let h(A4,C) = s, where
0<s<rand C=(A)sN(B)y—s. Next, define A’ = A and B' = BU{y}, and let C' = (A")s N (B'),—_s,
¢o be the point in C’ between a and y. We will denote a subset of C' as C* and a subset of C' as C'*.

10



We can note immediately that in order for C'* to lie between A’ and B’ it is necessary that ¢y € C'*.
Now if C* lies between A and B, then C™ = C* U {¢g} lies between A’ and B’ as well because each for
each point a € A" and b € B, the [a]c # 0 and [b]c # 0. The number of such C'* is equal to #(X).

Since [a]¢ now contains the point ¢y, however, this list is not exhaustive. We are free to consider C'*
in which we remove all of the points ¢y, ¢, ..., cp which lie between a and the points by, bs,...,b;. The
number of such C"* which lie between A" and B’ will be equal to #(X — {a}). Hence, we find

#(X') = #(X) + #(X — {a}).
O

While it is not a direct result of adjoining points to pre-existing configurations, many configurations
can best be described in terms of adjoining smaller configurations. We will invoke a labeling scheme for
finite configurations in which a large configuration will be broken into string and polygon configurations,
using a @ symbol to show that the smaller configurations have been adjoined. For example, the config-
uration shown in Figure 16 would be given the label P> @ Si[b2]. The [bs] specifies the point of the base
configuration P» to which the S; adjoins.

Figure 16: This configuration can be written P» @ S1[bs].

5.4 Rules and Observations for Finding #(X)

The following rules and observations are quite useful for finding #(X). We do not prove all of our
assertions. For the remainder of the proofs, see [3]. We first provide a definition which we shall need
for Rule 3.

Definition 16. Let X = AUB and Y = CUD be finite configurations such that h(A, B) = h(C,D) = r.
Furthermore, let us assume that h(X,Y) > r. Then we may creat the new configuration X UY =
(AUuC)U(BUD). We will call such a configuration a disconnected configuration for reasons which are
made clear in Figure 17.

1. Adjoining a point y to a configuration X = AU B at a point z to create a new configuration X',
then #(X') > #(X).
This is more than just an application of the formula given in Section 5.3, as it applies even when
we adjoin y next to another endpoint. As a proof, let C = (A); N (B),—s as usual, and let ¢y be
the point between y and z which lies distance s from one and r — s from the other. Then if C' C C
lies between A and B, we see also that C’ U ¢ lies between A’ and B’.

2. If we create a configuration X’ by adjoining a point y to a configuration X at the point z, and x
is already adjacent to an endpoint, then #(X') = #(X).

3. Let X UY be a disconnected configuration. Then #(X UY) = #(X) - #(Y).

11
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Figure 17: A sample disconnected configuration.

6 Looping Algorithm

By combining our formula for adjoining a point to a configuration shown in Theorem 8 with the formula
for #(P,,) for polygonal configurations, we can calculate #(X) for any configuration involving no more
than one polygonal subconfiguration. If we want to consider a configuration with more than one polyg-
onal subconfiguration, however, we are brought back to brute force counting techniques. We therefore
decided to explore the possibility of adding adjacencies to pre-existing configurations. If we choose to
be formal about the derivation, then there are two cases to consider; we can add an adjacency between
the two halves of a disconnected configuration, or we can add an adjacency between two points on an
already connected configuration. We shall derive the former case and simply state the result for the
latter, since it is so similar.

Let us suppose that we have a disconnected configuration X UY', so that both X = AU B and
Y = FUGQG are finite configurations themselves, with h(A, B) = h(F,G). Figure 18 provides a visual for
a specific instance in which both X and Y are P» configurations. If we adjoin the configuration X at
some point ¢ to the configuration Y at some point j, we shall denote this X[j] ® Y[i]. Continuing with
our example from 18, the adjoined configuration P»[j] ® P[i] is shown if Figure 19. We will prove the
following theorem about #(X[j] ® Yi]).

Theorem 9. Let X UY be a disconnected configuration, and let us consider the configuration X [j]®Yi]
obtained by adjoining X and Y at the points i and j. Then we find

#(X[Jle YTi]) = #(X) - #(V) + #(X & Si[i]) - #(Y & S1[j])-

If we instead add an adjacency between two points i and j of a configuration X which is already connected,
then for the resulting configuration X @ [i, 7], we find

#(X @ [i,5]) = #(X) + #(X & {S1[], S1[5]})-

We shall explicitly prove the first part of Theorem 9. The proof of the second part is very similar.

Proof. Let C be the largest element that lies between A and B at a distance s from A, and let H be the
largest element that lies between F' and G at a distance s from F. Then in the configuration X [j]® Yi],
the largest element between AU F and B U G will be C U H U {cp}, where ¢y is the point which lies
between the newly adjacent points i and j.

We must now consider which subsets D of C U H U {cy} satisfy betweenness. There are two cases to
consider. First, consider the case in which ¢y € D. In this case, for every point a € A, b€ B, f € F, and
g € G, we need that [a]p # 0, [b]lp # 0, [flp # 0, and [g]p # 0. Thus, D must contain some C' C C
which lies between A and B and some H' C H which lies between F' and G. By Rule 3 from Section
5.4, the number of such D is #(X) - #(Y).

Next, consider the case in which ¢g € D. Then we still require that [a]p # 0, [b]p # 0, [f]p # 0, and
[9]p # O for all a,b, f, g, but we begin with ¢y € [i]p and ¢o € [j]p. By assumption, ¢y is in D, so the

12
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Flgure 18: Two disconnected P» configurations, soon to be adjoined.

%

Figure 19: The newly adjoined configuration P> [j] @ Psli].
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number of such D fitting these requirements will be equal to the number of D which satisfy [a]p # 0,
[blp # 0, [f]p # 0, and [g]p # 0 when we already have ¢y € [i]p and ¢y € [j]p. This is equivalent to
having a disconnected configuration (X @ Si[i]) U (Y @ Si[j]). The number of D which contain ¢y will
be equal to #(X @ S1[i]) - #(Y @ S1[j]). By combining the results of the two cases here, we arrive at the
expected formula #(X[j] @ Y[i]) = #(X) - #(Y) + #(X & S1[i]) - # & S1[4])- O

As a specific example, let us consider the adjoined configuration P»[j] @ P»[i] shown in Figure 19. By
Theorem 9, which we shall sometimes refer to as the looping algorithm, #(P2[j] ® Pi]) is equal to the
sum of the nums of the disconnected configurations in Figures 18 and 20. Thus,

#(P2lj] @ Bu[i]) = #(P2) - #(P2) + #(P2 ® Si[i]) - #(P2 & Sij])
=7-7+8-8
=113.

As we mentioned at the beginning of this section, it is possible to add an adjacency between two
points of an already connected finite configuration X. When we add such an adjacency between the
points ¢ and j in X, we shall denote the new configuration X @ [i, j]. Since the derivation is quite similar
to the case in which we add an adjacency between the parts of a disconnected configuration, we simply
state the result:

#(X @[, 5]) = #(X) + #(X & {S1[i], S: [1]})-

As an example of this, we can form the 2m-gon configuration P,, by adding an adjacency between the
end points of the string configuration Ss,,. Figure 21 shows the case when m = 3, with the polygonal
configuration P; on the left, the string configuration Sg in the center, and the string configuration
Se @ {S1[i], S1[j]} = Ss on the right.

Then by the looping algorithm, #(Ps) = #(Ss) + #(Ss) = F5 + F; = 5 + 13 = 18, where F,, is the
m-~th Fibonacci number. With a bit of careful observation, the reader should become convinced that
#(P,,) = For1 + Fopy1. We know from  [5] that F,,—1 + Fapyy1 = Lo, where Loy, is the 2m-th
Lucas number. Thus, we have finally justified the assertion that #(P,,) = Layn,.
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Figure 20: Two disconnected configurations P» @ S1[j] and P» & Si[i].
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Figure 21: Subsets of C = {c1,c2,c3,ca} satisfy betweenness when they do not “isolate a point” a € A or b € B.
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6.1 Polygon Chains

From Section 5.3, we know that the Fibonacci numbers appear as #(S;) for string configurations and
the Lucas numbers appear as #(P,,) for polygonal configurations. The appearance of these well known
sequences in string and polygonal configurations motivated us to look for other well known sequences in
configurations combining both string and polygonal configurations. For our purposes, we will consider
those configurations which consist of a series of identical polygon configurations adjoined in between by
string configurations of a particular length. We will refer to these configurations as polygon chains. We
considered the most arbitrary case in which we vary 3 parameters: the size of the polygonal configuration,
the total number of polygonal configurations, and the length of the string configuration between each
polygonal configuration. We represent a polygon chain with the notation PE(S;), where 2m is the
number of points in each set of the polygonal configuration, k is the number of polygonal configurations,
and [ is the length of the string configuration between each polygonal configuration. For example, Figure
22 shows a P#(S1). It is formed by linking two P configurations with an S string.

NS
NN

Figure 22: The polygon chain P2(51).

Now that we possess Theorems 8 and 9, we have the tools necessary to calculate #(PF (S;)) using
recursive formulas. The derivation of the formulas for finding #(P%¥(S;)) is as follows:

Recall the example corresponding to Figure 19 that we used to illustrate the Looping Algorithm.
We explained that the Looping Algorithm allows us to find #(X) for Figure 19 by adding the product
of #(X) of each of the two configurations shown in Figures 18 and 20. Now that we have established
notation, this example really took us through finding #(PZ(S1)).

Figure 23 is a visual representation of the Looping Algorithm being applied to the P#(S;) configu-
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Figure 23: Applying the Looping Algorithm to the polygon chain P2(S1).

Again, as we saw from the Looping Algorithm example in section 6, it turned out that #(P2(S1)) =
113.

Now let us consider Py (S;) shown at the top of Figure 24. The looping algorithm states that
#(P5(S1)) = #(Pa) - #(P5 (S1)) + #(P2 @ 81) - #(PF(S1) ® S1). (1)

(Notice that we have suppressed the [i] and [j] notation that we saw in Section 6 telling us where
to adjoin a new point for #(P» @ S1) and #(P7(S1) & S1). For the remainder of this section, we are
adjoining new points only to the locations where the original adjacency has been removed. This implies
that new points being adjoined will occur at either of the farthest endpoints of each new configuration
and therefore we will continue to suppress this notation.) In Figure 24, we can pictorially see the Looping
Algorithm applied to P3(S;). Notice that we have removed the single adjacency following the first P
configuration to end up with a single P, and a P}(S;) as shown in the bottom left of Figure 24. Again,
we will “add a point” to each of these separate configurations where they were disconnected from their
original adjacency and draw the new corresponding adjacencies. Therefore, the polygon chain P (S;)
can be broken down into the addition of two simplified multiplicative cases as shown at the bottom of

O—0—=
N \/

N AN
% U

—

Figure 24: Applying the Looping Algorithm to the polygon chain P23(S1).

o

Notice however that Equation (1) contains the term #(P3(S;)®S;), which we have not yet calculated.
Using Theorem 8, we see that

#(P5(S1) @ S1) = #(P5(S1)) + #(P. & Sy) (2)
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as shown at the bottom of Figure 25. (We note that #(X) of the configuration on the bottom right
of Figure 25 is equivalent to # (P> @ S2).)

o
O

Figure 25: Applying the Looping Algorithm to the polygon chain P2(S1) ® Si.

Again, by using Theorem 8, we know that
#(P © S2) = #(P ® S1) + #(P2)

as shown in the final step of Figure 26.

N o
N

N 7
\ N

Figure 26: The polygon chain P;(Sl) @ S7 divided into two separate cases.

Therefore, substituting this information into (2) we see that

#(P(S1) @ S1) =P3(S1) + #(P, @ S1) + #(P)
=113+ (8 +7)
=128

Now we can substitute that answer into (1) to obtain
#(P5 (1)) =#(Py) - #(P5 (S1)) + #(P2 @ S1) - #(P5 (S1) ® $1)

=7-1134+8-128
=1815

Notice that a pattern for calculating #(X) is emerging for the case PF(S;). Assuming we know
#(Py) and #(Py ® S1), the recursive formulas for #(P§(S;)) if k > 2 are as follows (Note: When k = 1,
the linking term (S;) can be disregarded as there are not 2 or more polygons to link):

#(Py(S1)) = #(P2) - #(PY7'(S1)) + #(P2 & S1) - #(Py~"(S1) @ S1) (3)
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where

#(Py(S1) @ S1) = #(Py(S1)) + #(Py7'(S1) @ S1) + #(Py ™ (S1)) (4)

So now we have formulas to calculate #(PFk (S;)) when m =2 and [ = 1.

We now want to consider polygon chains with [ > 2. Intuitively, we can see that this will create
configurations adjoined to various string lengths as shown in Figure 27. This brings us to the following
theorem.

Theorem 10. Let Pk (S)) © S; represent a finite configuration. Then
#(Ph(S1) @ Si) = Fi1 - #(P,(S1) + Fy - #(P(S1) ® S1)

where Fy =0, Fy =1, F; = Fi_o + Fj_1 are the Fibonacci numbers for | < 2. (Note: When k = 1, the
linking term (S;) can be disregarded as there are not 2 or more polygons to link.)

Proof. Consider the configuration represented by P,, ® S; where [ = 2. Observe that

#(Pm @ S2) =F1 - #(Pn ® S1) + Fa - #(P)
=1-#(Pp ®S1) +1-#(Pn).
We know this is true because we obtain the same answer by applying the algorithm for adjoining a

point,
#(Pm@52):1'#(Pm@51)+1'#(Pm)

Now let us assume that for a positive integer ¢

#(PE(S) @ Sp) = Fi1 - #(PE(S1)) + Fy - #(PE(S) @ 1)

We now show that for [ = ¢+ 1,

#(Pp(S1) @ (St41)) = Fy - #(Pp,(80)) + Fopr - #(Pr(S1) @ 1)
Again by the applying the algorithm for adjoining a point we have

#(Pr(S1) ® Sear) = #(P}(S) ® S1) + #(Py,(S1) & Si-1)- (5)
Solving for #(P% (S;) ® S;) we obtain

#(Pp(S1) © 1) = #(Pr(S1) © Se-1) + # (P (S1) © Si2)
Substituting this back in to Equation (5) we can see that

#(PY(S) ® Spr1) =#(PY(S) ® Se—1) + #(Py (S1) @ Si—2) + #(P(S1) @ Si—1)
=1-#(PE(S) ® Si—2) +2- #(PE(S) ® S1-1)
=F, - #(PX(S) ® S;_2) + F5 - #(PX(S)) @ S;_1). (6)

Now let us apply the adjoining a point algorithm to #(PF (S;) ® S;_1). This yields

#(PE(S) ® Si—1) = #(PE(S) ® Si—2) + #(PE(S)) ® Si_3)
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Substituting this into Equation (6) we have

#(PE(S) ® Spi1) =1 #(PE(S1) ® Si2) + 2+ (#(PE(S) @ Si2) + #(PE(S) @ Si—3))
=2 #(PL(S) @ Si5) +3- #(P5(S1) ® S 1)
=F - #(PE(S)) ® Si—3) + Fu - #(PE(S1) @ S;). (7)

Notice that in both Equations (6) and (7), we obtain the Fibonacci terms F; and Fiy;. As we carry

this through until we get the degenerate cases #(Pk (S;)) and #(P% (S;) © S1), we continue to obtain
the Fibonacci terms F; and Fj ;.

Therefore,

#(Pp,(S1) @ Sp41) = Fy - #(Pp(S1) + For - #(Py, (1) @ S1)
thereby verifying Siy41.
Hence, by induction,

#(Pp (S1) ® Si) = Fi1 - #(PY,(S) + Fi - #(Py.(S1) @ S1)

O
Figure 27: The configuration given by P> & S; .
With Theorem 10, we can now calculate #(PF (S;)) with [ > 2.
Consider the polygon chain P§(S;) shown in Figure 28.
By applying the looping algorithm, shown pictorially at the bottom of Figure 28, we arrive at
Figure 28: The polygon chain P2(Ss) divided into two separate cases.
#(P;(S2)) = #(Po) - #(Po ® S1) + #(P2 © S1) - #(P> @ S») (8)

where by Theorem 10 we know that

#(Po © So) =F1 - #(P) + Fy - (P, © 51)
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Substituting this into equation (8) arrive at

#(P5(92)) = #(P2) - #(P2 ® S1) + #(Po @ S1) - (Fi - #(P) + Fy - #(Py  S1))

Again, assuming we know #(P») and # (P, © Si1), we can find #(P¥(S;)) for values where [ > 2 and
k > 2 using the following recursive formulas. Again let Fp = 0,F; = 1,Fy, = 1,F, = Fj_5 + F;_; be the
Fibonacci numbers for [ > 2, then

#(P5(S))) = #(P2) - (Fi—a - #(Py7(S))) + Fi—1 - #(Py~"(S1) & 1))
+ # (P ®S)) - (F - #(Py 7 (S) @ S1) + Fioy- Py H(S)) (9)

where

#(P5 (S1) ® S1) =#(PF(S1)) + #(Py ™' (S1) & Sian)
=#(P5 (S1) + Fiyr - #(P 1 (S) & S1) + Fi - #(Py ' (S1) (10)
Having investigated m = 2, we consider letting m take on values greater than or equal to 3. Stemming
from the previous recursive formulas, we derived two more formulas to find #(PFk (S;)) when m > 3 and

k > 2. Again, to use these formulas, one must know #(P,,) and #(P, ®S1). Let Ly =1,Ly =3,L,, =
Lo + Ly,_1 be the Lucas numbers for m > 2. We find

#(Py.(S1)) = Lam - #(Pp71(S1)) + (Lam + Fam—2) - #(PE7'(S1) @ S1) (11)
where

#(PE(S1) @ S1) =#(PE(S1) @ S1) + [(Fin=1)® + 2(Fpuz1) (Fin—2)] - #(PE1(S1))+
[(Fin—1)® 4+ 2(Frn-1)(Fin—2) + (Fin—2)?] - #(Pp " (S1) & S1) (12)

Finally, to calculate #(PFk(S;)) with m > 3,1 > 2 and k > 2 we can use the following recursive
formulas assuming we know #(P,,,) and #(P,, @© S1):

#(Py(S1)) = #(Pm) - Fia - (#(Ph " (S) + Fi1 - (#(Py " (S1) @ S1)+
#(Pr @ S1) - Fy - (#(PEH(S) ® S1) + Fioy - #(PE1(S)) (13)

where

#(Pp (1) ® S1) =#(Py, (1) + [Fir (Fin—1)? + 2(Fne1) (F—2) + Fi(Fn1)?] - #(Pp” () ® S1)+
[EL((Fr—1)® + 2(F—1) (Frn—2)) + Fio1 (Fr—2)?] - #(Pi ' (S1) (14)
Varying one index at time, either &, or m using one of four pairs of recursive formulas, (18)(19),

(20)(10), (11)(12) or (13)(14), we calculated #(PF (S;)) for numerous configurations to try and find well
known patterns. A few of the sequences we found are listed below:

When m =2,l=1and k= 2,3
When m =3,/ =1and k= 2,3
When m =2,1=2and k= 2,3

,3,4,5 #(Pk (S))) = 113,1815,29153, 468263
4 #(Pk (S))) = 765, 32733, 1400634
4 #(Pk(S))) = 176,4393,109649

)
)

)

After checking these sequences and many others in [1] we found no matches and we are currently
looking into submitting these new sequences into the database.
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Figure 29: The P, ® S1 configuration with biadjacency matrix.

7 Biadjacency Matrices

While the combination of Theorems 8 and 9 theoretically enables us to determine #(X) for any finite
configuration, the recursive formulas which we derived were exceedingly complicated. Also, the highly
pictoral nature of the computations would prevent computerized calculation of #(X) by current means.
With these observations in mind, we decided to examine the structure of finite configurations by using
adjacency matrices.

Definition 17. Let A, B € H(R") be finite point sets, with A = {a1,as,...,am} and B = {by,ba,...,b,},
and let X = AU B satisfy the PFAEL conditions. Now let

! by ifm+1<i<m+n
Then an adjacency matriz is an (m +n) x (m +n) binary matriz M = [m; ;] in which m; ; = 1 if x;
is adjacent to x; and m;; = 0 if x; is not adjacent to x;.

Since adjacency is a symmetric property, we can note immediately that m;; = m; ;. That is, the
adjacency matrix for a finite configuration is a symmetric matrix. Also, the main diagonal will always
be all 0, since points cannot be adjacent to themselves. Furthermore, m;; = 0 if points ¢ and j lie in
the same set A or B.

With these observations, we note that we can actually contain all of the information in the adjacency
matrix within a smaller m X n matrix.

Definition 18. Let X = AU B be a finite configuration where A and B satisfy the PFAEL conditions.
Consider an m x n binary matric M = [m; ;] in which the ith row will correspond to a point a; in
A ={a1,...,an}, and the jth column will correspond to a point b; in B = {b1,...,b,}. The entries
m; ; will be either 0 or 1, as determined by the presence of an adjacency between a; and bj. We will call
this the biadjacency matrixz of the configuration X .

Figure 29 gives an example of a finite configuration along with the corresponding biadjacency matrix.

Now let us consider some configuration X = AU B in which A and B are finite point sets that satisfy
the PFAEL conditions. We reiterate that any element which lies between A and B at a distance s from
A and a distance r — s from B is a subset of C = (4)s N (B),—s, where 0 < s < r and r = h(4, B). If
| C |= u, then there are 2" potentional elements at each location between A and B, corresponding to
the inclusion or exclusion of each point in C'.

We recall, however, that the only elements which truly lie between A and B are those C' C C for
which h(A,C") = s and h(B,C") = r — s. This is equivalent to saying that for each a € A, there exists
some point ¢, € C such that dg(a,c,) = s and for each b € B, there exists some point ¢, € C such
that dg(b,cp) = r —s. At the risk of sounding repetive, we remind the reader that this means that
by removing points ¢ from C to create C’, we have not “isolated” a point in A or B. Thus, to count
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the number of valid elements at some location between A and B, and therefore calculate #(X), it is
equivalent to count those subsets C' C C which do not isolate a point in A or B.

Let us note that since the biadjacency matrix for the finite compact sets A and B contains all of
the adjacency information for the points in those sets, the matrix also contains the information for the
locations of the points ¢ € C'. That is, if there is an adjacency between some point @ € A and b € B,
then the element C' will have a point lying between a and b. Then each C' C C will correspond to a
substate of the biadjacency matrix, where a substate is defined below.

Definition 19. Let M = [m; ;] be the m x n biadjacency matriz corresponding to some finite config-
uration X. Then a substate N = [n; ;] of M is another binary m x n matriz with the property that if
m;; =0, then n; j = 0. However, if m; ; =1, then n; ; may be either 0 or 1.

The creation of a substate is analogous to removing some points from C to create C'. For example, if
the entry m; ; in the biadjacency matrix M is a 1, then we could create a substate of M in which m; ; is
set to 0, corresponding to the C' C C' in which the point ¢ between a; and b; has been removed. Thus, a
point a € A will be “isolated” if and only if the corresponding row of the biadjacency matrix has had all
of the entries set to 0. Similarly, a point b € B will be “isolated” if and only if the corresponding column
of the biadjacency matrix has had all of the entries set to 0. In this light, we have recast the problem of
calculating #(X) as a counting problem for the number of substates of the biadjacency matrix in which
no row or column has all 0 entries.

7.1 The Inclusion-Exclusion Principle

We now present a counting technique from set theory which we will soon employ to help us calculate

#(X).
Theorem 11. Let Ay, As, ..., A, be finite sets. The the cardinality of the union of all of the A; is given

by .
‘yAi = Z (_1)‘”“‘“1‘1@"-

IC{1,...,n},I#0 i€l
See [4] for further explanation of the Inclusion-Exclusion Principle. We examine the case with three
sets below to further clarify the Inclusion-Exclusion Principle.

A

Figure 30: The Inclusion Exclusion Principle applied to three sets.

Let us consider the case in which we have 3 finite sets A, B, C, as shown in Figure 30. If we wish to
find the cardinality of | AUBUC |, then we begin by adding the cardinalities of A, B, and C' themselves.
However, this would lead us to double count all of the intersections between two of the sets. We therefore
proceed to subtract off the cardinalities of the intersections of each pair of sets. Finally, we must make
one more correction, for in subtracting the two set intersections, we remove the intersection of all 3 sets
one too many times. We therefore add back in | AN BN C |, so that the entire calculation is given by
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Figure 31: The P, configuration with biadjacency matrix.

|AUBUC |=|A|+|B|+|C]
—|ANB|-|ANnC|—-|BnNC|
+|AnBnC|.

This agrees with the formula given in Theorem 11 when n = 3. The reader may imagine similar use
of the Inclusion-Exclusion Principle for larger n.

7.2 Applying Inclusion-Exclusion

We have already explained how we can frame the calculation of #(X) as identifying the substates of the
biadjacency matrix which do not have either rows or columns with all zero entries. We now bring the
Inclusion-Exclusion Principle to bear on this counting problem.

Let X = AU B be a finite configuration. Let N be the set of all potential elements C' C C, so
that |N| = 2%, where u is the number of 1’s in the biadjacency matrix of X. Now let R; denote the
set of all substates in which the first row has all 0 entries. Then |R;| = 2*~™, where r; is the number
of 1’s in the first row of the biadjacency matrix. Define similarly Rs...R,,4+n, so that each R; is the
set. of substates of the biadjacency matrix in which the ith row or column has all 0 entries. Then
#(X)=|N|—-|RiURyU...UR,,,|. By applying the Inclusion-Exclusion Principle, we can actually
calculate #(X) using this algorithm. To clarify this new algorithm, let us consider its application to the
example below.

Consider the configuration P>, in which A = {a1,a2} and B = {b1,b2}. Both a picture of this
configuration and its biadjacency matrix are given in Figure 31. We will calculate #(P») using the I.E.
(Inclusion-Exclusion) Algorithm.

To use the L.E. Algorithm here, we note that we are looking for the union of four finite sets
Ry, Ry,C1,C>. Here R; is the set of all substates of the biadjacency matrix in which the first row
has all 0 entries, R» is the set of all substates of the biadjacency matrix in which the second row has
all 0 entries, and similarly for the first and second columns. Then noting that the biadjacency matrix
has four 1’s in it, we will be looking for #(P») = 2* — |[R; U Ry U C; U C]. In the calculations below,
each row of matrices corresponds to the forcing to 0 of some number of rows or columns. The first row
therefore gives the unique substate in which none of the rows or columns are set to zero. The next row
of matrices outlines the four ways in which one row or column can be set to zero. For each matrix, we
raise 2 to the number of 1’s remaining in the substate matrix to consider how many ways this substate
may arise.
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We now add up all of the powers of 2 which we calculated in the table, assigning signs to the terms
as dictated by the Inclusion-Exclusion Principle. Then

#(P)=16— (4+4+4+4) +(1+2+2+42+2+1)—(1+1+1+1)+1
—16-16+10—4+1
=7

When we discussed polygonal configurations, we stated that #(P,,) = Lay,,. Thus, we would expect
that #(P,) = Ly = 7, which does indeed coincide the result using the I.E. Algorithm.

The reader may notice in the preceding example that the number of computations which go into
finding #(X) makes the process quite cumbersome. While this makes the I.LE. Algorithm difficult to
use by hand except in the most symmetric of cases, we have found that the process actually lends itself
quite well to computer use.

7.3 Using Binary Numbers for Bookkeeping

When we ran through the example of calculating #(P) in the last section, we needed to consider all
combinations of setting the various rows and columns of the biadjacency matrix to zero. While the
method which we employed in that example (considering increasing numbers of rows and columns sent
to zero) is one way to keep track of the calculations, it is hardly the only way.

The reader may notice, for example, that if I want to set the the second row of the biadjacency
matrix for P, to zero, the number of 1’s left in the resulting matrix can be obtained by calculating

11 1
1 0]-{1 1] . H .
Taking 2 to the power which we get as a result of the matrix product, we find that there are 22 = 4
substate matrices satisfying the condition that the second row has all zero entries.
More generally, if we have an m X n biadjacency matrix M, and we wish to see the number of substate
matrices which satisfy setting some combination of rows and columns to zero, then it is equivalent to

multiply M by a 1 X m row vector on the left and an n x 1 column vector on the right, and then raise
2 to the power which we obtain from the matrix product. A zero in the i-th position of the row vector
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will set the i-th row of M to zero, and a zero in the j-th position of the column vector will set the j-th
column of M to zero. All other entries in the row and column vectors should be ones.

The problem setting all combinations of rows and columns to zero therefore becomes a matter of
multiply M by all row and column vectors of the correct sizes. The numbers which we arrive at after each
matrix multiplication are analogous to the number of 1’s remaining in the substate matrix after setting
some rows and columns to all zero, so we take 2 to the product of the row, biadjacency, and column
matrices, and sum up over all row and column matrices. The sign of each summand is determined by
the number of 0’s in both the row and the column matrices combined. Thus, in the case of P,, we could
write

ISR 3) 33 NI ”]'E }Hcci]

a=0 b=0 c=0 d=0

Using methods based on this form for determining #(X), we were able to develop a Java program
which can calculcate #(X) given only the biadjacency matrix for X. This program has in turn allowed
us a quick and easy was to verify #(X) for specific configurations as we look for patterns in various
classes of configurations, like the polygon chains. We will see another application of our program in the
next section.

8 SPACK numbers

Previous research groups studying the Hausdorff metric at the Grand Valley State University REU in
2004 and 2005 theorized that we might find interesting patterns by classifying configurations based on
the smallest dimension in which those configurations can exist.

Definition 20. A positive integer k is a SPACK-n number if there exists a configuration of two sets A
and B in R™ having ezactly k elements at each location between A and B, and mo such configuration
exists in R* 1. If no such configuration exists in any dimension, then k is called a SPACK-0 number.
If a SPACK-n number p is prime, then we call p a SPACK-n prime.

The SPACK-1 numbers admit a fairly simple classification. Note that the only connected configu-
rations which can exist in R are string configurations. Disconnected configurations will just consist of
several string configurations. Therefore, the only SPACK-1 numbers are the Fibonacci numbers and
products of Fibonacci numbers.

We do not yet have a complete classification of SPACK-2 numbers, but we know from considering
polygonal configurations that those Lucas numbers Ls,, which are not already SPACK-1 will be SPACK-
2.

This summer we were able to prove that 57 is the smallest SPACK-3 number. The proof is not
particularly enlightening, as it is an exhaustive proof by cases. We simply identified all configurations
in R and R? such that #(X) < 58, and showed that there were none for which #(X) = 57. We were
able to identify a finite configuration which could exist in R?*, however. Due to the difficulty of drawing
3-dimensional configurations in IATEX, we will simply state that it has the biadjacency matrix

O = =
O ==
-0 O

For a proof that 57 is SPACK-3, refer to Appendix B.

The fact that SPACK-0 numbers exist at all came as something of a surprise; the definition of
SPACK-0 was actually added on to the SPACK classification when previous REU’s found that there
existed no configuration X such that #(X) = 19. Before the summer of 2006, the prime 19 was the only
confirmed SPACK-0 number. In the process of proving that 57 is SPACK-3, we were able to show that
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37 and 41 are not SPACK-1 or SPACK-2 numbers. At this point, we suspect that both 37 and 41 are
SPACK-0 but we still need to formalize a proof for dimensions greater than 3.

We were very intrigued by the existence of SPACK-0 numbers this summer, and we decided to try
to find a few more such numbers, if possible, in an attempt to find a pattern to the SPACK-0 numbers
if such a pattern exists. While we have found no such pattern to date, we developed one particularly
interesting helpful tool in locating SPACK-0 numbers. We reasoned that if we used our #(X) calculating
program on all biadjacency matrices and created a table of all the numbers which were the output for
some configuration, then any gaps in the table would be strong candidates for SPACK-0 numbers. Due
to the similarity between this method of looking for SPACK-0 numbers and the Sieve of Eratosthones in
looking for prime numbers, we have taken to calling the program the SPACK-0 Sieve. We say “strong
candidates” because an actual proof by this method would be computationally impractical. Clearly
showing even that 19 is SPACK-0 by means of this program would require considering all biadjacency
matrices for configurations X = A U B in which |A| 4+ |B| < 21. At present, we have only run the
SPACK-0 Sieve on matrices for which |A|-|B| < 25. For a complete listing of the results of the Sieve so
far, refer to Appendix A.

8.1 Does the SPACK Sieve Actually Find SPACK-0 Numbers?

Up until now, we have said that small numbers which do not appear in the output of the SPACK Sieve
are “strong candidates” for SPACK-0 numbers. We would like to make this more rigorous by placing
some bounds on which cases we must consider in the Sieve before we can definitely say that a particular
number is SPACK-0. Throughout this paper, X = AU B will be a finite configuration. Furthermore, we
reserve the letter m for the cardinality of A and n for the cardinality of B. We also define the magnitude
of X to be | X| =m+n.

Lemma 1. If a prime p is not SPACK-0, then there exists a connected finite configuration X' such that
#(X') =p.

Proof. Since p is not SPACK-0, there exists a finite configuration X such that #(X) = p. If X is
connected, then the proof is complete. If X is not connected, the X consists of some number of dis-
connected configurations X7, ..., Xy such that X = Uj<;<;X; and #(X) = [[, ;< #(X;). Since p is
prime, however, #(X;) = 1 for all but one of the ¢, and for the unique index j for which #(X;) # 1, we
find X; = p. Then X' = X is the connected finite configuration which we sought. O

Thus, in looking for SPACK-0 primes, it suffices to look at connected finite configurations.

Lemma 2. If X = AU B is a connected finite configuration such that #(X) = q, then there ezists a
finite configuration X' = A" U B’ for which #(X') = q and with the property that, for all a € A’ and
be B, a and b are adjacent to no more than one endpoint. Furthermore, | X'| < |X]|.

Proof. Given our configuration X = AU B, if a € A is adjacent to more than one endpoint, simply
remove one of them. Proceed similarly for all points b € B. Having removed the excess endpoints, define
A" and B’ to be the sets of points remaining from A and B. Then clearly, |X’| < |X|. Also, by Rule 2
in Section 5.4, we know that #(X') = #(X). O

In light of the two preceding Lemmas, we will give the following definition.

Definition 21. Let X = AU B be a connected finite configuration with the property that for all a € A
and oll b € B, a and b are adjacent to no more than one endpoint. Then we shall call X a minimal
configuration.

We can immediately see that if a prime p is not SPACK-0, then there exists a minimal configuration
X such that #(X) = p. We will use this fact to help determine when a number is SPACK-0.

Lemma 3. Let X = AU B be a finite configuration. If we create a new configuration X' from X either
by adding a new adjacency or by adjoining a new point y to some point x € X, where x is not already
adjacent to an endpoint, then #(X') > #(X).
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Proof. Let X = AU B be a finite configuration. If we add an adjacency between two points i and j in
X to create a new configuration X', then by the looping algorithm,

#(X') = #(X) + #(X & {S1[i], 1 [51})-

Thus, #(X') > 2#4(X), so certainly #(X') > #(X).

Next, say instead that we create the configuration X' by adjoining to X the point y to the point
x € X, where z is not already adjacent to any endpoints. Then the algorithm for adjoining a point to a
configuration applies, yielding

#(X') = #(X) + #(X — {a}).
We know that #(X — {z}) > 1, so #(X') > #(X), as desired. O

We know that the largest minimal configuration X such that #(X) = 1is Ss. We also know that when
seeking to show that a prime p is SPACK-0, it suffices to examine minimal configurations. Note that
|S3] = 3. Thus, if we build upon S3 by adjoining points and adding adjacencies so that the configuration
X is minimal after each addition, Lemma 3 guarantees that #(X) increases by at least one with each
new point adjoined. Thus, in order for #(X) to be equal to p, | X| < p + 2 for a configuration built in
this manner.

This still leaves us with a problem, however. Given some minimal configuration X with |X| > 3,
can we create X from S3 only by adding adjacencies and adjoining new points to points which are not
adjacent to endpoints? Or to put it another way, given some minimal configuration X with |X| > 3, can
we create X from S3 through a series of intermediate configurations X' such that X' is always minimal?
If we can prove this last statement, then we will have shown that in looking for configurations such that
#(X) = p, we need only examine those configurations for which | X| < p+ 2.

We will proceed by induction on the magnitude of X. As our base case, we take | X| = 4. A little
thought should convince the reader that the only minimal configurations with 4 points are Sy and Ps.
Clearly S4 can be created from S3 by adjoining a single point to one of the endpoints of S3. This
configuration is minimal at every step of the process. Furthermore, we can create P from S3 by first
creating Sy and then adding an adjacency to complete the loop. Thus, the intermediate configurations
when forming P, from S3 are all minimal. This proves the base case.

Now suppose that for all 4 < k' < k, it remains true that every minimal configuration of magnitude
k' can be formed from S3 by adding individual points and adjacencies such that all of the intermediate
configurations are minimal. We will show that every minimal configuration of magnitude k£ can be so
formed as well.

Consider a minimal configuration X of magnitude k. If X contains an S; string adjoined at some
point, where z is the point at the end of this string, then let X' be the configuration X' = X — {z}. By
assumption, X' can be formed from S3 by adding individual adjacencies and points such that all of the
intermediate configurations are minimal. Then by forming X from X' by adjoining x, we observe that
X can also be formed from S3 in the desired way.

If X does not contain an Sy string, but it does contain some endpoint y, then proceed as follows. Let
X' be the configuration X’ = X —{y}. Removing the point y still leaves X' a finite connected configura-
tion, and there cannot be more than one endpoint adjacenct to any given point by the assumption that
there were no strings of length exactly 1. Hence, X' is a minimal configuration such that |X'| = k — 1.
Hence, by forming X from X' through the adjoining of y, we observe that X can be formed from S3 with
the adjoining of individual points and adding of adjacencies such that each intermediate configuration
is minimal.

Finally, if X did not have any endpoints at all, then X must consist entirely of polygonal configura-
tions. Then select an adjacency which, if removed, will not cause X to become disconnected. Create X'
by removing this adjacency. If X' does not have any endpoints, then locate another adjacency which,
if removed, will not cause the configuration to become disconnected, and remove this adjacency as well.
Eventually, this process will create a configuration X' with some strings. Note that this process cannot
introduce more than one endpoint adjacent to any point, as removing one adjacency from a polygon can
only create two strings, which cannot both be S;’s. Then X' fits into one of the two cases previously
considered, and so X can be created from S3 such that every intermediate configuration is minimal.
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This exhausts the possibilities, so for any k£ > 4, a minimal configuration X of magnitude k£ can be
created from S3 through a series of adding individual points and adjacencies, such that every intermediate
configuration is also minimal. As we already explained, this guarantees that the num of the intermediate
configurations increases by at least 1 with each new point adjoined. Hence, #(X) > k — 2.

Corollary 1. Let p be prime. If p does not appear in the output of the SPACK Sieve after having
considered all configurations for which |A| + |B| < p + 2, then p is SPACK-0.

9 Bipartite Graphs

Each finite configuration can also be viewed as a linked labeled bipartite graph. So our algorithm can be
used to compute the number of linked labeled subgraphs of a linked bipartite graph with the same vertex
set. In some cases, when the biadjacency matrix is symmetric for example, we can use the Inclusion-
Exclusion Principle to find a closed form sum for #(X) and therefore for certain types of bipartite
graphs. The most obvious case of this is when our biadjacency matrix contains all 1’s: this is when we
have all possible adjacencies in our configuration or when the corresponding graph is a complete linked
bipartite graph. Let’s examine this case when our biadjacency matrix M = [m; ;] is an m x n matrix of
all 1’s, corresponding to a configuration X = AU B where |A| = m and |B| = n or a complete linked
bipartite graph G with vertex sets Vi and V5 with |[Vi| = m and |V3| = n.

In this case, the maximal set C between A and B is the set containing mn points (one point between
each pair of adjacent points in X) or 2" possible linked bipartite subgraphs of G' with the same vertex
set. The elements between A and B (or the linked bipartite subgraphs G' of G with the same vertex
set) will correspond to matrices M' = [m; ;] so that m; ; = 0 if m; ; = 0 and m; ; can be either 1 or
0 when m;; = 1, and which also satisfy the property that every row and column is non-zero. This
ensures that no point in X (and no vertex of G') is isolated. To count the number of matrices M', we
sum the number of matrices with zero rows or columns (including no zero rows or columns), adding or
subtracting these numbers according to the Inclusion-Exclusion Principle.

To do this, we count the number of ways we can have zero rows. We illustrate the general case

first by considering the number of ways we can have a single zero row. There are (m> ways to obtain

1

1 row of zeros. We can combine this zero row with any number of zero columns. There are <]>

ways to obtain j columns of zeros. Each column of zeros removes m 1s from our matrix M, so j
columns of zeros remove jm 1s. The single zero row removes n — j additional 1s from M. This leaves
mn — (mj + (n —j)) = (mn —n) + j(1 —m) 1s in our matrix. This gives us

m\ §~ (1) olmn—n)+i(1—m)
(1) ()
]:

matrices M’ with exactly 1 zero row. If we make 1 zero row and j zero columns, we have made a total
of j + 1 zero rows and columns. So the Inclusion-Exclusion Principle tells us we need to attach the sign
(=1)7*! to the j** summand. Therefore, we will add the terms

() (o= ()i ()

or (since (—1)7=" = (=1)"~J)

n

o () 2 o () @y (15)

Jj=0

to the total.
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The Binomial Theorem tells us

SO

and (15) becomes

(_1)n+1 <7{L> gmn—n (21—m _ 1)” )
Now we argue the general case. There are (2”) ways to obtain i rows of zeros. We can combine

these zero rows with any number of zero columns. There are (?) ways to obtain j columns of zeros.

Each column of zeros removes m 1s from our matrix M, so j columns of zeros remove jm 1s. Each
zero row removes n — j additional 1s from M, so i zero rows remove i(n — j) 1s from M. This leaves
mn — (mj +i(n —j)) = (mn —in) + j(i —m) 1s in our matrix. This gives us

m n n . s
i ! 2(mn—zn)+](z—m)
(%)

matrices M' with exactly ¢ zero rows. If we make i zero rows and j zero columns, we have made a total
of j + i zero rows and columns. So the Inclusion-Exclusion Principle tells us we need to attach the sign
(=1)7*% to the j*" summand. Therefore, we will add the terms

n

(7?) i(—l)j“’ (’;) g(mn—in)+j(i-m) _ (”;) gmn=in §(_1)n=i(~1ynt (1;) (20=m))i

=0 =0

to the total. Using (16) again gives us

m mn—in/_q1\n+i (oi—m _ 1\"
(i ) gmn—in(_ 1) (gi-m _1)"
Now we sum as i goes from 0 to m (note that this takes into account all ways to set columns to 0 as
well) to obtain our formula for the number of linked bipartite subgraphs of G with the same vertex set
as G:

m

> (1) oy o - =i (%) ot ey o -y
= i ( ) (1 —2m=h)"
—Z( ) (2m=i—1)". (17)

Formula 17 was previously submitted to the Online Encyclopedia of Integer Sequences by Vladeta
Jovovic as the generating function for several integer sequences. The sequence A058481 begins with
1,7,25,79,241,. .. and gives the number of 2 X n matrices with no zero rows or columns. The sequence
A058482 begins with 1,25,265,2161,... and gives the number of 3 X n matrices with no zero rows or
columns. Finally, the sequence A048291 begins with 1,25,265,41503, ... and gives the number of n x n
matrices with no zero rows or columns.
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Our derivation of equation (17) therefore gives a method to confirm these three integer sequences,
and also provides another interpretation of their meaning: they represent the number of linked subgraphs
of complete labeled bipartite graphs. Furthermore, although we do not provide more closed forms for
sequences like those mentioned from [1], we should point out that equation (17) allows us to find the
number of linked subgraphs of any labeled complete bipartite graph, not just the 2 xn, 3 Xxn, and n x n
cases which we explicitly reference.

10 Exploring Angles in #(R")

In a general metric space, the only piece of information which we know we have at our disposal is a notion
of distance. By analyzing the distance function in H(R"), researchers at the GVSU REU have been able
to define and study line segments, lines, and circles. Defining many other familiar “geometric” figures
from Euclidean geometry, however, also requires some notion of an angle. We know that Euclidean
geometry is embedded in the Hausdorff metric geometry, so it should not seem too unexpected to hope
for reasonable “angles” in H(R™). Below we present the most logical generalization that we could find
for an angle in H(R™).

Intuitively, we think of an angle in Euclidean space as some measure of the intersection of two lines
or line segments. If we define the special cases of tangent and orthogonal line segments, then we can
proceed still further to let an angle be a measure of how closely the intersection of two line segments
approaches tangency or orthogonality. In keeping with this intuitive approach to angles, we shall first
present plausible generalizations for tangency and orthogonality of metric segments in H(R™).

Let us start with tangency, and build up from Euclidean geometry. Let a,b,c € R™ be three points
in Euclidean space. Then we can define the line segments ab and be. We shall say that ab and bc are
tangent in if a, b, and ¢ are collinear, as shown in Figure 32. Within the confines of Euclidean geometry,
we can go still further to say that Zabc = 7 if b lies between a and ¢, and Zabc = 0 if a lies between b
and c or ¢ lies between a and b. We can immediately generalize the first part of this definition to H(R™).

@ @
a ¢ a b c

b

Figure 32: Tangent line segments ab and be in R™.

Definition 22. Let A, B,C € H(R") and let AB and BC be the metric segments defined by A, B and
B, C respectively. We say that AB and BC are tangent to each other if A, B, and C are collinear.

As we suggested above, the next most important special case for angles is that of a right angle. In
Euclidean geometry, we say that Zabc = 7/2 if ab and bc are orthogonal. We shall therefore generalize
orthogonality to H(R™).

First, we will try to frame orthogonality in terms of purely metric concepts in R™*. Let a,b,c € R®
and let ab be the line segment between a and b and let be be the line segment between b and c. We can
extend the line segment be to create the line ﬁ Now locate the point d on bc which lies closest to a,
as shown in Figure . Then ab and bc are orthogonal if an only if b = d. See Figure 33 for a visual. Note
that it was necessary to extend be, because, in the case of an obtuse angle, d does not actually lie on be,
but rather to the left of b. Now we shall generalize orthogonality to H(R™), as promised.

Definition 23. Let A, B, and C be elements in H(R™) such that each pair of elements satisfies the
PFAEL conditions. Furthermore, let AB be the metric segment with endelements A and B, let BC' be
the metric segment with endelements B and C, and if h(A, B) = s, then let BC" be the extension of
BC which also includes all elements E collinear with B and C such that h(B,E) < 2s. We shall say
that AB and BC are orthogonal if

min {h(A,E)} = h(A, B).
E€BCT
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Figure 33: Line segments ab and bc in R™ are orthogonal if b = d.

This definition immediately begs clarification. Let us suppose for a moment that the minimum of the
distance from A to BC" is even defined. First we shall show that BC  is indeed the correct extension
of BC' to consider over which to find a minimum distance.

Just as in the Euclidean example, it is entirely possible that the element (or elements) for which
the minimum distance from A to the line BC' is attained might not lie on the line segment BC. We
must therefore consider some extension of BC'. However, as explained in [8], we cannot always extend
line segments in H(R"™). The authors give necessary and sufficient conditions for the extension of a line
segment, and we can check that requiring that - A, B, and C to pairwise satisfy the PFAEL conditions is
indeed sufficient to permit the extension of BC.

Now we must ask how far we should extend BC. Recall that we will be searching for an element on
the line % for which the distance to the element A is a minimum. Note also that we know B € %, SO
the minimum distance from A to the line BC is no more than h(A, B). Let h(A, B) = s and consider an
element E' on the line % for which h(B, E') > 2s. By the triangle inequality in the Hausdorff metric,
h(A, E") > s. Thus, when searching for an element E € for which h(A, E) is a minimum, it suffices
to consider just those elements on E € % for which h(B, E) < 2s. We define BC to be precisely this
extension of BC. L

Having now justified our choice for the extension of BC, we turn our attention to the minimizing of
the distance from A to BC . We shall now prove that a minimum exists. Recall that by Theorem 2, if
a continuous function is defined on a compact set, then the function attains its maximal and minimal
values on that compact set. Thus, if we can demonstrate that BC is compact, then the minimum of
the distance from A to BC will be well-defined.

Proposition 2. The metric segment extension BC is compact in H(R™).

The proof of Proposition 2 will take some time and a number of intermediate steps. We begin by
showing that there exists a compact subset M of #(R") which contains both A and BC .
We shall simply assert that we can create a large enough closed ball M C R™ around B so that all

of A and BC " lies within this box. M is clearly bounded, and by construction, M is closed, so we
know that M is compact in R”. We shall now demonstrate that the collection of compact subsets of
M is compact in H(R™). That is, we shall show that H(M) is compact. In particular, we will need the
following lemma, proved in [2].

Lemma 4. A metric space (X, d) is compact if and only if it is complete and totally bounded.
To clear up the lemma above, we give the following definitions, taken from [9].

Definition 24. A sequence (x,,) in a metric space (X,d) is called a Cauchy sequence if for every e > 0
there exists ng such that d(zy,,x,) < € for every n > ng and m > ng. We call X complete if every
Cauchy sequence in X is convergent.

Definition 25. A subset E of a metric space (X,d) is said to be totally bounded if for every e > 0, there
exists o finite subset {x1,...,2,} of X such that E = U}_, B(xy,€).
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The author of [9] quickly goes on to show that any bounded set in R” is totally bounded, giving us
the total boundedness of M. Furthermore, in the same book the author shows that R™ is a complete
metric space and that any closed subset of R™ is also complete. Thus, M is both complete and totally
bounded in R™.

We take our next tool from [10], where the author proves that if (X, d) is a complete and totally
bounded metric space, then (H(X),h) is complete and totally bounded as well. Applying this to our
specific case tells us that H (M), the collection of compact subsets of M, is indeed complete and totally
bounded. Hence, by Lemma 4, (H(M), h) is compact.

We now know that (H(M), k) is compact and that BC is a subset of (H(M),h). We shall use the
following lemma, proved in [2], to show that BC s compact as well.

Lemma 5. FEvery closed subspace of a compact space is compact.

Thus, regarding BC asa subspace of (H(M), h),we have now reduced the problem of showing that
BC" is compact to showing that BC s merely closed.

We will prove that BCT is closed by showing that it contains all of its limit points. Let T" be a limit
point of BC". Then apply the following lemma, proved in [2].

Lemma 6. Let X be a topological space and let A C X. If there is a sequence of points of A converging
to x, then x € A; the converse holds if X is metrizable.

We have not introduced the concept of a topological space, but suffice it to say that metric spaces
are a specific class of topological spaces. Therefore, since T is a limit point of BC T c M , there exists
a sequence of points in BC" which converges to T. By this we mean that there exists a collection of

elements T, € BC" with the property that, for any € > 0, there exists an N € N such that, for all
n > N, we have h(T,T;,) < e.

We shall need to consider several cases at this point, and it is advantageous to introduce the following
notation. Since B—C+ is an extension of BC, it can potentially have points in up to five regions.

e BC: the collection of elements in BC ' between B and C
e BO": the collection of elements in BC " to the left of B

e BC : the collection of elements in BC " to the right of C
e B: the element B itself

o C: the element C' itself.

Since H(M) is a metric space, [2] tells us that T, converges to only one element. First, we know
that if T, = B (or C) for all n greater some fixed N € N, then T, converges to B (or C) as n tends to
infinity.

Next, suppose that there exists some N € N such that, for all n < N, T,, € BC. Then for all n. > N,
define the sequences U,, and V,, by

U, =h(B,T,) Vi = h(C,T),).

Since T}, lie between B and C for all n > N, we know that U, + V,, = h(B, C), a constant. Note that h
is a continuous function, so we know that

lim h(B,T,) = h(B, lim T,) = h(B,T).
n—oo

n—o0

Similarly, limy,_,~ A(C,Ty,) = h(C,limy, 00 Tp) = h(C,T). Then since U,, and Vn are convergent, [9]
demonstrates that

lim U, + lim Vj, = lim (U, +V,) = lim h(B,C) = h(B,C).
n—oo n—oo

n—o0 n—o0
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Thus,

h(B,C) = h(B,T) + h(C,T).
This is precisely the definition of betweenness, so T lies between B and C'. Thus the limit point 7" is an
element of BC, and so is an element of BC . Tn quite a similar manner, we could suppose that for all

n>NEN,T, € BC (or T, € BC"). Then through nearly identical logic, we would find that T lies in

BC.

Next we must consider what happens if there exists no N € N such that for all n > N, T}, lie entirely
in one of BC or B_Cl or BC'. Certainly, there must exist an M € N such that for all n > M, T,, & B—Cl
or T, & BC". To see this point, let A, be the subset of T, for which T, € B—Cl and let B,, be the subset
of T, for which T,, € BC'. Then by the triangle inequality in #(R"), either h(T, A,) > h(B,C)/2 or
h(T, By) > h(B,C)/2. Either of these would directly contradict the definition of convergence.

Then we are left with two remaining cases. In the first case, T), € BC U {BYUBC for all n > N,

but there exists no M € N such that T, € BC' or T, € BC for all n > M. In the second case,
T, € BCU{C}UBC for all n > N, but there exists no M € N such that T,, € BC or T,, € BC' for
all n > M. These two cases can be handled with nearly identical logic, so we shall focus on the former.
We shall show then that T,, — B.

We shall proceed by contradiction. Let us suppose that the sequence T, does not converge to B.
Then there exists € > 0 such that there exists no L > 0 such that, for all n > L, h(B,T},) < €. Intuitively,
this means that for some € > 0 and any L > 0, there exists an ng > L such that h(B,Ty,,) > €. Let us

find and fix an €y > 0 for which this is true. Since the sequence T}, is comprised of points in BC", {B},
and BC, this tells us that there is an infinite subsequence W,, of T,, which lies at lies at least ¢y to the
left of B or to the right (between B and C'). Let us assume, without loss of generality, that W,, lies

to the left of B (lies in B—Cl). Note, however, that since the sequence T}, has infinitely many elements
in BC, then T, must also have an infinite subsequence which lies entirely in BC. Since T}, converges,
these two infinite subsequences must converge as well, and to the same element as T,,, yet they converge
to elements of H(R™) which are separated by a distance of at least €p. This is a contradiction of the
assumption that T}, does not converge to B. Then in this final case, note that the limit point once again
lies in BO .

This exhausts all possible cases, and all cases, limit points of BC" are elements of BO . Thus, BCH
is closed, and by virtue Lemma, 5, BC is compact as well, thereby proving Proposition 2. Hence, the
minimum distance from an element A to BC ' does exist by the Extreme Value Theorem. In keeping
with our earlier definition, we shall say that AB and BC are orthogonal if

min {h(A4,E)} = h(A, B).
EeBCt

This summer, extending the notions of tangency and orthogonality in H(R") was as far as we went
while exploring angles in H(R™). If time permits, we would very much recommend further research into
this area by future REU’s, as angles have proved to have some surprising interpretations in H(R™).

11 Recent Findings
11.1 Additional Patterns in #(X)

Many patterns exist in #(X) for classes of configurations beyond Fibonacci numbers and the Lucas
numbers. Here we will show that we can always find configurations such that #(X) has the form 3" — 2,
3" — 1, and 3" for all n > 1. Furthermore, such configurations can exist in R* or lower dimension.

Let X?™ denote the finite configuration which has as its biadjacency matrix a 2 x n matrix with
entries of all 1’s. Then A = {a;,a2} and B = {by,...,b,}, and a; is adjacent to b; for i = 1,2 and
1<j<n.

Let us examine first the configuration X!, which is actually the string configuration S3 which we
have seen earlier. Then we know immediately that #(X%!) = 1. Also, we can note that #(X?! @
Sila1]) = 2 and #(X>! & {Si[a1], Si[az]}) = 3.
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We will now show that #(X>7") = 3" — 2, as well as #(X?" ® Si[a1]) = 3" — 1 and #(X>" &
{S1[a1], S1[az]}) = 3™. The proof will be by induction on n, and we take our observations for n = 1 to
be the base case.

Now let us assume that for all n’ satisfying 1 < n' < n it holds true that

#(X>")=3" —2 (18)
#(X>" @ Si[a]) =3" — 1 (19)
#(X>" ® {Si[a1], Siaz]}) = 3" (20)

We shall prove that (18), (19), and (20) hold for n as well.
By the Looping Algorithm, we observe

#(XP") = #(XP" @ Si[a]) + #(X>" T @ {Ss[an], S1la2]})
=#(X>" 1 @ Si[a]) + #XP" T @ {Si[ar], Silaz]}) + #(X>" @ Sias])

But by symmetry, #(X2"~! & Si[a1]) = #(X?"! @ Si[az]), so

#(XPM) =(3"-1) 43" 4 (3" - 1)
=3"-2.

Next consider the configuration X2 @ S[a;]. Using the formula for adjoining a point to a configu-
ration, we get

#(X2" @ Si[m]) = #(XP") + #(XP" — {ar}).
The configuration X" — {a;} will leave a single point as in A, with all points by, ...,b, radiating
out like spokes on a tire. This means that every point b; is an endpoint, so #(X?" — {a;}) = 1. Hence,

#(X2’n ©® Sl[al]) =3"-1.

Finally, consider the configuration X271 & {Si[a;], S1[az]}. Through logic similar to the previous
case, we find

#(X>" @ {S1]a1], Siaz]}) = #(X>" @ Si[a1]) + #(X>" @ Si[a1] — {a2})
=3" 141
= 3"

Thus, by induction on n, we have found

#(X2M) =37 2
#(X?" @ Sifar]) =3" ~ 1
#(X>" @ {S1[a1], Si1[as]}) = 3" for all n > 1.

Note that for n = 1, the configurations lie in R, as they are all string configurations. For n = 2,
the configurations contain P», and so lie in R?. For n > 3, we will show that the configurations can lie

in R®. To see this, let h(A, B) = r. Then let us array the points in B to form a regular n-gon in the

plane, with the n-gon capable of being inscribed in a circle of radius 22". Then we place a; on the axis

of the polygon at an elevation of @, and a2 on the axis at an elevation of —@. Thus, we do indeed
find that dg(a;,b;) = r for all i and j. Hence, X*" can exist in R*, and the reader may imagine that

adjoining the Si’s to a; and as does not add to the dimension necessary to house the configuration.
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A Appendix of SPACK Sieve Results

The table below holds those integers k for which we found configurations such that #(X) = k. Note
that this list is by no means exhaustive. At present, the table contains the results only for configurations
X = AU B in which |A] - |B| < 25. Gaps in the table, particularly for small numbers, represent strong
candidates for SPACK-0 numbers.

1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30
31, 32, 33, 34, 35, 36, 38, 39, 40, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 60, 61,
62, 63, 64, 65, 66, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 83, 84, 85, 86, 88, 89, 90, 92, 93,
94, 96, 98, 99, 100, 102, 103, 104, 105, 106, 107, 108, 110, 111, 112, 113, 114, 116, 117, 120, 121, 122,
123, 124, 125, 126, 127, 128, 129, 130, 131, 132, 133, 134, 135, 136, 138, 139, 140, 141, 142, 143, 144,
145, 146, 147, 148, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160, 161, 162, 163, 164, 165, 166,
167, 168, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179, 180, 181, 182, 183, 184, 185, 186, 188, 189,
191, 192, 193, 194, 196, 198, 199, 200, 201, 203, 204, 205, 206, 207, 208, 210, 211, 212, 213, 214, 215,
216, 217, 219, 220, 221, 222, 224, 225, 226, 227, 228, 231, 232, 233, 234, 235, 237, 239, 240, 241, 242,
243, 244, 245, 246, 247, 248, 249, 250, 252, 254, 256, 258, 260, 261, 264, 265, 266, 267, 268, 270, 272,
273, 276, 277, 278, 279, 280, 281, 282, 285, 286, 287, 288, 289, 290, 292, 293, 294, 296, 298, 300, 301,
302, 303, 304, 305, 306, 308, 309, 310, 312, 313, 314, 315, 316, 317, 318, 319, 320, 321, 322, 324, 326,
328, 330, 332, 333, 334, 335, 336, 337, 338, 339, 342, 343, 344, 345, 346, 348, 351, 352, 354, 356, 357
359, 360, 362, 363, 364, 365, 366, 367, 368, 369, 370, 371, 372, 376, 377, 378, 379, 381, 383, 384, 386,
387, 388, 389, 390, 391, 392, 393, 394, 396, 398, 399, 400, 402, 404, 405, 406, 407, 408, 410, 411, 412,
414, 415, 417, 418, 420, 422, 423, 424, 427, 428, 429, 431, 432, 434, 436, 438, 439, 440, 441, 443, 444,
447, 448, 450, 451, 453, 454, 455, 456, 457, 459, 460, 461, 464, 465, 466, 467, 468, 469, 470, 471, 474,
AT5, ATT, 478, 480, 483, 484, 485, 486, 487, 488, 489, 491, 492, 493, 494, 496, 499, 500, 501, 504, 505,
506, 507, 508, 510, 511, 512, 513, 514, 516, 517, 520, 521, 522, 523, 526, 527, 528, 529, 530, 531, 534,
536, 537, 539, 540, 543, 544, 547, 549, 550, 551, 552, 553, 555, 556, 558, 560, 561, 562, 564, 567, 569,
570, 572, 574, 577, 578, 579, 580, 582, 584, 585, 586, 587, 588, 589, 590, 591, 594, 595, 596, 600, 603,
605, 606, 608, 609, 610, 611, 612, 613, 618, 621, 623, 624, 625, 626, 630, 632, 633, 636, 639, 640, 642,
644, 645, 647, 648, 651, 654, 656, 657, 659, 662, 663, 666, 668, 669, 672, 673, 674, 675, 676, 678, 680,
684, 685, 686, 688, 690, 692, 693, 696, 697, 698, 699, 701, 702, 704, 709, 711, 712, 713, 714, 715, 716,
717, 718, 719, 720, 722, 723, 725, 726, T27, 728, 729, 732, 735, 738, 740, 741, 744, 745, 750, 752, 754,
756, 762, T67, 768, T73, T76, TTT, T78, T84, 786, 792, 798, 800, 801, 802, 805, 806, 807, 810, 811, 812,
813, 816, 818, 819, 820, 822, 825, 828, 832, 833, 834, 837, 840, 842, 844, 845, 846, 849, 852, 855, 856,
857, 860, 861, 862, 864, 867, 870, 872, 875, 876, 878, 879, 881, 882, 885, 888, 889, 890, 892, 894, 896,
897, 899, 900, 902, 903, 908, 910, 911, 912, 917, 918, 922, 924, 930, 932, 934, 936, 939, 942, 945, 948,
951, 952, 953, 954, 956, 957, 958, 960, 963, 965, 966, 967, 968, 969, 970, 972, 975, 977, 978, 979, 982,
983, 985, 987, 988, 990, 992, 993, 994, 996, 1000, 1001, 1002, 1007, 1008, 1016, 1017, 1018, 1020, 1024,
1025, 1026, 1029, 1030, 1032, 1033, 1034, 1036, 1038, 1039, 1040, 1041, 1044, 1046, 1047, 1048, 1053,
1054, 1056, 1060, 1061, 1062, 1064, 1068, 1069, 1071, 1072, 1074, 1076, 1077, 1078, 1080, 1082, 1083,
1085, 1086, 1089, 1090, 1092, 1093, 1094, 1095, 1096, 1101, 1104, 1109, 1110, 1112, 1115, 1116, 1118,
1119, 1120, 1122, 1126, 1128, 1132, 1135, 1136, 1137, 1138, 1140, 1143, 1146, 1149, 1150, 1151, 1153,
1155, 1156, 1160, 1161, 1162, 1167, 1168, 1170, 1172, 1173, 1176, 1177, 1178, 1185, 1187, 1189, 1190,
1192, 1193, 1194, 1195, 1197, 1200, 1201, 1206, 1207, 1212, 1214, 1215, 1216, 1218, 1219, 1221, 1223,
1224, 1226, 1229, 1232, 1233, 1234, 1239, 1240, 1242, 1243, 1245, 1248, 1251, 1256, 1259, 1262, 1263,
1264, 1265, 1268, 1269, 1272, 1273, 1287, 1288, 1289, 1290, 1295, 1296, 1301, 1305, 1310, 1311, 1312
1313, 1314, 1317, 1318, 1320, 1321, 1323, 1329, 1336, 1341, 1342, 1345, 1347, 1352, 1353, 1356, 1358,
1359, 1370, 1373, 1378, 1381, 1382, 1383, 1384, 1385, 1386, 1390, 1392, 1395, 1398, 1400, 1402, 1404,
1408, 1417, 1422, 1424, 1425, 1426, 1428, 1432, 1434, 1439, 1440, 1443, 1447, 1450, 1451, 1452, 1453,
1455, 1456, 1457, 1458, 1460, 1464, 1471, 1472, 1473, 1480, 1488, 1489, 1490, 1492, 1494, 1497, 1504,
1507, 1509, 1524, 1533, 1536, 1537, 1544, 1546, 1551, 1556, 1561, 1562, 1563, 1568, 1571, 1576, 1578,
1584, 1585, 1586, 1590, 1591, 1594, 1597, 1600, 1602, 1604, 1606, 1607, 1610, 1611, 1612, 1617, 1619,
1620, 1621, 1624, 1632, 1635, 1637, 1638, 1640, 1644, 1647, 1649, 1651, 1656, 1657, 1660, 1661, 1662,
1665, 1671, 1673, 1674, 1680, 1683, 1689, 1691, 1692, 1695, 1698, 1699, 1700, 1707, 1710, 1711, 1712
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1716, 1720, 1722, 1727, 1728, 1729, 1731, 1734, 1735, 1740, 1750, 1760, 1764, 1767, 1777, 1779, 1780,
1784, 1786, 1787, 1788, 1798, 1799, 1800, 1812, 1817, 1818, 1824, 1826, 1829, 1834, 1836, 1839, 1844,
1855, 1856, 1860, 1861, 1862, 1868, 1870, 1871, 1872, 1873, 1878, 1888, 1890, 1896, 1910, 1911, 1912
1922, 1924, 1927, 1934, 1935, 1936, 1938, 1941, 1943, 1950, 1952, 1956, 1957, 1962, 1967, 1976, 1977
1978, 1988, 1994, 1995, 2000, 2010, 2012, 2013, 2015, 2032, 2034, 2040, 2041, 2050, 2054, 2055, 2057
2066, 2069, 2072, 2077, 2078, 2079, 2080, 2088, 2094, 2096, 2097, 2102, 2103, 2104, 2105, 2112, 2118,
2124, 2130, 2133, 2134, 2136, 2139, 2142, 2146, 2149, 2150, 2151, 2154, 2157, 2159, 2160, 2161, 2162,
2169, 2172, 2174, 2175, 2177, 2178, 2180, 2181, 2183, 2185, 2186, 2187, 2190, 2192, 2196, 2202, 2204,
2210, 2211, 2212, 2220, 2232, 2235, 2240, 2246, 2250, 2253, 2257, 2266, 2268, 2271, 2276, 2277, 2281,
2282, 2286, 2288, 2289, 2290, 2292, 2295, 2301, 2304, 2319, 2320, 2322, 2328, 2334, 2335, 2352, 2356,
2361, 2369, 2370, 2373, 2374, 2376, 2377, 2380, 2384, 2385, 2388, 2394, 2400, 2401, 2404, 2406, 2412
2416, 2417, 2418, 2423, 2424, 2426, 2429, 2432, 2433, 2439, 2440, 2442, 2445, 2448, 2450, 2451, 2457
2460, 2462, 2463, 2466, 2472, 2479, 2481, 2487, 2493, 2494, 2502, 2511, 2517, 2520, 2523, 2526, 2530,
2537, 2538, 2539, 2540, 2544, 2547, 2548, 2552, 2553, 2556, 2562, 2565, 2568, 2578, 2583, 2585, 2589,
2592, 2604, 2612, 2626, 2628, 2629, 2634, 2636, 2638, 2640, 2646, 2651, 2655, 2664, 2670, 2673, 2679,
2680, 2682, 2685, 2689, 2690, 2691, 2700, 2705, 2706, 2715, 2716, 2718, 2724, 2733, 2736, 2740, 2742,
2751, 2755, 2757, 2758, 2767, 2779, 2784, 2791, 2792, 2793, 2802, 2808, 2818, 2820, 2827, 2832, 2838,
2840, 2841, 2843, 2844, 2846, 2850, 2852, 2857, 2863, 2868, 2879, 2880, 2883, 2890, 2896, 2899, 2901,
2904, 2907, 2912, 2914, 2916, 2926, 2928, 2929, 2931, 2955, 2061, 2968, 2972, 2976, 2979, 2985, 2990,
2991, 3000, 3003, 3006, 3009, 3023, 3024, 3029, 3032, 3033, 3035, 3057, 3060, 3072, 3074, 3075, 3084,
3085, 3087, 3090, 3095, 3096, 3099, 3102, 3106, 3108, 3112, 3120, 3129, 3135, 3136, 3138, 3141, 3147
3150, 3153, 3156, 3159, 3170, 3180, 3190, 3195, 3196, 3207, 3214, 3218, 3222, 3224, 3232, 3240, 3246,
3257, 3263, 3268, 3270, 3278, 3281, 3285, 3290, 3295, 3300, 3305, 3307, 3314, 3318, 3321, 3328, 3329,
3333, 3336, 3339, 3340, 3346, 3348, 3354, 3366, 3368, 3369, 3372, 3384, 3397, 3402, 3405, 3408, 3419,
3423, 3430, 3435, 3439, 3441, 3445, 3451, 3456, 3471, 3480, 3481, 3504, 3510, 3512, 3513, 3525, 3528,
3534, 3535, 3537, 3544, 3555, 3560, 3564, 3567, 3576, 3580, 3588, 3600, 3601, 3602, 3608, 3640, 3646,
3651, 3656, 3674, 3688, 3691, 3692, 3700, 3711, 3712, 3713, 3717, 3726, 3727, 3736, 3740, 3741, 3746,
3747, 3756, 3760, 3762, 3765, 3771, 3776, 3791, 3795, 3799, 3808, 3819, 3830, 3834, 3848, 3852, 3857
3861, 3867, 3870, 3879, 3880, 3888, 3898, 3901, 3902, 3904, 3907, 3908, 3911, 3915, 3924, 3933, 3936,
3942, 3951, 3953, 3954, 3956, 3960, 3961, 3968, 3978, 3984, 4008, 4024, 4035, 4042, 4050, 4055, 4069,
4080, 4082, 4096, 4117, 4119, 4120, 4136, 4146, 4147, 4166, 4175, 4224, 4235, 4240, 4256, 4266, 4269,
4271, 4273, 4278, 4280, 4288, 4290, 4310, 4324, 4347, 4352, 4356, 4363, 4366, 4371, 4388, 4392, 4401,
4402, 4406, 4431, 4456, 4480, 4496, 4512, 4524, 4541, 4560, 4572, 4580, 4587, 4592, 4602, 4643, 4672,
4694, 4724, 4736, 4755, 4768, 4770, 4778, 4783, 4826, 4830, 4831, 4832, 4834, 4842, 4849, 4851, 4852,
4857, 4878, 4886, 4898, 4902, 4918, 4935, 4939, 4942, 4944, 4946, 4956, 4971, 4986, 4995, 5006, 5010,
5013, 5018, 5019, 5022, 5040, 5041, 5049, 5056, 5064, 5067, 5073, 5076, 5079, 5082, 5085, 5091, 5097
5102, 5118, 5120, 5142, 5146, 5161, 5169, 5171, 5184, 5186, 5190, 5196, 5218, 5238, 5240, 5241, 5246,
5250, 5262, 5273, 5296, 5299, 5312, 5325, 5346, 5349, 5358, 5361, 5375, 5379, 5391, 5400, 5403, 5410,
5432, 5438, 5447, 5448, 5451, 5458, 5462, 5463, 5480, 5496, 5505, 5508, 5515, 5552, 5556, 5562, 5574,
5580, 5592, 5593, 5610, 5619, 5633, 5634, 5646, 5648, 5654, 5660, 5664, 5672, 5680, 5691, 5697, 5704,
5708, 5712, 5724, 5730, 5736, 5745, 5754, 5758, 5772, 5782, 5797, 5808, 5814, 5820, 5823, 5825, 5826,
5829, 5847, 5850, 5874, 5878, 5886, 5897, 5925, 5928, 5931, 5936, 5958, 5986, 5996, 5997, 6012, 6021,
6024, 6035, 6036, 6042, 6054, 6079, 6082, 6093, 6095, 6096, 6117, 6144, 6145, 6163, 6177, 6188, 6225,
6227, 6244, 6246, 6256, 6266, 6272, 6276, 6290, 6291, 6297, 6306, 6325, 6336, 6342, 6365, 6375, 6378,
6392, 6399, 6408, 6416, 6417, 6420, 6443, 6448, 6450, 6453, 6462, 6468, 6480, 6486, 6498, 6504, 6513,
6521, 6537, 6539, 6558, 6559, 6560, 6561, 6564, 6568, 6582, 6588, 6625, 6641, 6648, 6650, 6694, 6703,
6714, 6723, 6749, 6764, 6777, 6780, 6795, 6800, 6810, 6826, 6828, 6342, 6864, 6880, 6396, 6903, 6924,
6951, 6960, 6968, 6969, 6989, 6992, 7013, 7031, 7041, 7053, 7054, 7056, 7110, 7120, 7122, 7131, 7153,
7161, 7164, 7178, 7185, 7192, 7193, 7200, 7203, 7211, 7217, 7233, 7239, 7246, 7266, 7281, 7284, 7302
7316, 7338, 7347, 7350, 7386, 7398, 7428, T431, 7434, 7435, 7446, 7450, 7453, 7464, 7465, 7480, 7503,
7509, 7511, 7515, 7521, 7531, 7540, 7544, 7568, 7578, 7591, 7613, 7642, 7644, 7645, 7670, 7696, 7704,
7721, 7748, 7761, 7776, 7779, 7798, 7801, 7802, 7831, 7833, 7858, 7859, 7860, 7866, 7881, 7887, 7896,
7905, 7912, 7921, 7950, 7966, 7969, 7971, 7983, 7992, 8016, 8048, 8072, 8082, 8094, 8097, 8099, 8136,
8148, 8160, 8169, 8187, 8190, 8198, 8201, 8232, 8234, 8264, 8271, 8281, 8301, 8317, 8319, 8328, 8355,
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8388, 8437, 8439, 8454, 8464, 8476, 8480, 8498, 8505, 8506, 8507, 8512, 8520, 8532, 8550, 8571, 8576,
8610, 8637, 8640, 8660, 8696, 8744, 8760, 8780, 8794, 8832, 8848, 8871, 8876, 8911, 8912, 8915, 8937
8938, 8961, 8991, 8992, 9018, 9023, 9048, 9082, 9088, 9099, 9105, 9111, 9120, 9146, 9153, 9168, 9177
9180, 9186, 9195, 9197, 9204, 9207, 9216, 9222, 9231, 9234, 9281, 9321, 9324, 9326, 9333, 9339, 9350,
9366, 9421, 9432, 9439, 9443, 9457, 9503, 9544, 9553, 9582, 9599, 9622, 9660, 9677, 9704, 9712, 9715
9729, 9784, 9896, 10105, 10116, 10118, 10122, 10125, 10137, 10152, 10160, 10177, 10256, 10260, 10284,
10338, 10376, 10608, 10678, 10848, 10890, 10897, 10898, 10944, 10952, 10960, 11114, 11143, 11152,
11169, 11191, 11240, 11272, 11320, 11351, 11378, 11408, 11481, 11510, 11516, 11568, 11575, 11584
11610, 11637, 11655, 11703, 11717, 11718, 11738, 11745, 11766, 11799, 11810, 11817, 11826, 11834
11853, 11871, 11887, 11889, 11895, 11917, 11950, 11960, 12024, 12033, 12070, 12122, 12225, 12272,
12300, 12311, 12318, 12328, 12351, 12362, 12398, 12432, 12442, 12473, 12482, 12528, 12544, 12546
12576, 12585, 12650, 12690, 12699, 12756, 12762, 12790, 12870, 12896, 12912, 12022, 12959, 12084
13021, 13024, 13029, 13106, 13111, 13155, 13167, 13284, 13289, 13335, 13368, 13376, 13384, 13386
13395, 13428, 13434, 13504, 13506, 13518, 13596, 13623, 13656, 13680, 13698, 13707, 13728, 13750
13752, 13841, 13887, 13891, 13896, 13912, 13962, 14004, 14017, 14124, 14127, 14201, 14250, 14255,
14272, 14313, 14340, 14401, 14411, 14413, 14490, 14496, 14551, 14562, 14588, 14642, 14713, 14802,
14829, 14979, 14983, 14984, 15007, 15017, 15030, 15047, 15084, 15086, 15111, 15133, 15138, 15168
15174, 15192, 15223, 15296, 15321, 15346, 15384, 15404, 15426, 15445, 15469, 15480, 15590, 15722,
15731, 15761, 15807, 15808, 15848, 15873, 15918, 15924, 15927, 15959, 16032, 16051, 16081, 16177
16206, 16252, 16266, 16280, 16322, 16363, 16454, 16479, 16497, 16502, 16564, 16569, 16593, 16604
16622, 16665, 16674, 16703, 16778, 16779, 16807, 16836, 16849, 16857, 16920, 16941, 16992, 17061,
17090, 17111, 17136, 17224, 17297, 17304, 17316, 17370, 17373, 17375, 17382, 17458, 17475, 17489
17529, 17532, 17553, 17581, 17655, 17671, 17703, 17752, 17825, 17828, 17832, 17841, 17856, 17865,
17892, 17914, 17946, 17970, 17987, 18006, 18008, 18052, 18074, 18081, 18125, 18207, 18242, 18261,
18288, 18312, 18345, 18387, 18458, 18493, 18513, 18562, 18577, 18615, 18624, 18642, 18657, 18723
18738, 18768, 18792, 18804, 18867, 18921, 18931, 18957, 18969, 18991, 19002, 19016, 19083, 19143
19221, 19314, 19341, 19354, 19377, 19383, 19438, 19488, 19632, 19641, 19681, 19682, 19683, 19692,
19694, 19706, 19708, 19731, 19746, 19764, 19867, 19926, 19941, 19992, 20013, 20053, 20064, 20109
20118, 20151, 20175, 20226, 20276, 20289, 20354, 20409, 20415, 20424, 20426, 20465, 20476, 20504
20505, 20538, 20619, 20668, 20688, 20720, 20746, 20800, 20880, 21041, 21043, 21060, 21124, 21182,
21285, 21288, 21343, 21366, 21439, 21447, 21450, 21466, 21528, 21594, 21693, 21729, 21780, 22011,
22044, 22065, 22110, 22113, 22154, 22332, 22344, 22371, 22388, 22441, 23045, 23512, 23864, 23904
23922, 23942, 23986, 23994, 24003, 24088, 24154, 24440, 25024, 25088, 25102, 25152, 25418, 25544
25570, 26024, 26367, 26368, 26414, 26656, 26756, 26779, 26947, 26974, 27027, 27200, 27254, 27271,
27298, 27342, 27378, 27419, 27459, 27513, 27520, 27621, 27675, 27680, 27729, 27793, 27824, 27840
27843, 27940, 28001, 28216, 28341, 28506, 28626, 28858, 20000, 20059, 20144, 29160, 29205, 29282,
29480, 29481, 29570, 29748, 29800, 29948, 30033, 30084, 30230, 30318, 30470, 30531, 30532, 30856
30870, 30885, 30888, 31155, 31244, 31432, 31526, 31656, 31712, 31851, 31957, 32127, 32184, 32403
32456, 32510, 32584, 32670, 32847, 33399, 33496, 33499, 33579, 33688, 33935, 34282, 34323, 34411,
34625, 34649, 34903, 34938, 35075, 35186, 35227, 35324, 35361, 35370, 35478, 35700, 35715, 35776
36254, 36440, 36593, 36780, 36787, 36833, 36980, 37019, 37305, 37350, 37504, 37569, 37616, 37812,
37948, 38051, 38240, 38204, 38472, 38481, 38798, 39011, 39043, 39077, 39225, 39546, 39617, 39698
39806, 39906, 39960, 40149, 40196, 40311, 40507, 40635, 40807, 40819, 40833, 40881, 41084, 41171,
41319, 41364, 41503, 41532, 41607, 41614, 41623, 41720, 41757, 41768, 41841, 41987, 42050, 42072,
42282, 42331, 42547, 42696, 42699, 42785, 42840, 43139, 43245, 43287, 43326, 43385, 43426, 43664
43765, 43770, 43781, 43883, 43980, 44004, 44112, 44154, 44212, 44466, 44471, 44628, 45021, 45199
45228, 45426, 45438, 45716, 45723, 45797, 45877, 45904, 46090, 46749, 46959, 46989, 46992, 47135,
47260, 47311, 47416, 47541, 47578, 47589, 47670, 48114, 48156, 48273, 48389, 48631, 48906, 49023
49173, 49208, 49301, 49450, 49692, 49707, 49793, 49843, 49851, 49935, 50178, 51368, 51412, 51437
52699, 52941, 52950, 53112, 53139, 53175, 53191, 56008, 57152, 58216, 58984, 59047, 59048, 59049
59578, 59906, 61567, 61776, 62096, 62480, 62542, 62560, 63775, 63807, 63856, 64017, 64098, 64341,
64466, 64503, 64665, 64705, 64720, 65018, 65289, 65784, 65912, 66552, 66914, 67497, 68156, 69135,
69813, 70654, 71505, 72273, 72752, 72986, 73233, 73672, 75104, 75195, 76264, T6736, 77442, TTT82,
79020, 80025, 80600, 80656, 81055, 81763, 82240, 82351, 82458, 82782, 83001, 83028, 83423, 84392,

37



84911, 85056, 85167, 85490, 86541, 86648, 87511, 87769, 88064, 88233, 88705, 88892, 89224, 89392,
89418, 89690, 89979, 90353, 90513, 90549, 91471, 91521, 91896, 92188, 92381, 92490, 93311, 93410,
93809, 94520, 94698, 94967, 95727, 96306, 96713, 97154, 97527, 97650, 97874, 98136, 98505, 98586,
98669, 99666, 100031, 100642, 101271, 101360, 101783, 101991, 102076, 102378, 102786, 103555, 103695,
103938, 104025, 104605, 105183, 105282, 105615, 105786, 105939, 106313, 106507, 106617, 107739,
107994, 109878, 110000, 110530, 110555, 111534, 113832, 113907, 114393, 114493, 115465, 116192,
116920, 116947, 117572, 118122, 118206, 118656, 131546, 133232, 135472, 140032, 140114, 140800,
142906, 145387, 147682, 148286, 148592, 148834, 149563, 149806, 150291, 150777, 152187, 153668,
156195, 158572, 163845, 174735, 175720, 177145, 177146, 180640, 181160, 184406, 187760, 189512,
191131, 191734, 191971, 192476, 192943, 193266, 195059, 195547, 196377, 198656, 198952, 202139,
202624, 205987, 207083, 208048, 209051, 210209, 212418, 213540, 215864, 216443, 217958, 218779,
220088, 221011, 221468, 225163, 226709, 228135, 228380, 229415, 229801, 231165, 231261, 234762,
238009, 238196, 238014, 244652, 246061, 246947, 247283, 247495, 254326, 255660, 256782, 263375,
264625, 316928, 323728, 333009, 335386, 349304, 350032, 351489, 358431, 408656, 412880, 417856,
427137, 430312, 431536, 446744, 447784, 450631, 450904, 451602, 455639, 458329, 463602, 469664,
473290, 473881, 490129, 490535, 496335, 496826, 499999, 503667, 512154, 512233, 515450, 531439,
533201, 536321, 552040, 554910, 555758, 573225, 592260, 693601, 709682, 735104, 816985, 819170,
978064, 996787, 1014458, 1025512, 1050824, 1053739, 1068475, 1072867, 1073354, 1084508, 1119364,
1162157, 1166719, 1168591, 1206482, 1247989, 2145368, 2248976, 2300576, 2338345, 2445394, 2459696,
2542687, 2633546, 5049626, 5366288, 5566147, 5745121, 10924399, 11784608, 24997921

B Proof that 57 is SPACK-3

We know that there exists a configuration X, which lies in 3 dimensions such that #(Xy) = 57. We
would like to show that there exists no configuration X in 1 or 2 dimensions such that #(X) = 57,
thereby establishing 57 as the smallest SPACK-3 number.

In [3] the authors prove that if an infinite configuration Y exists such that #(Y) = a, then there
exists a finite configuration Y such that #(Y') = a as well. Thus, in looking to prove that there exist no
configurations in 1 and 2 dimensions such that #(X) = 57, it suffices to examine finite configurations.

Let us suppose that there exists a finite configuration X such that #(X) = 57 and that X exist in
1 or two dimensions. Then X contains a largest subconfiguration X', where “largest” is defined in the
following sense. If X contains no polygon subconfigurations, then X' is the longest string subconfigura-
tion in X. If X contains one or more polygon subconfigurations, then X can be written at X' @ { some
collection of adjoined string configurations }. With X’ thus defined, we see that X’ must also lie in 1
or 2 dimensions, and that #(X') < #(X) by Rule 1 in Section 5.4. We shall refer to X' as the base
configuration for X. On order to show that no 1 or 2 dimensional configuration X can exist such that
#(X) = 57, we will consider all base configurations X' in 1 and 2 dimensions such that #(X') < 57.
We will then build on these X’ by adjoining string configurations. We will adjoin an increasing number
of points to each base configuration in all combinations until #(X) > 57 for every configuration derived
in this manner. Then by again utilizing Rule 1 from Section 5.4, we will know that adjoining of further
points cannot yield a configuration such that #(X) = 57, thereby completing the proof.

Note that we need not consider adjoining strings which would alter the base configuration. For ex-
ample, when looking at configurations which can be derived from the base configuration S5 we need not
consider S5 @ S3[3], since this configuration can be rewritten as Sg @ S»2[3], and will therefore be consid-
ered when we examine the base configuration Sg. Also, we need not explicitly consider configurations in
which we adjoin a point at a location adjacent to another endpoint, since #(X) will not change, by Rule 2.

Due to space constraints and the length of this proof, we will simple list all configurations which can
be based upon a given base configuration, omitting pictures. We will begin our proof by considering
those base configurations which are just string configurations. Note that it is not possible to adjoin a
point to Sy, S2, S3, or Sy in a way that will simultaneously increase #(X) and not lengthen the base
configuration, so we start with the base configuration Ss. For all of the string configurations we assume
that the point 1 is taken to be one of the endpoints, and all successive points are labeled with increasing
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subscripts as we traverse down the string configuration.

Base configuration: Ss

#(S5) =3
#(S5 @ S1[3]) =4
#(S5 @ S2[3]) =7
#(S5 @ {5:2[3], S1[3]}) =
#(S5 @ {52[3], S2[3]}) = 15
#(Ss @ {52[3], S2[3], 51[3]}) = 16
#(Ss © {52[3], S2[3], S2[3]}) = 31
#(S55 @ {52(3], 52[3], S2[3], S1[3]}) =
#(S5 @ {52(3], 52[3], S2[3], S2[3]}) =
Base configuration: Sg
#(S6) =5

#(S6 © S1[3]) =6

#(Se © {S1[3], S1[4]}) =8

#(Se ® Sa[3]) = 11

#(Se @ {5:2[3], S1[3]}) =

#(S6 ® {S=2[3], 5114

#(Se & {S2[3], S1[3], S1[4
#(Se ® {S2[3], Sa[4

#(Se ® {S2[3], S2[3

#(Se @ {S2[3], S2[3], S1[3
#(Se ® {S2[3], S2[3], S1[4

#(Se ® {S2[3], S2[4], S1[3
#(Se @ {S2[3], S2[3], S1[3], S1[4
(3], Su
[3], 52|
[3], S2]
(3], Su
(3], Su
[4], S1]
[4], 51
(3], Sa

[
[
53], S
#(Ss ® {S2]3], S[4], S1[3], 1[4
#(S5 @ {S2[3], S2[3], Sa[3
#(S5 @ {S2[3], Sa[3], S [4
[
[
[
[
[

, So[3], S2[3], S1[3
, So[3], S1[4
So[4], S1[3
Se[4], 1[4
, S5[3], Sa[3

3]

], S5[3
], S5[3],
s
]

@@mm.&m»&wwwwwww»—n»—n

Sa[3],

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
, S2[3 ]
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Base configuration: Sy

#(S7) =8

#(S7 © S1[3]) = 10

#(S7; @ S1[4]) =9

#(S7 @ {51[3], S1[4]}) = 12

#(S7 @ {S1[3], S1[5]}) = 12
#(S; @ S»[3]) = 18
#(S7 @ 52[4] =17

#(S7 & {51[3], S1[4], S1[5
#(S7 @ {S2[3], S1[3
#(S7 @ {S2[3], 514
[
[

6

—_ O

Sz @ {S2[3], S1[5
S7 @ {S-[4],S1[3
Sz @ {S2[4], 514

#(S7 @ S3[3
1[3], S1

/_\AAA
e e e o o e e o o e e o o o e e o o o e o o o o e e (R DD 2O

#
#*
#*

St {5:[3], S
13, $1[3], S1[5
3], $1[4], 1[5
Sy @ {S[4], S [3], S [4
Sr @ {S[3], S1[3], 1[5

#(
#( [
#(S7 © {52 [
#( [
#( [
#(S7 ® {Ss3[4], S1[3
[
[
[
[

57@{53 4] S 4

~J

#(

#(S7 ® {S2[3], S2[3
#(S- @ {S,[3], Sal4
#(S7 ® {S=2[3], S2[5
#(S7 ® {S2[4], S2[4

[4

[

[

[

[

[

[

[

[

[

[

#(S7 @ {Ss[4] ® Si[1

(57 @ {S2[3], S1[3], S1[4], S1[5
], S 4], 515
1[3], S1[4
1[3], S1[5
[
[
[
[
[
[
[
[
[
[

R N N N NN N N N N N N I NN

w%%%m%%%%%%wwwww%wwwmwwwwww»—wwww»—

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

I, Si
I, 51
I, 51
], S2[3];
], S2[3];
I, 23],
1, S2[4], S1[3
], S2[4];
I, S2[4],
I, S2[5],
], S2[5],
I, S2[4],
I, S2[4],
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#(S7 @ {Ss[4] ® S1[1], S1[3
#(S7 @ {Ss[4] ® S1[1], S1[4

#(S7 ® {Ss[4], S2[3

#(S7 @ {Ss[4], So[4
#(S7 D {Ss[4], S2[2
1, S1[3], S1[4], S1[5
], Sa[3], S1[3], S1[4

[1], S
[1], S
[4], S2]
[4], S2]
[4], Sa
#(S7 @ {S;3[4 [ [
#(S7 ® {52[3], S2[3], 51[3], 51

#(S7 © {S2(3], S2[3], S1[3], S1[5

#(S7 @ {S2(3], S2[3], S1[4], S1[5

#(S7 & {52[3], S2[4], 51(3], S1[4

#(S7 ® {92[3], S2[4], 51[3], S1[5

#(S7 @ {S2(3], S2[4], S1[4], S1[5

#( (3], S2[5], 51[3], 1

#( 3], 52[5], S1(3], S1

#( [4], S2[4], S1(3], 51

#( (4], S2[4], 51(3], 1

] [1], S1[3], 51

] [1], S2]

[4], 51

[4], Ss]

[4], S1]

[3], 51

(3], Su

Sy @ {Ss[3], Sa[5], S1[3], S1[4

S @ {131, Ss[5], S1[3], S1[5
Sy @ {S[4], Sa[4], 51 [3], 51 [4

Sy @ {So[4], So[4], Su[3], S1[5
#(Sy @ {Sa[4] @ S1[1], S1[3], S1[5
#(S7 © {S3[4] @ Si[1], Sa[4
#(S @ {S5[4], So[4], S1[4
(7 @ {S[4], Sy [4

(S @ {S[3], 95131, S1[3], S1[4], S1[5
(S @ {Ss[4], Sa[4], S1[3], S1[4
#(S7 @ {S3[4], S2[4], 51[3], S1[5

@\]@OOCH\]OT@%%OTOTCR%@%%%@CH@W%

1}
1})
1}
1}
1}
1}
1}
1}
1}
1}
1}
1}
1})
1}
1}
1}
1}
1}
1}
1})
1}
1}
1}
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Base configuration: Sg

#(Ss
#(Ss @ S1[3]
#(Ss @ S1[4]
Ss & {S1[3], S1[4]}
Ss @ {51[3], S1[5]}
Ss @ {S1[3], 51[6]}
Ss @ {S1[4], S1[5]}
#(Ss © 52[3

#*
#*
#
#*

~ N~

#(Ss @ {51[ ]
#(Ss © {51[3], S2[3
#(Ss ® {S2[3], S1[4

5]

[4] S16]

[ ]

[ ]

Ss & {S2[3], S1[5]
[ ]

[ ]

[ ]

[ ]

]

#(

(

(Ss @ {S2[3], 51(6
(Ss @ {S2[4],51[3
(
(
(

Ss @ {S2[4], S1[4
Sg @ {S=2[4], S1[5
Ss @ {S2[4], S1[6
#(Ss @ S3[4
1[5], S1

#
#*
#*
#
#
#*

#(Ss @ {S1[3], S1[4], S
#(Ss @ {S2[3], S1[3], S1[4

#(Ss @ {S=2[3], S1[3], S1[5

(Ss @ {S2[3], S1[3], S1[6

(Ss @ {S2[3], S1[4], S1[5

(Ss @ {S2[3],51[4], 51[6

(Ss @ {S2[3], 51[5], 51[6

(Ss @ {S2[4], S1[3], S1]4

( [4], 5

( [4],5

( [4],5

( [4], 5

( I,

6
[
[
[
[
[
[
[
Ss & {S5[4], 51[3], S1[5
Ss @ {S[4], S1[3], S1[6
Ss @ {Ss[4], S1[4], S1[5
4], 8]
[
[
[
[
[
[
[
[
[
[
[

[
[
[
[
[
[
[
[
[
[
4], 51
Sg @ {S2[4], S1[5], S116

[

[

[

[

[

[

[

[

[

[

#(Ss @ {S5[4], S1[3

#(Ss @ {Ss[4], S [4
#(Ss @ {S3[4], S1[5
#(Ss @ {S5[4], S1[6
#(Ss @ {Sa[3], Sa[3
#(Ss @ {S2[3], Sa[4
#(
#(
#(
#(

A - B R B A I I A B A I N A B R

Sg @ {S2[3], S2[5
Ss @ {S2[3], S2[6
Ss @ {S-[4], S=[4
Sg @ {S5[4], S>[5
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#(Ss @ {S2[3], S1[3], S1[4], S1[5]}) = 48
#(Ss @ {S2[3], S1[3], S1[4], S1[6]}) = 48
#(Ss ® {S2[3], S1[3], S1[5], S1[6]}) = 48
#(Ss @ {S2[3], S1[4], S1[5], S1[6]}) = 56
#(Ss @ {S2[4], S1[3], S1[4], S1[5]}) = 48
#(Ss @ {S2[4], S1[3], S1[4], S1[6]}) = 48
#(Ss ® {S2[4], S1[3], S1[5], S1[6]}) = 56
#(Ss @ {S2[4], S1[4], 51[5], S1[6]}) = 48
#(Ss © {S3[4], S1[3], S14]}) = 60

#(Ss ® {S3[4], S1[3], S1[5]}) = 66

#(Ss ® {S3[4], S1[3], S1[6]}) = 68

#(Ss © {S3[4], S1[4], S1[5]}) = 54

#(Ss © {S3[4], S1[4], S1[6]}) = 54

#(Ss ® {S3[4], S1[5], S1[6]}) = 68

#(S5s @ {52[3], S1[3], S1[4], 51[5], S1[6]}) = 64
#(Ss @ {Ss[4] @ Si[1], S1[3]}) = 72
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Base configuration: Sy

#(So
#(So ® 51[3
#(So ® S1[4
#(So ® S1[5

So @ {S1[3], Su[4
Sy @ {S1[3], S1[5
So & {S1[3], S1[6
Sy & {S1[3], S1[7
So @ {S1[4], S1[5
Sy @ {S1[4], 51[6
#(So ® S2[3
#(Sy & Sy[4
#(So ® Sa[5
3], 51[4], S1[5
So @ {S1[3], S [4], S1[6
So @ {S1[3], S1[4], Su[7
So @ {S1[3], 1[5, S [6

3],

I,

]
]
]
]
]
]

Sy @{Sl 3

[
[
[
So @ {S1[3], S1[5], S1[7
So @ {S1[4], S1[5], 5116
#(So @ {S52[3], 513
#(Sy ® {S2[3], S1[4
So @ {S-[3],S1[5
So @ {S-[3],S1[6
So @ {S2[3], S1[7
So @ {S2[4], S1[3
So & {S2[4], S1[4
So @ {S-[4], S1[5
So @ {S2[4], S1[6
Sy ® {S2[4], S1
So @ {S-[5], S1
So @ {S-[5], S1[4
[5],
[
[5],
[
[
(3],
[
[3],
[4],
[4],
[4],
[
[

,51[5],S1[6

16] 517
,51[3],51[3

1[3], S1[6

,51[5], 516
\[5], S1[7
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Base configuration: Syg

Base configuration: Syq

We now point out that if | > 12, then #(S;) > #(S12) = 89 > 57, so we have ruled out all 1 or 2
dimensional configurations built on base configurations with no polygonal subconfigurations. Next we
consider those configurations build upon base configurations with only one polygonal subconfiguration,

#(S10 ® {S1[4], S

#(S10) = 34

#(S10 ® S1[3]) = 42

#(S10 ® S1[4]) = 39

#(S10 © S1[5]) = 40

#(S10 @ {51(3], S1[4]}) = 52
#(S10 ® {S1[3], S1[5]}) = 48
#(S10 ® {513, 51[6]}) = 50
#(S10 @ {51(3], S1[7]}) = 48
#(S10 @ {51(3], S1[8]}) = 52
#(S10 ® {S1[4], S1[5]}) = 48
#(S10 ® {S1[4], S51[6]}) = 45
#(S10 ® {S51[4], 51[7]}) = 45
#(S10 @ {51[3], S51[6]}) = 50
#(S10 ® {S1[3], S1[4], S1[5]}) = 64
#(S10 © {S1[3], S1[4], S1[6]}) = 60
#(S10 ® {S1[3], S1[4], S1[7]}) = 60
#(S10 ® {S1[3], S1[4], S1[8]}) = 64
#(S10 ® {S1[3], S1[5], S1[6]}) = 60
#(S10 ® {S1[3], S1[5], S1[7]}) = 54
#(S10 ® {S1[3], S1[5], S1[8]}) = 60
#(S10 ® {S1[3], S1[5], S1[7]}) = 54
#(S10 ® {S1[3], S1[5], S1[8]}) = 60
#(S10 © {S1[4], S1[5], S1[6]}) = 51
#(S10 @ {S1[4], S1[5], S1[7]}) = 45
#(S10 ® {S1[4], S1[5], S1[8]}) = 51
1[5], S1[7], S1[8]}) = 63

#(S11) =55
#(S11 © S1[3]) = 68
#(S11 © S1[4]) = 63
#(S11 @ S1[5]) = 65
#(S11 © S1[6]) = 64

that is, when the base configuration is a polygonal configuration P,,.

either clockwise or counterclockwise around the polygon.

46

Since #(Py) = 123 > 57, we
need only consider P», P53, and Py. When labeling the points of a configuration P,,, note that the base
configuration initially has 2m-fold symmetry, so it does not matter which point of P, we choose to lable
as point 1. After that, our labeling assumes that the points are labeling in increasing order proceeding



Base configuration: P
#(P2) =7
#(P, ® Si[1]) =8
#(Py @ {S1[1], S1[2]}) = 10
#(P2 & {S1[1], 51[3]}) = 9
#(Py, ® S2[1]) = 15

#(P2 ® {S1[1], S1[2], 51(3]}) = 12
#(P2 ® {S2[1], S11]}) = 16

#(P2 @ {S2[1], S1[2]}) = 18

#(P2 ® {S:2[1], S1[3]}) = 17

#(Py ® S3[1]) = 23

#(P2 @ {S1[1], S1[2], S1[3], S1[4]}) = 16
#(P> @ {S2[1], S1[1], S112]}) = 20

#(Py ® {S2[1], S1[1], S1[3]}) = 18
#(Py ® {S2[1], S1[2], S1[3]}) = 22
#(P> @ {S2[1], 51[2], S1[4]}) = 21

#(P2 ® {S3[1], S1[1]}) = 24

#(Py @ {S3[1], S1[2]}) = 28

#(Py @ {S3[1], S1[2]}) = 26

#(P2 ® {S2[1], S2[1]}) = 31

#(P2 ® {S2[1], S2[2]}) = 33

#(P2 ® {S:2[1], S2[3]}) = 32

#(Py ® S4[1]) = 38

#(P2 & {S3[1] @ Si[1]}) = 30

#(P2 ® {S:2[1], S1[1], S1[2], S1[3]}) = 24
#(Py @ {S2[1], S1[1], S1[2], S1[4]}) = 24
#(P2 ® {S2[1], 51[2], 51[3], S1[4]}) = 28
#(P> @ {S3[1], S1[1], S112]}) = 30

#(Py ® {S3[1], S1[1], S1[3]}) = 27

#(Py ® {S3[1], S1[2], S1[3]}) = 34

#(P> @ {S3[1], S1[2], S114]}) = 33

#(P> @ {S2[1], S2[1], S1[1]}) = 32

#(Py ® {S2[1], S2[1], 51[2]}) = 38

#(Py ® {S2[1], S2[1], 51[3]}) = 35

#(P> @ {S2[1], S2[2], S1[1]}) = 36

#(P> @ {S2[1], S2[2], S113]}) = 39

#(Py ® {S2[1], S=[3], S1[1]}) = 34

#(P> © {S2[1], S2[3], S112]}) = 40

#(P2 @ {S4[1], S1[1]}) = 40

#(Py @ {S4[1], S1[2]}) = 46

#(Py @ {S4[1], S1[3]}) = 43

#(P @ {(Ss[1] ® Si[1]), S1[1]}) = 32
#(P @ {(Ss[1] ® Si[1]), S1[2]}) = 36
#(P2 ® {(S3[1] ® S1[1]), S1[3]}) = 34
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#(P2 ® {S3[1], So[1]}) = 47

#(P2 ® {S3[1], S52[2]}) = 51

#(Py @ {S3[1], S=2[3]}) = 49

#(P> ® {S3[1] & S-[1]}) = 53

#(Py, ® {S4[1] ® S1[1]}) = 45

#(P> ® {Sa[l] ® S1[2]}) = 46

#(Py, @ S5[1]) = 61

#(P> @ {S2[1], S1[1], S1[2], S1[3], S1[4]}) = 32
#(P2 ® {S3[1], S1[1], S1[2], S1[3]}) = 36
#(Py @ {S3[1], S1[1], S1[2], S1[4]}) = 36
#(Py @ {S3[1], 51]2], S1[3], S1[4]}) = 44
#(P2 ® {S2[1], S2(1], S1[1], S1[2]}) = 40
#(P2 ® {S2[1], S2(1], S1[1], S1[3]}) = 36
#(Py @ {S2[1], S=2[1], S1[2], S1[3]}) = 46
#(Py @ {S2[1], S2[1], S1[2], S1[4]}) = 45
#(P2 ® {S2[1], S2(2], S1[1], S1[2]}) = 40
#(P2 ® {S2[1], 52[2], S1[1], S1[3]}) = 42
#(Py @ {S2[1], S=2[2], S1[2], S1[3]}) = 44
#(Py @ {S2[1], S=2[2], S1[3], S1[4]}) = 50
#(P2 ® {S2[1], S2(3], S1[1], S1[2]}) = 44
#(Py @ {S2[1], S=2[3], S1[1], S1[3]}) = 36
#(Py @ {S2[1], S=2[3], S1[1], S1[4]}) = 49
#(P2 ® {(Ss[1] @ S1[1]), S1[1], S1[2]}) = 40
#(P2 ® {(Ss[1] @ S1[1]), S1[1], S1[3]}) = 36
#(P2 ® {(S3[1] & S1[1]), S1[2], S1[3]}) = 44
#(P2 ® {(S3[1] & S1[1]), S1[2], S1[4]}) = 42
#(P> © {S4[1], S1[1], S1[2]}) = 50

#(Py © {Sa[1], S1[1], S1[3]}) = 45

#(Py ® {S4[1], S1[2], S1[4]}) = 54

#(Py ® {S4[1], S1[2], S1[3]}) = 56

#(P> @ {S3[1], S2[1], S1[1]}) = 48

#(P> @ {S3[1], S2[1], S1[2]}) = 58

#(Py ® {S3[1], S=[1], S1[3]}) = 53

#(Py ® {S3[1], S=[2], S1[1]}) = 54

#(P> @ {S3[1], S2[2], S1[2]}) = 56

#(Py ® {S3[1], S=[2], S1[3]}) = 60

#(Py ® {S3[1], S=2[2], S1[4]}) = 61

#(P> @ {S3]1], S2[3], S1[1]}) = 51

#(P> @ {S3][1], S2[3], S112]}) = 62

#(Py ® {S3[1], S2[3], S1[3]}) = 52
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(P> @ {(S3[1] @ {S2[1]), S1[1]}}) = 56
#(P © {(S3[1] @ S2[1]), S1[1]}) = 56
#(P2 @ {(S3[1] ® S2[1]), S1[2]}) = 64
#(P2 @ {(S3[1] ® S2[1]), S1[3]}) = 60
#(P ® {(S4[1] @ S1[1]), S1[1]}) = 48
#(P» & {(Sa[1] ® S1[1]), S1[2]}) = 54
#(Py @ {(Sa[1] ® S1[1]), S1[3]}) = 51
#(P © {(S4[1] @ S1[2]), S1[1]}) = 48
#(P © {(S4[1] @ S1[2]), S1[2]}) = 56
#(Py @ {(S4[1] ® S1]2]), S1[3]}) = 52
(P & {S3[1], S1[1], S1[2], S13], S1[5]}) = 48
#(Py ® {S4[1],51[1], 51[2], S1[3]}) = 60
(Py ® {S4[1], S1[1], S1[2], S1[4]}) = 60
(Py ® {S4[1], S1[2], S1[3], S1[4]}) = 72
#(P2 ® {(Ss[1] @ S1[1]), S1[1], S1[2], S1[3]}) = 48
#(P2 ® {(Ss[1] @ S1[1]), S1[1], S1[2], S1[4]}) = 48
#(Py @ {(Ss[1] @ Su[1]), 1 [2], $1[3], S1 [4]}) = 56
#(Py @ {S5[1], Sa[1], S1[1], 51[2], S1[3]}) = 48
#(P> ® {So[1], So[1], S1[1], S1[2], S1[4]}) =

#(Py @ {S5[1], S5[1, S1[2], 51[3], S1 [4]}) = 60
#(Py @ {S5[1], S5[2], S1[2], 51[3], S1 [4]}) = 56
#(P> ® {So[1], S5[2], S1[1], S1[2], S1[3]}) = 48
#(P> ® {So[1], S5[3], S1[1], S1[2], S1[4]}) = 56
#(Py @ {S5[1], S5[3], S1[1], 51[3], S1 [4]}) = 48
#(Py ® {S3[1], S 1],5:[2]}) = 60

Py @ {Ss[1], Ss[1], S1[1], S1[3 4

[
[
[
[
[
[
[
[
[
P, ¢ {S3[1],52[1], S1
P, @ {S3]1
[
[
[
[
[
[
[
[
[
[

© O

P, ® {53 1], S5 2],51

o

P, @{53 1], 5, 2],51

w

#(
(
(
(
(
(P, @ {S3]1], S2[2], S1
(Py @ {S3[1], S2[2], S1
(
(
(
(
(
(

o O

(=]

P, & {S5[1], 52[2], S1
P, ® {S3]1], 52[2], S1
P, @ {S3[1],52[3], S1
P, @ {S3[1],52[3], S1
P, ¢ {S3]1],52[3], S1
P, ¢ {S3[1],52[3], S1
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70
=63
=178
=75
=60
=54
=66
=63
=60
=54
=68
=66
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=64
=64

o~ o~~~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ —~

1111111111111111

1111111111111111

—_—— ——

NN AN AN N N N N N N N N
—_— — — — e e

111111111111

P L L R

O O N N N N

— O N e N N N N N

#*
#*
#
#
#*
#
#
#*
#*
#
#
#*

—_—

#(P2 ® {S2[1], S2[1], S1[1], S1[2

#(P2 ® {S2[1], S2(2], S1[1], S1[2

#(P2 @ {S2[1], S2[3], S1[1], S1[2
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Base configuration: P;
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Base configuration: Py
#(Py) =47

#(Py ® S1[1]) =55
#(Pyr & S>[1]) = 102

#(Py @ {S1[1], 51[2]}) = 68
#(Py @ {S1[1], 51[3]}) = 63
#(Py @ {S1[1], S1[4]}) = 65
#(Py @ {S1[1], S1[5]}) =64

We have now ruled out all configurations built by adjoining points to base configurations with only one
polygon subconfiguration. Now we must consider those configurations for which the base configuration
has two or more polygonal subconfigurations. The reader may check that the only base configuration
with more than one polygonal subconfiguration, which can lie in 1 or 2 dimensions, and with #(X) < 57
is the one shown below. We shall call this configuration Q.

: : -

4 5 6
Base configuration: Q2

#(Q2) =43

#(Q2 ® S1[1]) = 51

#(Q2 ® 51[2]) = 46

#(Q2 ® {S1[1], S1[2]}) = 56

#(Q2 ® {S1[1], 51[3]}) = 60

#(Q2 © {51[1], Si[4]}) = 61

#(Q2 ® {Si[1], Si[5]}) = 54

#(Q2 ® {S1[1], S1[6]}) = 56

#(Q2 © {51[1], $1[3]}) = 60

#(Q2 ®© {51(2], Su[5]}) = 50

#(Q2 ® Sa[1]) = 94

#(Q2 ® S>[5]) = 89

#(Q2 ® {51[1], 51[2], S1[5]}) = 60

We have now considered all finite configurations X in 1 and 2 dimensions such that #(X) < 57.
Having not found any finite configuration Xy in 1 or 2 dimensions such that #(Xo) = 57, we may
therefore conclude that 57 is a SPACK-3 number.
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