
Contents

Preface ix

1 Introduction to Writing in Mathematics 1
1.1 Statements . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Constructing Direct Proofs . . . . . . . . . . . . . . . . . . . 11

2 Logical Reasoning 26
2.1 Predicates, Sets, and Quantifiers . . . . . . . . . . . . . . . . 26
2.2 Statements and Logical Operators . . . . . . . . . . . . . . . 36
2.3 Logically Equivalent Statements . . . . . . . . . . . . . . . . 46
2.4 Quantifiers and Negations . . . . . . . . . . . . . . . . . . . . 55

3 Constructing and Writing Proofs in Mathematics 68
3.1 Direct Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
3.2 More Methods of Proof . . . . . . . . . . . . . . . . . . . . . 81
3.3 Proof by Contradiction . . . . . . . . . . . . . . . . . . . . . . 92
3.4 Using Cases in Proofs . . . . . . . . . . . . . . . . . . . . . . 105
3.5 Constructive Proofs . . . . . . . . . . . . . . . . . . . . . . . 119

4 Set Theory 126
4.1 Operations on Sets . . . . . . . . . . . . . . . . . . . . . . . . 126
4.2 Proving Set Relationships . . . . . . . . . . . . . . . . . . . . 141
4.3 Properties of Set Operations . . . . . . . . . . . . . . . . . . . 152
4.4 Cartesian Products . . . . . . . . . . . . . . . . . . . . . . . . 162

5 Mathematical Induction 172
5.1 The Principle of Mathematical Induction . . . . . . . . . . . 172
5.2 Other Forms of Mathematical Induction . . . . . . . . . . . . 187
5.3 Induction and Recursion . . . . . . . . . . . . . . . . . . . . . 198

vii



viii Contents

6 Functions 210
6.1 Introduction to Functions . . . . . . . . . . . . . . . . . . . . 210
6.2 More about Functions . . . . . . . . . . . . . . . . . . . . . . 224
6.3 Types of Functions . . . . . . . . . . . . . . . . . . . . . . . . 239
6.4 Composition of Functions . . . . . . . . . . . . . . . . . . . . 253
6.5 Inverse Functions . . . . . . . . . . . . . . . . . . . . . . . . . 264

7 Equivalence Relations 280
7.1 Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280
7.2 Equivalence Relations . . . . . . . . . . . . . . . . . . . . . . 291
7.3 Equivalence Classes . . . . . . . . . . . . . . . . . . . . . . . . 303
7.4 Modular Arithmetic . . . . . . . . . . . . . . . . . . . . . . . 313

8 Topics in Number Theory 326
8.1 The Greatest Common Divisor . . . . . . . . . . . . . . . . . 326
8.2 Prime Numbers and Prime Factorizations . . . . . . . . . . . 338
8.3 Linear Diophantine Equations . . . . . . . . . . . . . . . . . . 350

9 Topics in Set Theory 362
9.1 Functions Acting on Sets . . . . . . . . . . . . . . . . . . . . 362
9.2 Finite Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 372
9.3 Countable Sets . . . . . . . . . . . . . . . . . . . . . . . . . . 382
9.4 Uncountable Sets . . . . . . . . . . . . . . . . . . . . . . . . . 394

A Guidelines for Writing Mathematical Proofs 406

B Answers and Hints for Selected Exercises 410

C List of Symbols 427

Index 430




