Remember in calculus, when integrating a real-valued functions, we were finding
the area between the curve and the x-axis. Thistool can be used for such things as
finding a probability value in statistics, or finding the position of an object given its
velocity. Throughout this course, we have learned how to compute complex contour
integrals. However, we have not yet learned the meaning behind these complex integrals
and their applications. We will explain these mysteries throughout this paper.

Specifically, we would like to focus on the computation of complex integralsin
the Polya vector field. To begin we must first understand what a Polya vector field is.
Given afunction, f(2) = f(x+iy) = u(x,y)+iv(x,y), the Polya vector field associated with
this function is

f(x+iy) =< u(x ), v(x y) >
Aswe can see, thisfield is simply the field of the conjugate of the function f(2). We will
denote the Polya vector field as
W(2) =W(x, y) =< Wy (x, ), W (x, y) >
wherew; = u and w, = -v.

Suppose we want to integrate afunction f over a simple contour C in the Polya

vector field. That is

Q f(Ddz 1
Expanding (1) into its real and imaginary parts gives us

(‘g(u +iv)(dx +idy). ()]
Multiplying the quantities in (2) and separating the result into two integrals, one real and
one imaginary, gives us
(‘2 udx- vdy +i (‘gvdx + udy. 3
Substituting the components of the Polya vector field into (3) gives us

Q W, X + w,dy +i Q w,dy - w,dx. (4)
It can be shown that (4) isequal to

QN XTds + i@/v xNds ()
where T is the unit tangent vector, N is the unit normal vector, ds represents the arc length
differential, and from above W represents the Polya vector field.



Thefirst integral of (5) represents the flow of the field across the contour C. In
other words, this measures how much of the vector field is tangent to the contour C. Ina
physical sense, this could measure the flow of afluid aong a contour. We know from the
formulafor the dot product that

W XT = W|T|cosq = W|cosq. (6)
From the graph above, we can clearly see that (6) isjust the projection of W onto the unit

tangent vector T. (6) computes the flow of the field at a single point on the contour. To
calculate the flow across the entire contour, we integrate (6) over the entire length of the
contour s.

The second integral of (5) represents the flux of the field across the contour C.
That is, the flux measures how much of the vector field is normal to the contour C. Flux
can be interpreted physically as the amount of fluid that crosses the contour. From the
dot product formula, we know that

W xN = W|N|cos(90- q) = W|sing. (7)

Once again we can see from the graph above that (7) isjust the projection of the vector W
onto the unit normal vector N. This calculates the flux at a single point on the contour C.
To compute the flux across the entire contour we integrate (7) over the length of the
contour s.

To illustrate these ideas, we will ook at afew examples. First let us consider the
case when we have a constant field for the function f(z) = 2 and a line contour which is
paralel to thefield. Thisisshown in the graph below.



We can see from this graph that the field is tangent to the contour at al points on the
contour. So, the dot product of W and T is different from zero. Therefore, the field has
flow along the contour. We can also see that the field is perpendicular to the unit normal
and therefore the dot product of W and N is equal to zero. Thus we can conclude that the
field has no flux across the contour. This makes sense since the vectors do not cross the
contour.

Next we will consider the same field which is perpendicular to avertical line
contour. This can be seen in the graph below.




Now the unit tangent of the contour is perpendicular to the field and therefore the dot
product of W and T is equal to zero. Thuswe know that there is no flow along the
contour. However, since the field is parallél to the unit normal, we know that the dot
product of W and N is not equal to zero. Hence, the field has flux across the contour.

Again looking at the same field, we will consider an arbitrary line which has a
defined dlope different from zero. The graph below illustrates this case.
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We can deduce from this graph that the field is orthogonal to neither to the unit normal
nor the unit tangent of the contour. Therefore, we know that the dot product of W and N
and the dot product of W and T are not equal to zero. So, we can conclude that the field
has both flux across the contour and has flow along the contour.

Again consider a constant vector field, but now the contour is a square centered at
the origin. This closed contour (denoted by I) is positively oriented. The field and the
contour are shown in the graph below.



To calculate the contour integral along this closed contour, we must find the flux and
flow across each line segment and then sum the results.

First consider the vertical line on the right which will be denoted as ;. Thefield
is orthogonal to the unit tangent of 1; and parallel to the unit outward normal. So, the
field has flux across this line segment, but no flow along this line segment. Thefield is
flowing in the same direction as the unit normal, so the angle between W and N is zero.
Recall that W=2, therefore, we know that (5) is

92 xL.cos(0)ds
= 2i*s, (8
where sis the length of the line segment.

Now consider the vertical line on the left which will be denoted asl;. Once again
we can see that the field is orthogonal to the unit tangent of I3 and parallel to the unit
outward normal, but it is flowing in the opposite direction of the unit normal. Therefore,
the angle between W and N is equal to p. So, the field has flux across this line segment,
but no flow along this line segment. Now we know that (5) equals

i () 2XLcoslp Jds
=-2i*s. 9

Next, looking at the top line segment which we will call |, we can see that the
field is parallel to the unit tangent (but in the opposite direction) and perpendicular to the



unit outward normal. So, we know that the field has flow along the line segment, but no
flux across the line segment. Therefore, we know that (5) equals

0 2x4coslp Jis

=-2*s. (20)

Finally, consider the bottom line segment which we will call 1,. Once again we
can see that the field is parallel to the unit tangent and perpendicular to the unit outward
normal. So, the field has flow aong the line segment, but no flux across the line
segment. Thus, we know that (5) is equal to

0 24cos(0ps

= 2*s. (12)
Summing (8), (9), (10), and (11) we get
2i*s+ (-2i*s) + (-2*s) + 2*s=0.
Thisis equal to the complex integral along the contour |. Since the field is analytic
everywhere inside |, this result is consistent with the Cauchy-Goursat Theorem. This
theorem states that if f is analytic in asimply connected domain D, and C isasimple
closed contour that liesin D, then

Q f(z)dz=0.

Next, we will look at one final example. We want to consider the case when there
isasingularity inside a closed contour. Therefore, let uslook at the example of when the
Polya vector field isfor f(z) = 1/z and the contour is the unit circle centered at the origin.
This caseisillustrated in the graph below.



The field is normal to the contour at every point, thus there is flux across the contour but
no flow aong the contour. It can be shown that the magnitude of W on the contour is

egual to 1. Note that the graph above is not drawn to scale. We know that (5) equals
i (‘21><_Lcos(0)ds

=i*s

= 2pi.
Thisresult is consistent with the Integral of Basic Powers Theorem. This theorem states
that

0 (z- a)ndz:iaoiif n=-1
0 { Ootherwise

|z a=R
In conclusion, we have shown that the value of the complex contour integral
represents (flow of the field along the contour) + i* (flux of the field across the contour).
Through, examples we have seen that if the value of the complex integral isrea, then the
field has only flow along the contour. However, if the value of the complex integral is
imaginary, then the field has only flux across the contour. If the value of the complex
integral is complex, then the field has both flux across the contour and flow along the

contour.
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